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POINCARE DUALITY FOR PRO-ETALE Qp-LOCAL SYSTEMS

SHIZHANG LI, WIESLAWA NIZIOL, EMANUEL REINECKE, AND BOGDAN ZAVYALOV

ABsTrACT. We prove finiteness and Poincaré duality for pro-étale Qp-local systems on proper p-adic rigid-
analytic spaces in the framework of Banach—Colmez spaces and establish their optimal cohomological vanishing
bounds. As a consequence, we also obtain ordinary finiteness and duality for their arithmetic pro-étale
cohomology. We deduce these results from their analogs for perfect complexes on the Fargues—Fontaine curve,
which in turn reduce to Poincaré duality for perfect complexes over period rings. We give a simple proof of
the latter duality via the same diagrammatic argument as in our previous work for finite coefficients. Along
the way, we establish optimal v-descent for perfect complexes over certain period rings on affinoid perfectoid
spaces.
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1. INTRODUCTION

1.1. Main results. Let K be a nonarchimedean field of mixed characteristic (0,p) and let C := K be its
completed algebraic closure. Berkovich and Huber independently developed theories of étale cohomology for
rigid-analytic spaces over K in [Ber93| and [Hub96|, respectively; this theory was later extended to diamonds
and small v-sheaves in [Sch26a]. When the coefficients are Z/n with n prime to p, the resulting theory closely
parallels the algebraic theory of étale cohomology developed in [SGA4, SGA%%, SGAS5]. For p-power torsion
coefficients, however, many of these favorable properties break down.

Indeed, étale cohomology with F,-coeflicients is considerably subtler: the cohomology groups may be
infinite-dimensional, may depend on the choice of algebraically closed ground field, and need not satisfy either
the Kiinneth formula or a general form of Poincaré duality. Substantial progress in understanding this theory
began with Scholze’s seminal paper [Sch13a], which, among many other results, established the finiteness
of étale F),-cohomology for proper rigid-analytic spaces. Subsequently, Bhatt—Hansen [BH22] developed a
robust theory of Zariski-constructible sheaves and Verdier duality; Zavyalov [Zav25b] and Mann [Man22]
independently established Poincaré duality for smooth proper spaces; and [LRZ24] proved a general form of
Poincaré duality for arbitrary proper spaces.

The goal of this paper is to extend this general form of Poincaré duality from torsion coefficients to gp—local

systems on the pro-étale site of X, or equivalently on its v-site.! The torsion-coefficient theory already yields
the expected statements for constant gp—coefﬁcients. In particular, if X is proper over C, then HfJ (X, gp) is
finite-dimensional; if X is moreover smooth, proper, and of equidimension d, there is a canonical Poincaré
duality isomorphism

H,(X, Q)" ~ HY'7'(X,Q (d)).

The same passage from torsion to rational coefficients applies more generally to gp-local systems which admit
a Z,-lattice. In fact, under an extra mild hypothesis, these finiteness and duality statements were established
in [LLZ23] even before the work of Mann and Zavyalov.

However, cohomology of general gp—local systems, whose study was initiated by Kedlaya—Liu in [KL16] and

later by Colmez—Gilles—Niziol in [Col22|, present genuinely new phenomena. Unlike their algebraic counterparts,
these local systems need not admit a Z,-lattice, and their cohomology can be infinite-dimensional even when
X is a smooth projective curve; see Example 1.1.4. Thus, neither naive finiteness nor naive Poincaré duality
can hold for arbitrary pro-étale gp—local systems. The appropriate replacement is to retain the variation over

the base: rather than considering the individual groups Hi(X ,L), we consider the associated cohomology
sheaves on the v-site of Spa(C, O¢). We then formulate and prove finiteness and duality statements for these
sheaves, whose natural finiteness class is provided by Banach—Colmez spaces. We recall their definition below.

1For technical reasons, we prefer to work with the v-site in this paper. The category of Q -local systems as well as their
cohomology are insensitive to the choice of the pro-étale or v-topology; see Lemma 3.1.14 and Proposition 3.4.7. However, to
have the correct notion of Banach—Colmez spaces below; one has to use either the big pro-étale topology or the v-topology. For
consistency, we use the v-topology in this introduction, but all results also remain valid with the big pro-étale topology.
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Definition 1.1.1 ([Col02, LB18|). The category of Banach—Colmez spaces is the smallest weak Serre
subcategory % (C) C Shv(Spa(C, Oc)v;gp) containing Qp and Ogpa(c,0.)- We denote by

Diges (Spa(C, Oc)w; Q,) € D(Spa(C, 0c)w; Q)
the full subcategory consisting of bounded objects whose cohomology sheaves lie in % (C).

We refer to [Sch26a, §14] for the definition of the v-topology and to Definition 3.1.1 for the definition of
Ospa(c,00)- Throughout the introduction, we freely identify an analytic adic space over Spa(Q,, Z,) with its
associated diamond.

Theorem 1.1.2 (Geometric Duality; Theorem 7.3.1 and Corollary 7.3.15). Let f: X — Spa(C,O¢) be a
proper rigid-analytic space of dimension d, let wgp be the dualizing complex on X, and let £ € PerfU(X;Qp) N

D[T,r/](Xv;gp) for some v, € ZU{—o00,00}. Then the following statements hold:
(1) Rfy & lies in DL;’;JFM] (Spa(C, Oc)v;gp);

(ii) there is a canonical trace map Try: Rfm*wgp — gp such that the induced duality morphism
PDf2 Rfv7*R%0mD(Xv;gp)(5,w§p) — R%Omp(spa(c)v;gp)(Rfv,*g,gp)
defined in Definition 7.2.8 (2) is an equivalence.

Remark 1.1.3. The recent paper [ALBM24] establishes the finiteness and duality statements of Theorem 1.1.2
as well as their analogs for arbitrary smooth proper morphisms f: X — Y. The paper [ALBM24], however,
does not address singular spaces or the cohomological bounds for Rf, .€.

For smooth proper morphisms f: X — Y, our methods also provide an alternative and more elementary
proof. Rather than relying on the full strength of an appropriate six-functor formalism, our argument builds
on the diagrammatic approach of [LRZ24|, together with the trace and cycle class maps constructed in loc. cit.

Part (i) of Theorem 1.1.2 should be viewed as the appropriate replacement for finite-dimensionality in this
setting. When £ is a gp—local system, it implies that RI', (X, £) is concentrated in degrees [0, 2d] and that

each HfJ (X, &) can be constructed from Q, and C in finitely many steps. The appearance of C' is essential:
such contributions occur even for (analytic) local systems on the (analytification) of a smooth proper algebraic
curve, as the following example shows.

Example 1.1.4 ([Han18, Comment of PS]). Consider the Tate elliptic curve
f: E=G>/p? — Spa(Q,,Z,).
This is a smooth proper rigid-analytic space over Spa(Q,,Z,), equipped with the natural Z-torsor
m: G — E.
Let .2, and .Z_ be the rank-one gp-local systems trivialized by m whose monodromy characters are,
respectively,
P+ Z— Q;v 11— p,

and
p—:Z—Q, 1—p L.
Throughout this example, the subscript (—)¢ denotes base change to Spa(C, O¢).
Since neither p nor p~! lies in Z,, neither £, nor .Z_ admits a Z,-lattice. Their cohomology groups are,

in fact, infinite-dimensional. To see this, the Hochschild—Serre spectral sequence associated with 7 gives
EZZJ = HZ (Z? H{J( ?;,Cagp) ®Qp p+) g Hi)ij(ECa Z—F,C)a

and there is an analogous spectral sequence for .Z_. On the other hand, [CDN20, Th. 1.8] computes the
v-cohomology, or equivalently the pro-étale cohomology, of G} . More precisely,

HY(GIe, Q) =Qp  HY(GHeQ)=0 fori>2
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while H},(G‘;ﬁc,ip) fits into a short exact sequence
0— (O(G}0)/0)(-1) — Hy(Gil e, Q) — Qp(—1) — 0.
Combining this computation with the two Hochschild—Serre spectral sequences yields

C(-1), i=1lor2,

(1.1.5) H,(Ec, Zy.c) ~H,(Ec, Z-c) ~ :
0, otherwise.

In particular, the nonzero cohomology groups in (1.1.5) are infinite-dimensional as Q,-vector spaces.
The preceding computation can be refined to an equivalence at the level of derived pushforwards:

(1.1.6) Rfv,cxZy.c =~ Ospac(—1)[—1] ® Ospac(—1)[-2] 2 Rfy o+ Z- c.

This also gives a concrete illustration of the duality assertion in Theorem 1.1.2. Indeed, f_)_/’c ~ ¥ ¢ and the

dualizing complex of E¢ is Qp(l)[Q]. In combination with the formula R2Zomp(spa(c).;:qQ )(OSpaC; Qp) ~
7 Q, =

Ospac(—1)[—1] proved in [ALB25, Th. 3.8], this yields the following sequence of isomorphisms:

Rfv.csRAomp(x,;q ) (-iﬁ,agp(l)[?]) ~Rfy.c+Z-c(1)[2]
~ Ogpac[l] ® Ospac
~ RA0mp(spa(),:Q,) (Ospac (1) [-1] @ Ospac(-1)[-2], Q, )
~ RAomp(spa(c),Q) (Rfv.cxLr 0, Q,)-

Finally, we show that these infinite-dimensional phenomena disappear completely when one works with the
absolute cohomology of proper rigid-analytic spaces over a finite extension of Q,. More precisely, we prove
the following theorem.

Theorem 1.1.7 (Arithmetic Duality; Corollary 7.4.9). Let K be a finite extension of Qp, let f: X —
Spa(K,Ok) be a proper rigid-analytic space of dimension d, let £ € Perfv(X;gp) N D[”,r'](Xu;gp)' Set

w¥ = wy"(1)[2]. Then the following statements hold:

(i) the cohomology complex RT, (X, E) lies in D([:TO’:HH?](Q,,);
ii) there is a canonical trace map Try: RI, (X, w¥) — such that the induced duality morphism
f X P

PDf : RHOmD(XU;gp) (5, w}r) — RHOmD(Qp)(RFU (X, 5), Qp)
defined in Definition 7./.8 (2) is an equivalence.

We deduce Theorem 1.1.7 from Theorem 1.1.2 using Fontaine’s theory of almost C,-representations,
developed in [Fon03, Fon20]. When X is smooth, one can also deduce the finiteness and duality parts of
Theorem 1.1.7 from [ALBM24]; cf. [ALBM24, Rmk. 6.2.3]. However, the proper case has not been addressed
before.

The observation that arithmetic pro-étale cohomology, or equivalently arithmetic v-cohomology, exhibits
simpler finiteness behavior than its geometric counterpart goes back to [CGN23]. There, the authors proved a
version of arithmetic Poincaré duality with constant coefficients for smooth partially proper rigid-analytic
curves. This result was extended in the work of Zhenghui Li [Li24] to arbitrary smooth partially proper
rigid-analytic spaces and constant coefficients.

In order to illustrate how the infinite-dimensionality of cohomology disappears in the arithmetic cohomology,
we compute the cohomology of all Tate twists of the rank-1 local system £, from Example 1.1.4.

Example 1.1.8. Let G be the absolute Galois group of Q,. Since Ec — E is a pro-étale G-torsor, the
Hochschild—Serre spectral sequence gives

Ey/ = H. . (G, H(Ec, 2y o(n)) = HS(E, L, (n)).

cont
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Combining with spectral sequence with (1.1.5) and Tate’s computation [Tat67, Ths. 1 and 2, pp. 176-177] of
Galois cohomology groups H;, . (G,C(m)), we conclude that

cont
Qy,, n=1landi=1,3,
H, (B, Z:(n) ~{ Q%2 n=1andi=2,
0, otherwise.

The same argument computes the cohomology of Z_(n) for every n. Together with the isomorphism
RAomp(s,.q (L4 (n), 9p(2)[4]) ~ ¥ (2 —n)[4], these computations give a direct verification of the duality
assertion in Theorem 1.1.7 as well.

1.2. Fargues—Fontaine curve perspective. In this subsection, we explain an alternative perspective on
Theorem 1.1.2 from the point of view of the Fargues—Fontaine curve. Although the language of Banach—Colmez
spaces provides the most direct and intuitive formulation of the theorem, the Fargues—Fontaine perspective
reveals additional structure that restores the finitess, duality, and Kiinneth formula properties for cohomology
of gp—local systems.

For this, we recall that [FF18] and [FS26, §2] defined the (analytic) Fargues—Fontaine curve as
(1.2.1) FFe = Yo /¢® = (Spa(Aut(C, Oc), Aint(C,00)) \ V(p- 1)) /%,

which is an (infinite type) adic space over Spa(Q,, Z,), see also Section 6.1 for an additional discussion.

It turns out that a particularly useful framework for the v-cohomology RI', (X, E) of a gp-local system & is
to lift this to a cohomology theory valued in perfect complexes on the analytic Fargues—Fontaine curve. More
precisely, to every proper rigid-analytic space X over C' and every gp—local system £ on X, we functorially
associate a perfect complex

Hx (E) € Perfo, (FF¢; O)
together with a canonical equivalence
(1.2.2) RI,(X, &) ~ RTan (FFe, Hx (€)).
The complex Hx (€) satisfies the properties expected of a well-behaved cohomology theory: finiteness, duality,
and the Kiinneth formula. From this perspective, the possible infinite-dimensionality and failure of the
Kiinneth formula of RT', (X, £) arise only after applying the derived global-sections functor RI',, (FF¢, —),
which morally come from the facts that FF¢ is not of finite type over Q, and RI'uu(FF¢, —) is not symmetric
monoidal.

To relate this perspective back to Theorem 1.1.2, we recall that [LB18, ALB25] constructed a fully faithful

functor Sol: Perf,,(FF¢; O) — D(Spa(C, Oc)v;gp) which provides an identification Perf,,(FF¢;O) Sol,

D% (Spa(C, (’)C)U;gp). Using this functor, we show a more precise version of (1.2.2) as well as the results
announced above. In order to capture all the properties of the complex Hx (€), we recall that the Fargues—
Fontaine curve carries a canonical “point at infinity” 1o : Spa(C, O¢) — FF¢, see [FS26, Def./Prop. 11.1.22].

Pullback along this closed immersion defines a functor ¢% : Perf,,(FF¢; O) — Perf,,(Spa(C, O¢); O) ~
Dgoh(c)'
Theorem 1.2.3 (Theorem 7.3.17). Let f: X — Spa(C, O¢) be a proper rigid-analytic space of dimension
d, and let € € PerfLm,] (X;gp) for some r,v" € Z U {—00,00}. Then one can functorially assign a perfect
complexr Hx (E) € Perfo, (FF¢o; O) which satisfies the following properties:

(i) there is a functorial isomorphism Sol(Hx (£)) = Rfy+&;

(ii) there is a functorial isomorphism 5 Hx () ~ Ry (X, € 26 Ox);

(iii) the complex Hx (E) lies in Perfé[;f,“d] (FF¢; O);

(iv) if (X', &) is another such pair, then there is a natural Kinneth formula isomorphism

Hx(E) @5 Hx () S Hxwox (ERE.
(v) if X smooth of equidimension d, there is a functorial duality isomorphism Hx (€)Y ~ Hx (EV(d)[2d]);
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While finiteness and duality admit formulations in terms of Banach—Colmez spaces, the corresponding
Kiinneth formula fails at the level of v-sheaves, even in the basic example considered above.

Example 1.2.4. In the setting” of Example 1.1.4, the natural morphism
Rfv,C,* (g-i-,C(l)) ®§p Rf'u,C,* (og/ﬂ—&-,C(l)) — R(f Xc f)v,C,* ($+7C(1) X 3—5—,0(1))

is far from being an isomorphism. In fact, the left-hand side does not even lie in D%cg as it contains
Ospac[—1] ®§p Ospac[—1] as a direct summand.

By contrast, under the equivalence induced by the solution functor, Equation (1.1.6) translates into an
isomorphism Hg, (L} (1)) 2 Lo« C[—1] ® oo« C[—2]. So

Heo (Lrc(1)) ®%ch Hie (Lro(1) = tooCl=1 ® (Lo s C[2]) P2 B (100,+C[—3])F° ® 100 . C[—4]

is manifestly a perfect complex on FFo. Moreover, the Kiinneth isomorphism of Theorem 1.2.3 (v) identifies
this tensor product with Hpg. < g (Ly,c(1) KLy (1)) After applying the solution functor, we obtain

R(f xc floox(Lr.cBZLy o) =~ Ospac—1] @ (Ospac[—2])* @ (Ospac[—3])F* @ Ospac[—4]

Theorem 1.2.3 (ii) likewise records information that is not directly visible through the intrinsic operations
on the Banach-Colmez spaces R'f,, .£. Nevertheless, it yields some non-trivial information about these higher
pushforwards. For example, using Theorem 1.2.3 (ii), David Hansen [Han26, Rmk. on p. 2] showed that if X
is smooth and proper and L is a gp—local system on X, then

> (-1)"dimq, R"f, .L = (kL) - (Z(—I)" dimq, H (X, Qp)> =1k L - x(X,Q,).

n n

Here, dimq, R" f, «L denotes the Q,-dimension, in the sense of [Col02, p. 46|, of the Banach-Colmez space
R" f, «L. This is the p-adic analytic analogue of the usual Euler characteristic formula x (X, L) = rkL-x(X, Q)
in algebraic geometry (see [I1181, Cor. 2.11]).

1.3. Idea of the proof and further results. The proof of Theorem 1.1.2 consists of three main ideas of
different origins: a reduction to the smooth case, a reformulation of the problem in terms of the Fargues—
Fontaine curve, and a diagrammatic approach to the resulting duality statement on the curve. The passage to
the Fargues—Fontaine curve is crucial to our argument because the diagrammatic approach critically relies on
the existence of a Kiinneth formula. While such a formula fails at the level of v-sheaves (see Example 1.2.4),
it does hold at the level of perfect complexes on the Fargues—Fontaine curve.

1.3.1. Reduction to the smooth case. The first step in the proof of Theorem 1.1.2 is to reduce to the case
in which X is smooth proper over C. The key technical input is the construction of the proper trace map
Try: R fv’*w;‘?" — Q . This construction ultimately rests on the analogous trace map with finite coefficients
constructed in [LRZ24], which is one of the most technically challenging parts of that paper.

Once we have the trace map from [LRZ24] at hand, its extension to Q -coefficients follows from a limit
argument, together with the comparison between étale and v-cohomology for proper rigid-analytic spaces;
see Lemma 7.1.3. We then combine the resulting trace map with resolution of singularities and induction
on the dimension of X to reduce both the finiteness and duality assertions of Theorem 1.1.2 to the smooth
case. In fact, in the smooth case we prove the following stronger relative result for arbitrary smooth proper
morphisms of diamonds over Spd(Q,,Z,).

Theorem 1.3.1 (Relative Geometric Duality; Theorem 6.5.7 and Corollary 6.6.15). Let f: X' — X be a
smooth proper of equidimension d morphism of diamonds over Spd(Qp,Z,) and let £ € Perfv(X’;gp) N
D[r,T’](X’;;gp) for some v, € ZU{—o00,00}. Then the following statements hold:

2We use .Z4 (1) rather than .2} ¢ solely to avoid carrying Tate twists throughout the formulas. A choice of a compatible
system of p-power roots of unity in C trivializes gp(l) and hence yields a noncanonical isomorphism .Z} ¢ ~ .2, <(1). Thus,

the same discussion applies verbatim to .2} c.
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() Rfo€ lies in Dt 7 (X,5Q )5
(ii) there is a canonical trace map try: Rfv7*9 (d)[2d] — gp such that the induced duality morphism

PDf Rfv *R%Omp X" (5 Q ( )[Qd]) — R%OTTZD(XU;QP)(RJCU,*S,QP)
defined in Definition 6.5.5 (3) is an zsomorphzsm.

We refer to Definition 4.3.3 for the precise definition of a smooth proper of equidimension d morphism of
diamonds over Spd(Q,,Z,). For the purposes of this introduction, we only note that this class includes the
diamondifications of smooth proper morphisms of equidimension d between locally noetherian or sousperfectoid
adic spaces over Q,. We also refer to Definition 6.4.10 for the definition of the relative Banach—Colmez
spaces Dégzg(Xv;gp). Specializing Theorem 1.3.1 to X = Spa(C, O¢) gives the smooth case required in the

reduction above.

1.3.2. Reduction to duality on the Farques—Fontaine curve. The preceding subsection reduces the proof of
Theorem 1.1.2 to the relative smooth proper case. We now carry out the second step of the argument by
reformulating this as a relative statement on the Fargues—Fontaine curve. The solution functor from Section 1.2
gives an identification Perf,,(FFc; O) = DZB% (Spa(C7 Oc)w; Qp). It therefore suffices to prove duality on
the curve, where we can use the tensor formalism required for the Kiinneth formula. To do so, we introduce
“analytic perfect complexes on the relative Fargues—Fontaine curve”, equipped with a pushforward functor
that intertwines with the derived v-pushforward via the solution functor.

A technical hurdle arises when one attempts to carry this out: If X is an adic space that is not perfectoid,
the relative Fargues-Fontaine curve FFyx = X© x Spd(Qyp, Z,)/ ©?Z x id is only a diamond and need not
carry a natural adic-space structure. The usual definition of analytic perfect complexes therefore does not
apply directly to FFx, while perfect complexes in the v-topology on FFx do not give the correct answer, see
Warning 6.2.3.

To resolve this issue, motivated by the fact that Y 1, C Yo is a fundamental domain for FF¢, we instead
define

(1.3.2) Perf o, (FFx; O) i= Eq (Perf(X,; By p)) = Perf(Xy; By 1)) -

Here By; ;) and By 1] are the period sheaves geometrizing Berger’s period rings from [Ber02]; see Definition 3.1.1.
The two arrows in (1.3.2) encode the restriction and Frobenius maps.

To compare this definition with the usual category of analytic perfect complexes when X = §' is affinoid
perfectoid, one needs, in particular, the equivalence Perf, (S;B;) ~ Perf (B (S )) for every closed interval
I C (0,00) with rational endpoints. This comparison follows from the following general descent theorem.

Theorem 1.3.3 (see C.2.4, C.2.8, C.2.10, C.2.14, C.3.17, C.4.5, C.5.10, C.6.10, C.7.16, and C.7.22). Denote
by Perfd?‘gp the category of affinoid perfectoid spaces over Spa(Q,, p), let I C (07 o0) be a closed interval with
rational endpoints, let n be an integer, let £ be a prime number (possibly equal to p), and let r,r" € ZU{—00,0}.
Then the assignments

Pertl " (< Z/n), PertlT) (= 2,), Pertl) (—:Q,), Pertl ™ (— 0% /p),

proét proét

Perfl" (=, 01), Pertl""1(O(-)), Pext"" (= A}), Pert!1 (B, (—))
regarded as functors Perfd?fé’;’p — Catyo are hypercomplete v-sheaves of co-categories.

The fact that Perf(B;(—)) is a v-sheaf was previously established in [ALB25] by different methods. Likewise,
loc. cit. showed that Perf(O(—)) is a v-sheaf when restricted to affinoid perfectoid spaces admitting a morphism
to a totally disconnected perfectoid space. Restricting the class of affinoid perfectoid spaces becomes necessary
because very delicate descent results from [Man22] are used.

Thus, for the functor Perf(O(—)), Theorem 1.3.3 strengthens the result of [ALB25] by removing this
restriction. In addition, our proof is self-contained and avoids the descent results of [Man22]. Its key idea
is to adapt to the derived setting the methods developed in [Zav25b, Heu26| for proving v-descent for étale
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vector bundles over O, OF, and O /p. To the best of our knowledge, the corresponding statements for the
remaining coefficient systems appearing in Theorem 1.3.3 have not previously appeared in the literature.

The descent theorem shows that (1.3.2) agrees with the usual category of analytic perfect complexes for
affinoid perfectoid bases and provides a well-behaved definition for arbitrary diamonds. After developing
the corresponding pushforward formalism, we reduce Theorem 1.3.1 to the following duality theorem on the
relative Fargues—Fontaine curve.

Theorem 1.3.4 (Duality on the curve; Theorem 6.5.4). Let f: X' — X be a smooth proper of equidimension
d morphism of diamonds over Spd(Qyp, Z,) and let € € Perf,,,(FF x/; O). Then the following statements hold:
(i) Rfrr € lies in Perf,, (FF x;0);
(ii) there is a canonical trace map trI;F: R frr,«O(d)[2d] = O such that the induced duality morphism

PDf : RfFF,*R%OmFFX, (5, O(d) [Zd]) — R%OTILFFX (RfFR*E, O)
defined in Definition 6.5.1 (3) is an isomorphism.

1.3.3. Proof of the duality on the Farques—Fontaine curve. The diagrammatic approach. We now explain
the main argument of the paper. Unwinding the equalizer description in (1.3.2), we reduce duality on the
Fargues-Fontaine curve to a relative duality theorem for period sheaves; only the case of A = By ;] is used in
the proof of Theorem 1.3.4.

Theorem 1.3.5 (Relative duality for period sheaves; Corollary 5.3.15). Let f: X' — X be a smooth proper
of equidimension d morphism of diamonds over Spd(Qyp,Z,), let I C (0,00) be a closed interval with rational
endpoints, let A € {O, B}, and let £ € Perf,(X'; A) N D[T”J](X,’J; A) for some r,r’ € ZU{—o00,00}. Then
the following statements hold:

(i) Rfy+& lies in Perf,(X; A) N DI +2d (X, A);

(ii) there is a canonical trace map tr}‘l: Rfy +A(d)[2d] — A such that the induced duality morphism

PDf : Rfu,*R%Oﬂ’L'D(X{);A) (57 A(d) [2dD — R%OTRD(XU;A) (Rfv,*g, A)
defined in Construction 5.3.10 (4) is an isomorphism.

We prove Theorem 1.3.5 using the diagrammatic method developed in [LRZ24, Section 6]. Rather than
understanding the duality morphism PDy directly, this approach shows that Rf, .£ is dualizable (in the
categorical sense) in D(X,;.A), with dual given by Rf, .Y (d)[2d]. Its implementation requires the following
three ingredients, together with suitable compatibility conditions:

(1) the trace map tr;ﬁ‘: Rfy +A(d)[2d] — A for the smooth proper f: X' — X;
(2) the cycle class map cla: RA, , A — A(d)[2d] for the diagonal A: X' — X' x x X';
(3) the Kiinneth formula isomorphism Rf, .& @5 Rf,.& = R(f xx [)o«(E X E).
Of these three ingredients, the Kiinneth formula is the most delicate. We do not know how to establish it

directly; instead, we show the following version using the framework of solid mathematics in the sense of
Clausen—Scholze [Sch26b].

Theorem 1.3.6 (Solid Kiinneth formula; Theorem 5.2.4). Let S be a strictly totally disconnected perfectoid
space over Spa(Qp,Zy), let f: X — S and f': X' — S be gcgs smooth maps, and let A € {B;,O}. Let
& € Perf, (X, A) and &' € Perf, (X', A). Then the solid Kiinneth map

KM": R, (X, &) ®F (5.4 RL,(X',€") = RL, (X x5 X', € X" &)
is an isomorphism.

We refer to Definition 3.2.1 for the definition of condensed derived global sections. The crucial feature of
Theorem 1.3.6 is that it requires no properness assumption, which allows us to argue locally. Using toric charts,
we reduce the solid Kiinneth theorem to the corresponding statement for the continuous group cohomology of
I' ~ Zg, which can be seen via Koszul complexes.

Finally, we use this Kiinneth formula to establish a solid version of Theorem 1.3.5.
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Theorem 1.3.7 (Theorem 5.3.1). Let S be a strictly totally disconnected perfectoid space over Spa(Q,, Zy),
let f: X — S be a smooth proper morphism of equidimension d, let I C (0,00) be a closed interval with
rational endpoints, let A € {Br, O}, and let £ € Perf,(X; A). Then the condensed global sections RL, (X, )
is a dualizable object in Do(A), with the dual given by RL, (X, EY(d)[2d)).

Theorem 1.3.7 is the core result of this paper; we now outline its proof, following the diagrammatic
approach introduced above. We first construct the required trace and cycle class maps by combining the
analogous constructions from [LRZ24] with an appropriate form of the primitive comparison theorem; see
Lemma 3.6.7. Together with the solid Kiinneth formula, we can produce evaluation and coevaluation maps
between RL, (X, &) and RL, (X, £V (d)[2d]); see Construction 5.3.3. To check their dualizability, it therefore
remains to check the induced triangle identities. We address one of them, the other being verified similarly.
Consider the commutative diagram below, in which all products of X are taken over S:

/ N
/Ax& AMYX

It induces the following diagram, in which (—)* denotes pullback in cohomology and (—), is induced by cycle
class maps:

RL,(X,€) — 2 & RL, (X2, AR E) —Bid, RT (X2 (€0 EY)RE) RL, (X%, (EREYRE) @ A(d)[2d))

\ l J{A* l“d xA)"

RF ( coev®1d (X g@f/‘\/ ®E) —) RI (X2 (glz(gv ®5))®-’4( )[Zd])

\ J/ld ®ev l(id Nev)®id
A,

Rl (X,) ————=— % RI, (X%, (EX A) ® A(d)[2d])

tre
T

RE’U(X7 5)

(Axid).

Up to some identifications, which we make fully explicit in Fig. 1, the claim that
(id ® evaluation) o (coevaluation ® id) = id

reduces to showing the composition along top row and rightmost column is the identity. To do so, it suffices
to prove that the above diagram is commutative. This is mostly easy, except for the top right square, which
follows from the fact that cycle classes commute with transversal pullbacks (see [LRZ24, Lem. 3.3.4]) and the
bottom triangle, which follows from the fact that smooth traces of cycle classes of a section are the identity
(see [LRZ24, Lem. 6.4.5]).

Once Theorem 1.3.7 is proven, a theorem of Andreychev [And21] identifies the dualizable objects in the
relevant solid derived categories with ordinary perfect complexes. Combining this result with the v-descent
statement of Theorem 1.3.3, we pass from Theorem 1.3.7 to Theorem 1.3.5

As a final note, we also mention that we have a version of Theorem 1. 3 when X = Spa(K, Ok) is the
adic spectrum of a nonarchimedean field and X’ is a general proper rigid-analytic space.

Theorem 1.3.8 (Absolute duality for period sheaves II; Theorem 7.3.1). Let K be a nonarchimedean field of
mized characteristic (0,p), let f: X — Spa(K,Ok) be a proper rigid-analytic space over K of dimension d. Let
I C (0,00) be a closed interval with rational endpoints, let A € {O,Br}, and let & € Perf,(X; A)NDI'1(X!: A)
for some r,1r’" € ZU{—00,00}. Then the following statements hold:

(i) Rfy+E lies in Perf,(Spa(K, Ok); A) N DI +2d(Spa(K, Ok )y; A);

(ii) there is a canonical trace map trf: Rfv,*wf} — A such that the induced duality morphism

PDy: Rf, R omp(x,4)(E,wy) — R omp(x,,a)(Rfs &, wy)
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defined in Definition 7.2.8 (2) is an isomorphism.

Organization of the paper. The thrill-seeking reader can directly get to the key arguments of the paper by
focusing their attention on Section 5, Sections 6.4—6.6, and Section 7. The rest of the paper is mostly devoted
to preparatory background results, which we break down in more detail below.

Sections 2, 3, and 4 contain the preliminary material that we need in our proofs. Section 2 and Section 3
provide technical background on period rings and period sheaves, while Section 4 extends the construction of
trace and cycle class maps from [LRZ24] to various period sheaves on sousperfectoid spaces and diamonds.
As we could often not find suitable references in the literature, we have tried to be very detailed, but advise
even the more honest reader to skip these sections on a first reading and refer back to them as necessary.

The key argument for Poincaré duality for perfect complexes over period sheaves with respect to general
smooth proper morphisms following the diagrammatic approach from [LRZ24] is explained in Section 5.
The resulting Poincaré dualities for analytic perfect complexes on relative Fargues—Fontaine curves and for
pro-étale Q -local systems are then discussed in Section 6. This section also contains a detailed discussion
of the relevant Fargues—Fontaine curve preliminaries, again recommended to be skipped on a first reading.
Finally, we prove geometric duality (Theorem 1.1.2) and arithmetic duality (Theorem 1.1.7) for pro-étale
Q -local systems on proper rigid-analytic spaces in Section 7.

Some technical background on limits of co-categories and sheaves of co-categories which we found difficult
to locate in the literature is collected in Appendix A and Appendix B. Finally, Appendix C is dedicated to
proving many optimal v-descent results for perfect complexes over various coefficient rings as in Theorem 1.3.3,

which might be interesting in their own right.
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Notation. In this paper, a topological field K is called nonarchimedean if its topology is induced by a
valuation of rank 1 on K and if K is complete with respect to this topology; beware that while the completeness
assumption is somewhat standard, it is not imposed in [Hub96, Def. 1.1.3].

A rigid-analytic space over a nonarchimedean field K is always understood to be an adic space which
is locally of finite type over Spa(K, Ok); by [Hub94, Prop. 4.5], the resulting category of quasi-separated
rigid-analytic K-spaces is equivalent to the category of quasi-separated rigid-analytic K-spaces in the classical
sense as in, say, [BGR84, Def. 9.3.1/4]. An analytic adic space is locally noetherian if every x € X is contained
in an open affinoid subspace U C X for which Ox (U) is a strongly noetherian Tate ring. For a general adic
space X, an open affinoid subspace U C X is an open subspace which is isomorphic to Spa(A, AT) for a sheafy
Huber pair (4, A™).

Following [Sch26a], we denote by Perfd the category of perfectoid spaces and by Perf the category of
perfectoid spaces of characteristic p. For a diamond X (resp. a perfectoid space X) and 7 € {qproét, v}
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(resp. T € {proét,v}), we denote by A\;: X; — Xg and p: X, = Xqproge (resp. and v: X¢ — Xan) the
natural morphisms of sites. We use the diamondification functor (—)° from [Sch26a, Def. 15.5].

For a ring A and a finite set of elements fi,..., f,,s € A, we denote by A[%,,f?] C A[%] the
A-subalgebra of A[%] generated by %7 e f?" For a ring A, a finitely generated ideal I C A, and a finite
set of elements f1,..., fn,s € A, we denote by A<%, ceey f?">:: A[%, el f?"];\ the I-adic completion of
A[f B2 fn

S S

For a Grothgndieck abelian category A, we denote by D(A) its associated derived oco-category. Its homotopy
category is denoted by D(A) and coincides with the usual triangulated derived category of A.

For a complete Huber ring A, we denote by Do(A) the derived oo-category of solid A-modules in the sense
of Clausen—Scholze [Sch26b]. Explicitly, this category is given by D((A,Z)n) from [And21, Th. 3.28].

Given a ring R, we say that an object M € D(R) is perfect if there is an isomorphism M ~ K*® where K*® is
a finite complex of finite projective R-modules. We denote by Perf(R) the oo-subcategory of D(R) of perfect
complexes. For r,7’ € Z U {—00, 00}, we say that a perfect complex M € Perf(R) has tor-amplitude in [r,7’]

if M ®% N is concentrated in cohomological degrees [r,r’] for any R-module N. We denote by Perf ('] (R)
the oco-category of perfect complexes with tor-amplitude in [r,r'].

Given a ringed site (X, Q), we say that an object F € D(X;O) is strictly perfect if there is an isomorphism
F =~ &* where £° is a finite complex of direct summands of finite free O-modules. We also denote by Perf(X; O)
the oo-category of perfect complexes, i.e., the full co-subcategory Perf(X; O) C D(X;O) of objects which are
locally isomorphic to a strictly perfect complex.

For a ringed site (X, ), we denote by (—): D(O(X)) — D(X; O) the derived pullback functor along the

canonical morphism (X, Q) — (x, O(X)). It restricts to the functor (—): Perf(O(X)) — Perf(X;O).
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2. PERIOD RINGS

In this section, we define and study the period rings B;(R, RT) and A;(R, R") for any perfectoid pair
(R,R*") over (Qp,Z,) and any closed interval I = [a,b] C (0,00) with rational endpoints. We decided to
include this material in the paper because these period rings are often defined under the additional assumption
that (R, RT) admits a map from (C,, Oc, ), which is inadequate for our purposes.

2.1. Period rings via the Fargues—Fontaine disk. Throughout this subsection, we fix an affinoid perfectoid
space S = Spa(R, R") over Spa(Q,, Z,).

The main goal of this subsection is to define the period rings B;(S) and A;(S) for any closed interval
I C (0, 00) with rational endpoints. For this, we recall that the perfectoid pair (R, R*) admits a tilt (R”, R>%)
which is a perfectoid pair of characteristic p. It comes equipped with a continuous multiplicative map

(+siyeeesT1,@0 ) = T0

(=) R~ lim R

TP

R,

where 2 = z; 1 € R, see [Sch12, Prop. 5.17| or [Sch26a, p. 16] for more details.

3

Notation 2.1.1. We denote by p* € Rt any element such that (p°)* = p - u for some unit u € (R1)*.

We note that [BMS18, Lem. 3.9] implies that p” exists for any perfectoid pair (R, R*). Any choice of
p* € R>* is a pseudo-uniformizer in R” (see the proof of [Sch26a, Lem. 3.10]).

Lemma 2.1.2. Let (R,R") be an affinoid perfectoid pair over (Q,,Z,) and let P’ and p* € R>T be two
elements as in Notation 2.1.1. Then there is a unit v € (R>)* such that p* = p" - v.

Proof. Using [Hub94, Lem. 1.6(iv)], we see that it suffices to show that [p’(z)| = |p’(z)| for any z €
Spa(R’, R>%). Consider the canonical homeomorphism (—)": [Spa(R, R*)| = |Spa(R’, R>*)| (see [Sch12,
Th. 6.3] or [Sch26a, Th. 3.12]) and set z* € |Spa(R, RT)| to be the unique point such that (z%)” = z. Let
u, U € (RT)* such that (p°)f = p-u and (p*)* = p - @, respectively. Then the desired claim follows from the
following sequence of equalities:

I (@)] = (o) («*)] = Ip(2*)| = [(pa) (2*)] = [P’ (x)]. m

We recall that S = Spa(R, R") denotes an affinoid perfectoid space over Spa(Q,,Z,) and that A (S)
denotes the ring W (R"™).

Definition 2.1.3. The relative Fargues—Fontaine punctured open disk is the adic space
Ys := Spa (Ainf(S),Ainf(S)) ~V(p- [pb]),

where Ajn¢(S) = W(R”1) is equipped with the (p, [p°])-adic topology; this open subset does not depend on
the choice of p° by virtue of Lemma 2.1.2.

Note that [F'S26, Prop. I1.1.1] indeed implies that Y is an analytic adic space instead of simply a pre-adic
space. However, it is not clear whether Spa (Aiu¢(S), Aing(S)) is an adic space (i.e., whether it is sheafy): we
will never use it in this paper.

Remark 2.1.4. We point out that our definition of Yy is slightly different from the one used in [FS26, Ch.II].
Namely, they define Ys only when S is a perfectoid space of characteristic p. However, Yg in the sense of
Definition 2.1.3 is equivalent to Y, in the sense of [F'S26, Ch.IL.1.1].

The space Yg is never quasi-compact, making it quite difficult to study it directly. For this purpose, we
introduce the following rational open subsets of Y5 whose union covers Yg.

Definition 2.1.5. Let I := [a,b] C (0,00) be an interval with rational endpoints. Set ¢ := min{n €
Z-o|n-a€Zandn-beZ}. The Fargues—Fontaine annulus of radius I is the affinoid adic space

Vo 1= {z € Spa (Ainr($). Aii()) | 0@ < [(2")](@)] < ()] # 0} € Spa (Aine(S). Aint(5)).

This rational open subset does not depend on the choice of p” by virtue of Lemma 2.1.2.
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Remark 2.1.6. By definition, we see that Yg = |J; Ys 7, where the union is taken over closed intervals
I C (0,00) with rational endpoints. Furthermore, each Y s is again an analytic adic space.

Definition 2.1.7. We define period rings By (S) and A;(S) as the following topological rings:
Ar(S) =H,(Ysr,0T) and Bj(S) :=HY, (Ys,1,0).

Remark 2.1.8. Since each Yg; is an affinoid adic space over Spa(Q,,Z,), the pair (BI(S’),AI(S)) is a
complete Tate-Huber pair over (Q,, Z,) with pseudo-uniformizer p € A;(S). Thus, B;(S) admits a Banach
ring structure over Q,, (see [KL15, Rmk. 2.4.4]).

We finish this subsection by unraveling the definitions of B;(.S) and A;(S) in more explicit terms. Recall

that, for a ring A and elements fi,...,fn,91,...,9n € A, we denote by A[ ,...,%] C A[g1 19 | the
A-subalgebra generated by ;%’ . %.

Remark 2.1.9. Let I = [a,b] and ¢ € Z~( be as in Definition 2.1.5. Then [Hub94, Lem. and def. on p. 516]
implies that A;(S) is equal to the completed integral closure of A;,¢(S) [%, [(Zi#] inside Ajn¢(S) [ﬁ}
and B;(S) = AI(S’)[%]. We warn the reader that it is a priori not clear whether the topology on A;(S) is the
p-adic one. We return to this point in Corollary 2.2.18.

For future reference, we mention the following compatibilities between the period rings B;(S) for various I:

Construction 2.1.10. Let S be an affinoid perfectoid space over Spa(Qy, Zp).

(1) (restriction maps) Let J C I C (0,00) be an inclusion of closed intervals with rational endpoints. Then
the natural rational open embedding Ys ; C Yg ; induces a continuous morphism B;(S) — B;(S).

(2) (Frobenii maps) Let I = [a,b] C (0,00) be a closed interval with rational endpoints. Set I/p =
[a/p,b/p) C (0,00). Then the Frobenius isomorphism Yg — Yy restricts to an isomorphism Yg ; /p =
Ys,1. Therefore, it induces a topological isomorphism ¢: B7(S) = By, (S).

We also show the following overconvergent property of Bj.

Lemma 2.1.11. Let I = [a,b] C (0,00) be a closed interval with rational endpoints and let S = Spa(R, R™) be
an affinoid perfectoid space over Spa(Qp, Z,). Set S° := Spa(R, R°). Then the natural map By (S) — B(S°)
s a topological isomorphism.

Proof. Both B;(S) and Bj(S°) are complete Tate rings, so the Banach open mapping theorem [Hub94,
Lem. 2.4(i)] implies that it suffices to show that B;(S) — B;(S°) is a ring isomorphism.
We choose p” € R”* C R*° as in Notation 2.1.1 and ¢ € Z>q as in Definition 2.1.5. Note that the (p, [p°])-

adic topology on W(Rb"“)[[(pcs ok [(50,)1 ]] coincides with the [p°]-adic topology because p® [(pb) -[p°]¢; the
same applies to W(R"’O)[[g [(p ) ]}. Therefore, [Hub94, Lem. and def. on p. 516] and [Hub93, Lem. 1.6]

)e]’
imply that the map B;(S) — B;(S°) becomes equal to the natural morphism

by [ 2 (@)1 boy[_p )N
WE ) [y e ey 1] = W) Gy e Lo 1]

For it to be an isomorphism, it suffices to show that W (R”>*) [[(p ; oF [(giic]} ) W(R" o)[ g ] ](A[
p

is an injective map with cokernel annihilated by [p’]. This reduces to proving that W (R” +)[[(pb) e )] }

c bye
W(R>°) [[(zb;“]’ [(563 ]] is injective with cokernel annihilated by p°. For that, it is enough to show that the
map W (R>*) — W(R"°) is injective with cokernel annihilated by [p’]. Using the explicit description of
Witt vectors, we finally reduce the question to showing that the map R>t — R”° is injective with cokernel
annihilated by [p’]. This can be easily seen from the fact that R** is perfect (see, for example, [Zav25a,

Lem. B.13)). O

For later use, we will also need the following fact.
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Lemma 2.1.12. Let I = [a,b] C (0,00) be a closed interval with rational endpoints and let S = Spa(R, RT)
be an affinoid perfectoid space over Spa(Qp,Zy). Then the natural morphism

—
B;(S) — [[ B:(Spa(k(s), k(s) ))
ses
1s injective.
Proof. For brevity, if (K, KT) is a perfectoid field pair, we write By (K, K1) for B;(Spa(K, K*)) throughout
this proof. The same applies to Aj(K, KT).

First, we note that the proof of [FS26, Prop. I1.1.1] implies that B;(.S) is sous-perfectoid. In particular, it is
uniform. Therefore, [SW20, Th. 5.2.1] implies that the natural morphism B;(S) = [ L espas,(5),4:(5)) k/(si)
is injective. Hence, it suffices to show that, for any = € Spa(B;(S), A1(S)), the morphism B;(S) — k(z)

— 4
factors through B;(S) — By (k(s), k(s) ) for some s € S. For this, we consider the continuous morphism
m: |Spa(B1(S), Ar(S))| — |S| from [FS26, Prop. I1.1.3]. Set s := 7(z). Then [FS26, Prop. I1.1.3] implies that
x € Spa(B1(S), A1(S)) lies in the image of the pro-(open immersion)

—_— —

Spa(BI(k’(s),kz(s) ),A](k‘(S),kJ/(-S\)JF)) — Spa(B1(5), A[(9)).

— — 4
Thus, the morphism B;(S) — k(z) factors through B;(S) — By (k(s), k(s) ). O

2.2. Period rings a la Berger. Let S be an affinoid perfectoid space over Spa(Qp, Z,). The main goal of
this subsection is to relate the definition of A;(S) given in the previous subsection to the more classical one
from [Ber02, Falll].

To motivate the results of this subsection, we note that the integral closure involved in the explicit
construction of Ay(S) (see Remark 2.1.9) makes it difficult to compute A;(S) or A;(S)/p. Therefore, we
wish to get another formula for A;(S) which does not involve integral closures.

Throughout this subsection, we fix a closed interval I = [a,b] C (0, 00) with rational endpoints.

Construction/Proposition 2.2.1 (cf. [Ked05, Def. 2.1.8] and [FF18, Prop. 1.4.9]). Let (R,R™") be a
perfectoid pair of characteristic p > 0, let w € RT be a pseudo-uniformizer, and let v: R — T, U {0} be a
valuation lying in Spa(R, RT). Then the map Uy: W(RT) — T, U{0}, defined by

T (Yladp') = sup {v(a)-v(@)'} €T, U{0},
120 i | ai;ﬁO
is a valuation.

Proof. Since v(w) is topologically nilpotent, U (f) is well-defined for any f € W(R™). To see that it is

—

+
a valuation, we denote the completed residue field of v by k(v) and its integral subring by k(v) . Then
—
(k(v),k(v) ) is a perfectoid field. Since the valuation o factors through the obvious “reduction” morphism

— 4+ — 4
W(R") — W(k(v) ), we can replace (R, RT) with (k(v), k(v) ) to assume that (R, R") is a perfectoid field.
In this case, the proofs of [FF18, Prop. 1.4.3 and Prop. 1.4.9] can be easily adapted to show that ¥ is a

valuation. 0

Definition 2.2.2. Let (R, RT) be a perfectoid pair of characteristic p > 0, let @ € R™ be a pseudo-uniformizer,
and let I = [a,b] and ¢ € Z~q be as in Definition 2.1.5. We say a pair of elements «, 3 € R is well-adapted
to @ and [ if v(a)®® = v(w) = v(B) for any v € Spa(R, RT).

First, we note that well-adapted pairs exist étale locally on Spa(R, R™).

Remark 2.2.3. The existence of a well-adapted pair «, 8 is automatic if the affinoid perfectoid S = Spa(R, R™)
is strictly totally disconnected. In fact, even w'/® and w!/? exist in R* in this case. More generally, there is
always an étale covering S’ := Spa(R’, R't) — S = Spa(R, Rt) such that elements w'/* and w'/® exist in
R'T.
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Remark 2.2.4. Furthermore, the existence of a well-adapted pair is automatic if S admits a map S — T
such that T admits a well-adapted pair and the pseudo-uniformizer w comes from 7.

Remark 2.2.5. We note that [Hub94, Lem. 1.6(iv)] implies that for any pair o, 3 € R™ well-adapted to @
and I, there are units uy,us € (R*)* such that a®® - u; = w® = 3 - uy. In particular, any such a and 3 are
pseudo-uniformizers. Similarly, we note that a/3 lies in RT for any well-adapted pair «, 3.

Lemma 2.2.6. Let (R, RT) be a perfectoid pair of characteristic p > 0, let @ € RT be a pseudo- uniformizer
and let o, 3 € RT be a pair of elements well-adapted to w and I. Set A =W (RT). Then the ring A[

is integrally closed inside A[M ﬁ] [%]

P [,3]}

Proof. For brevity, we denote by A, g the ring A[— [L] and by Bj, g the ring A[[%], [%]] [%] Pick an
element f € B, g such that f is integral over A}, 5. We wish to show that f € A, g. An easy inductive
argument reduces the general case to the situation when f € % “ Ao, In this case, we use that any element
a € A= W(R") can be written as a = [ag] + p- @’ with ap € RT and o’ € A. Therefore, any element

fe 1 - Ala,p) can be written as the sum

(c-f—z a; +Z bi ) ( co) +Z [a; 0] +Z i.0] > (c +Z +Z b’

where ¢, ', a;,al, b;, b; € A and g, a;0,b;0 € RT. Since the second summand lies in A[a’ﬁ], we immediately
reduce the question to the case when

1 N l]yi = P i
(2.2.7) f= . ([co] + ;[az‘,o] : (?) + ;[bi,o](m) )’

where cg, a; 0, b; o liein RT and N is a positive integer. One checks easily that for any valuation v € Spa(R, RT),
the valuations v, and v from Construction/Proposition 2.2.1 (and Remark 2.2.5) extend uniquely to valuations
Vg, VB : A[%, ﬁ] — I', U {0} such that the image of A}, 5 C A[%, ﬁ] under either of these valuations lies
inside I'<; U {0}. Since f is integral over A, g, we conclude that v, (f) <1 and vg(f) < 1. Using (2.2.7), we
conclude that
v(co) < wv(a),v(aip) < v(a), and v(bio) < v(B).

Since this holds for any valuation v € Spa(R, R'), [Hub94, Lem. 1.6(iv)] implies that ¢o/a, a; /e, and b; o/f
lie in R*. Therefore, we conclude that

=l Sl ()

£ bﬁo} ' ([iﬁ)l

lies in A[,, 5. This finishes the proof. a

Finally, we are ready to give the promised description of Aj(S).

Lemma 2.2.8. Let S = Spa(R,R") be an affinoid perfectoid space over Spa(Q,,Z,) with a choice of
p’ € R>*, and let o, B € R>" be a pair of elements well-adapted to p° and I. Then there is a topological

isomorphism Ap(S) ~ Ainf(5)<%, ﬁ> = (Ainf(s) [[%], [g—]])?p), which is moreover functorial in S.

Recall that A;(S) is a topological ring due to its definition as the global sections of a sheaf of topological
rings; cf. Remark 2.1.8.
Proof of Lemma 2.2.8. Pick ¢ as in Definition 2.1.5. Then Definition 2.1.5 and Definition 2.2.2 imply that

Ysr={z €Ys||p? ()| <|[(0"))@)] < [p(2)| # 0} = {2 € Vs | |a(2)| < [p()| < |B(x)] # 0} C V.
Thus, [Hub94, Lem. and def. on p. 516] implies that A;(S) is equal to the topological completion of the
integral closure of Ajn¢(S) [[Z‘—], ﬁ] in Amf(S) [M [%}] [7], where we topologize Aj,¢(S) [[%], %] using the
(p, [p°])-adic topology, we topologize Ain¢(S )[ o [5]] [%] via the unique topology which makes Aj,¢(.S) [[%], [%]}

7))
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[o] 1
7) ﬁ} [7]

Then Remark 2.2.5 implies that [p°]¢ € p - Ainf(S)[[O‘] [5]] so the p-adic and the (p, [p°])-adic topologies on

Aine(S) [[%], [%]] agree.

Furthermore, Lemma 2.2.6 implies that Ajne(S) [ﬂ] L] is already integrally closed in Aj,¢(S) [M L] [%]

P [Al] p Al
Thus, A7(S) ~ Aue(5)( 2L, £). O
Even though Lemma 2.2.8 gives an explicit description of A;(.S) under a mild assumption on S, it is still
not quite strong enough to give an explicit formula for A;(S)/p. In order to achieve this result, we will need
the following preliminary lemma.

open and bounded, and we topologize the integral closure via the subspace topology from Ainf(s)[

Lemma 2.2.9 (cf. [Ber02, Lemme 2.1]). Let R be a perfect F,-algebra, let 8,7y, w € R be three nonzerodivisors
in R. Seta=8-v, A:==W(R), and J := ([Bly — p,zy — [y]) C Alx,y]. Then the following hold:

(i) JnprAlx,y] = p"J for any integer n > 0;

(i) J N [w@]Alz,y] = [@]J].
Proof. We only prove (ii), as the proof of (i) is similar (but with simpler notation).” We start by showing the
following claims:

Claim 2.2.10. Any polynomial f(x,y) € Alz,y] can be uniquely written as

(2.2.11) f(z,y) =co+g(x) -z +h(y) y+r(zy) - (zy—NH]),

where cg € A, g(x) € Alz], h(y) € Aly], and r(z,y) € Alx,y].

Proof. A simple inductive argument shows that any polynomial can be written in this way. To show uniqueness,
it suffices to show that 0 = co + g(z) -z + h(y) -y + r(z,y) - (vy — [7]) implies that co, g(z), h(y), and 7(z,y)
are all equal to 0. We write g(z) = > ;5 @iz, h(y) = ;50 biy’, and r(z,y) = 32, ;50 i@ iyd. Then our
assumption implies that ¢; ; = [y|ciq1,j41 for any 4,7 > 0. Since ¢; ; = 0 for i, j > 0, we conclude that all
¢;; = 0. Similarly, our assumption also implies that ¢y = co,0[v], @i = ciy1,0[7], and b; = co11[y]. Thus,
co = a; = b; =0 for any ¢ > 0. This finishes the proof of the claim. O

Claim 2.2.12. Any polynomial F(x,y) € J can be uniquely written as

(2.2.13) F(z,y) = G(z) - (pr — [o]) + H(y) - ([Bly — p) + R(z,y) - (zy — [7])-

where G(x) € Alz], H(y) € Aly], and R(z,y) € Alx,y] .

Proof. By definition, any element F(z,y) in J can be written as F'(z,y) = fi(x,y)-([Bly—p)+ fa(z, v) - (xy—[7])

for some fi(z,y) € Alz,y], ¢ = 1,2. By Claim 2.2.10, there are ¢y € A, g(x) € Alz], h(y) € Aly], and

r(z,y) € Alz,y] such that fi(z,y) = g(z) -z + (co + h(y ) y) + r(z,y) - (xy — [7]). Therefore, we have
F(a,y) = g(x) @ ([Bly = p) + (co + hy) - y) - ([Bly = p) + (r(z,9) - ([Bly — p) + fa(2,9)) - (wy — [7]).

Since x - ([Bly — p) = [B] - (zy — [¥]) — (px — [a]), we further write

F(z,y) = —g(x) - (pzr = [a]) + (co + h(y) - y) - (1Bly —p) + (9(2) - [B] + (2, ) - ([Bly —p) + fa(z.9)) - (xy — [V))-

This finishes the proof that any F(z,y) € J can be written in the desired form. Next, let us show the claim of

uniqueness. Suppose G(z) - (px — [a]) + H(y) - ([Bly —p) + R(z,y) - (xy — [y]) = 0. Using Claim 2.2.10, we see

that R(z,y) = 0. Then using that p and [3] are nonzerodivisors in A, we can run an argument similar to the
uniqueness argument in the proof of Claim 2.2.10 to show that both G(z) and H(y) are zero. O

Now suppose that f(z,y) = F(x,y) lies in J N [w]A[z,y]. Let co, g(x), h(y), r(z,y), G(z), H(y), and
R(z,y) be the elements from Claim 2.2.10 and Claim 2.2.12 respectively. Then the uniqueness claim in
Claim 2.2.10 implies that

(2.2.14) cotg(@) z+h(y)-y=G) (pr—[a)+H(y) (Bly—p) and r(z,y)=R(z,y).

3In the proof of (ii), we only need to use the regularity of w and 8. However, the proof of (i) would need to use the regularity
of B and ~ instead.
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Claim 2.2.15. In the notation from above, for any polynomial f(x,y) € J N [w]A[z,y], all the coefficients of
G(z), H(y), and R(z,y) are divisible by [w].

Proof. We consider Equality (2.2.14). The uniqueness claim in Claim 2.2.10 implies that ¢ and all coefficients
of g(z), h(y), and r(z,y) are divisible by [w]. Since r(z,y) = R(z,y), we immediately deduce that all
coefficients of R(z,y) are divisible by [co].

Now we deal with the coefficients of G(z). For this, we write g(z) = 3,5, bz’ and G(z) = .o, Bz’
with b;, B; € A. Note that p and [w] are nonzerodivisors in A and (p, [w]) is a regular sequence in A, so
[SP26, Tag 07DW] implies that ([co], p) is a regular sequence in A as well. Now Equality (2.2.14) implies that
b; = B;p — Bit1[a] for any ¢ > 0. Using that B;11 = 0 (in particular, divisible by [w]) for ¢ > 0, b; is divisible
by [w] for all ¢ > 0, and the fact that ([co],p) is a regular sequence, a descending induction on ¢ proves that
all B; are divisible by [w].

Finally, a similar argument using ascending induction and the fact that ([c], p) is a regular sequence shows
that all coefficients of H(y) are also divisible by [w]. O

Claim 2.2.15 yields the inclusion J N [w]A[z,y] C [w]J in (ii). Since the other inclusion is immediate, this
finishes the proof. O

Corollary 2.2.16. In the notation of Lemma 2.2.9, the quotient Alz,y]/J is p[B]-torsionfree and is isomorphic

to A[—, W] Furthermore, the p-adic completion A< o [%]> = (A[%, %])?p) is isomorphic to %

and is p-torsionfree.
Proof. First, Lemma 2.2.9 with @ = 8 and the fact that p and [w] are nonzerodivisors in A imply that
Alz,y]/J is p-torsionfree and [§]-torsionfree. In particular, it is flat over Z,, and p[§]-torsionfree.

Now we recall that A [— 7]] is defined as the sub-A-algebra of A[ . 5]} generated by [a] and 2 O

we have a natural A-linear surjective ring homomorphism =: A[z,y|/J — A [[ o] m] Wthh sends z to

Therefore,

[ ]

and

y to [ - We wish to show that 7 is also injective. For this, we note that 7T[ [5]] is an isomorphism since

(A[x,y]){ 1 ]N A[;,m}[z,y] N A[;% [T%]][xy} :A{l 1}}

J m _(y—[%pmy_h])_(x—uy—ﬁ) E’ﬁ

Furthermore, we note that the natural morphism Alx,y]/J — (Alz,y]/J) [M] is injective since A[z,y]/J is
p[f]-torsionfree. This formally implies that 7 must be injective as well. Hence, it is bijective.

Finally, we note that [SP26, Tag 0315, part (3)] implies that A( [a], G > Az y}/J because A[%, [%]}

is ﬂat over Z,. Then [SP26, Tag 0315, part (1)] implies that A(z,y)®? Bly=pry=b), J(/\) is surjective. Thus,

A< o, /3]> Az, y)/([Bly — p,zy — [7]). Lastly, A( [p], [ﬁ]> is p-torsionfree because it is the p-adic completion

of a p-torsionfree ring. O
Finally, we are ready to prove the desired formula for Aj(S).
Corollary 2.2.17. Let S = Spa(R,Rt) and a, 8 € Rt be as in Lemma 2.2.8. Then
Aint(5)(z,y)
(1Bly = p,zy — [a/B])
In particular, there is an isomorphism of R**-modules (functorial in S)

)= (DR /o0) DD E/5).

>0

A(S) = Aie(S)(18, ) ~

Proof. The isomorphism A;(S) ~ % follows immediately from Remark 2.2.5, Lemma 2.2.8, and

Corollary 2.2.16. Since a« = = - (xy — 7) + 2 - By in R>*[x,y], this isomorphism formally implies that

N Aine (S){z, y) _ (B a)zy] bt ) g bty
ArB)/p = (0, [Bly — 2y — [e/B]) — (By,zy —a/B) (@(R /e) )@(@(R 22 y) -

i>0 i>1


https://stacks.math.columbia.edu/tag/07DW
https://stacks.math.columbia.edu/tag/0315
https://stacks.math.columbia.edu/tag/0315
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Corollary 2.2.18. Let S = Spa(R, R") and p°, o, B € R>T be as in Lemma 2.2.8. Then the natural, p-adic
and [p°]-adic topology on A[(S) coincide (in particular, A;(S) is p-adically complete), the elements p and
[p°] € A;(S) are nonzerodivisors, A;(S)°° = U,>1[(0°)/P"|AL(S), and Ar(S)°° C A;(S) is an ideal of
almost mathematics (see [GRO3, 2.1.1]).

Proof. Lemma 2.2.8 implies that the topology on A;(S) is the p-adic topology and A;(S) is the p-adic
completion of Aj,¢(.5) [[%], ﬁ} In order to see that the p-adic and the [p°]-adic topologies on A(S) coincide,
we choose a positive integer ¢ such that c¢-a and c- b are positive integers. By Remark 2.1.9, we see that
[p°]¢ € p® - A7(S) and p*® € [p°’]°A(S), so the two topologies coincide. Furthermore, this argument shows
the equality of vanishing loci [V(p)| = |[V([p°])| C |Spec A;(S)]|.

Now we note that p is a nonzerodivisor of A;(S) due to Corollary 2.2.16. Furthermore, the previous
paragraph implies that [p’] becomes invertible in B;(S) = AI(S)[%}. Since p is regular in Aj(S), this
implies that [p?] is regular in A;(S) as well. Furthermore, the previous paragraph also implies that B;(S) =
AL(S) [ﬁ}

Now we show that A;(S)°° = U,>1[(»”)/?"]A[(S) and that A;(S)°° C A(S) is an ideal of almost
mathematics. Since R is a perfect ring, we conclude that (p”)'/?" is well-defined for any n > 1. Furthermore,
since [p’] lies in A7(S5)°° and A;(S5)°° is a radical ideal, we have U, >1[(p")/?"]A1(S) C A7(S)°°. Now we
show the other inclusion. Let f € A;(S)°°. Then there is an integer n such that f?" € [p"JA;(S) because the
topology on A;(S) coincides with the [p’]-adic topology. Then

f P
() €416
Since A1(S) C Ar(S) [ﬁ} = B, (95) is integrally closed, we conclude that W € A(S). In other words,
f€()P"]AL(S). Hence, Uy>1[(p°)/P"]AL(S) = A7(S)°°. Finally, the fact that A7(S)°° defines an ideal
of almost mathematics follows directly from the observation that

(U177 A1) = 160" A1)

n>1 n>1

and [GRO3, Prop. 2.1.7(i)]. O
As an application, we show that B;(S) is a PID when S = Spa(C,CT).

Corollary 2.2.19 (cf. [Ked05, Prop. 2.6.8]). Let I = [a,b] C (0,00) be a closed interval with rational endpoints,
let (C,CT) be a complete Tate—Huber pair such that C is an algebraically closed nonarchimedean field of mized
characteristic (0,p). Set S := Spa(C, A"). Then B;(S) is a principal ideal domain.

We emphasize that we do not need to assume that C is a valuation subring of C.

Proof. Lemma 2.1.11 implies that it suffices to assume that C*+ = C°. For brevity, we set By := B; (Spa(C, C’O))
and A7 := Ag (Spa(C, CO)), and Ajps = W(C*°). We also set me» C C”° to be the maximal ideal of C*° and
kcs == C”°/mes to be its residue field. Then [FS26, Cor.11.1.12] or [Ked16, Th. 7.11] imply that it suffices
to show that Spa(Bj, Ay) is connected or, equivalently, that B; has no non-trivial idempotents. Since A; is
integrally closed in By, it suffices to show that A; has no non-trivial idempotents.

For this, we choose a,,p° € C*° as in Lemma 2.2.6. Then Corollary 2.2.17 ensures that A; =
Ainf[[%], [%]E\p). Note that [a] = p - % € pA;. Since C”° is a rank-1 valuation ring, we conclude that
la] € rad(pA;) for any a € mgs. In particular, we have rad((p, [a])aemcb) = rad(p) C Ar. Since Ay is
p-adically complete, we see that [SP26, Tag 0ALJ] and [SP26, Tag 09XJ] imply that A is K := (p, [a])aemcb‘
adically henselian. Therefore, [SP26, Tag 09XI] ensures that the natural map Idem(A;) — Idem(A;/K) is a
bijection. Finally, the explicit formula for A; from Corollary 2.2.17 implies that

Ar/K ~ ke [X, Y]/ (XY — a/B),

where «/f is the residue class of a/ in kc. By inspection, we see that A;/K has no non-trivial idempotents.
This finishes the proof. O


https://stacks.math.columbia.edu/tag/0ALJ
https://stacks.math.columbia.edu/tag/09XJ
https://stacks.math.columbia.edu/tag/09XI
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2.3. Kiinneth formula for period rings. Throughout this subsection, we fix a closed interval I = [a,b] C
(0, 00) with rational endpoints. The main goal of this subsection is to show a version of the Kiinneth formula
for By(—). This will be one of our key ingredients in proving the Kiinneth formula (see Theorem 5.2.4) for
the condensed v-cohomology of perfect Bj-complexes.

Notation 2.3.1. A Kummer field Qp ~ is the field (Un>1 Qp(pl/pn))/\ for some choice of compatible p-power
roots p/?" in Qp. We denote its ring of integers by Z, .

We first show that the construction Y_ ; commutes with fiber products of affinoid perfectoid spaces.

Lemma 2.3.2. Let S’ — S and S” — S be morphisms of affinoid perfectoid spaces over Spa(Qy, Zy). Then
the natural morphism Ys: g5 1 — Ysr.1 Xyg; Yeu 1 is an isomorphism.

Proof. Fix a choice of Kummer field Q, . The spaces Yg 1, Ys/ 1, and Ygr 1 are Q, oo-sousperfectoid (in
the sense of [GIZ26, Def. 3.4]) by virtue of [FS26, Prop. I1.1.1]. As fiber products exist in the category of
Q,,-sousperfectoid spaces and are given by completed tensor products on affinoids [GIZ26, Prop. 3.6], we
conclude that Ys/ ;1 Xy, , Ygr 1 is also a Q, -sousperfectoid space. Since the diamondification functor is
conservative on Qp7oo—50usperfectoid spaces [GIZ26, Prop. 3.12] and preserves fiber products, the question
gets reduced to showing that the natural morphism YO,XSS,,J — YO,J Xye, Y§>,,J is an isomorphism. This

follows immediately from [F'S26, Prop.I1.1.17]. O

Lemma 2.3.3. Let S’ — S and S” — S be maps of affinoid perfectoid spaces. Then OF (S’)®1(5+(S) Or (9" —
OF(S" x5 8") is an almost isomorphism with respect to the ideal 0°°(S) C OF(S9).

Note that ©°°(S) C O1(S) is an ideal of almost mathematics (as in [GR03, 2.1.1]) by [Zav25a, Lem. B.12].

Proof of Lemma 2.5.5. For brevity, we write S = Spa(R, RT), S’ = Spa(R’, R""), §" = Spa(R", R"'"), and
S’ xg S" = Spa(T, T"). Then [Zav25a, Lem. B.13] implies that it suffices to show that R"O@X\)I;zo R"® —T°is
an almost isomorphism.

We choose a pseudo-uniformizer @ € RT such that wP|p and w admits all p-power roots (see [Sch26a,
Lem. 3.10]). A choice of such roots defines an element w” € R*°. Then [Zav25a, Lem. A.5] implies that it
suffices to show that

(R/’O(/X\DI}%O R”’O)/Lw N To/Lw
is an almost isomorphism. Since R°/"“w ~ R°/w ~ R*°/w” ~ R*°/"w" and the same applies to R’, R”, and
T, it is enough to prove that the natural morphism

(R B R"°) Mw® = T [V

is an almost isomorphism. For this, it suffices to show that R”b"’@;b,oR’ 10,9 TP is an almost isomorphism.
Then [BS17, Prop. 11.10] implies that R">° @ gs,c R"?° ~ R/"»»° @0 R""° is a perfect ring. Therefore, it
has bounded w’-torsion, so its derived w’-adic completion coincides with the classical w’-adic completion
and we conclude that
R/’b’o@);b,oRH’b’o ~ Rl’b’o@)Rb,oRH’b’o.
Finally, the proof of [Sch12, Prop. 6.18]* implies that the natural map R"”°® gs,c R""° — T"° is an almost
isomorphism. This finishes the proof. O

Recall that for any complete Huber pair (A, AT), the condensed abelian groups A and A" are both solid
by virtue of [And21, Lem. 4.5].

Lemma 2.3.4. Let S’ — S and S” — S be maps of affinoid perfectoid spaces. Then the natural map
09 ®I(‘9‘%'S) O(8") = O(S' x5 8") is an isomorphism.

4[361112, Prop. 6.18] assumes that S is defined over a perfectoid field, but this is not necessary to run the argument.
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Proof. Since (derived) solid tensor products commute with all colimits, it suffices to show that the natural
map OT(S") ®I@§(S) OT(S") = OT (8" x5 8") is an almost isomorphism. We choose a pseudo-uniformizer
w € OF(S). Now [Bos23, Prop. A.3| implies that OF(S’) ®O+(S O+ (8") is derived w-adically complete.

Therefore, the natural map

0+ (8") @53 () OF (") = OF(S) B (5,0 (S")

is an isomorphism because it is an isomorphism modulo @™ for any n. Hence, Lemma 2.3.3 implies that the
map O*(5') ®O+(S) OF(8") — OF (S’ x5 8”) is an almost isomorphism. This finishes the proof. O

Proposition 2.3.5. Let S’ — S and S” — S be maps of affinoid perfectoid spaces over Spa(Qp,Z,). Then
the natural morphism

(S/) ®B1 )BI(SU)—)B](S/XSSH)

is an isomorphism.

Proof. First, we note that [Bos21, Prop. A.68] and Lemma 2.3.2 imply that the natural morphism B (S’ )®BI(S)

B;(S") = B;(S’ x5 5”) is an isomorphism. Therefore, it only remains to show that B;(S") ®BI(S) B;(S")
is concentrated in degree 0.

Fix a Kummer field Q, . Then the proof of [F'S26, Prop. II.1.1] implies that }7ng = Y51 XSpa(Qy,2,)
Spa(Qp,00; Zp o) is an affinoid perfectoid space. Furthermore, [Bos21, Th. A.43(ii)] implies that gp)oo is a
flat gp-module (with respect to the solid tensor product). Since gp — gp’oo admits a section as condensed
gp—modules, it suffices to show that

Bi(S') ©,(s Br(8") ¥q, Q, ..~ (Bi(S) %0, Q, ) ¥, 5100 o ) (B8 Q, )

=~ 0(375'71) ®L

O(Ys,1) M

is concentrated in degree 0. This follows from Lemma 2.3.4. (]

Proposition 2.3.6. Let J C I C (0,00) be an inclusion of closed intervals with rational endpoints, and let
f: 8" — S be a map of affinoid perfectoid spaces over Spa(Qp, Zy). Then the natural morphisms

res@f* f"
B/ (S') @7, (5)0es Ba(S) ——— By (S) and Bi(S") @ g, (9)., Br/p(S) ——— By, (5)

induced by the maps in Construction 2.1.10 are isomorphisms.

Proof. The construction of the maps in Construction 2.1.10 implies that

(Yf ,LP)

(Yf,res)
Ys,.7 Xves,vs; Ysr g and Yo 1, —— Ys1/p Xpve, Yor1-

Ysr 5

Now the proof is completely analogous to that of Proposition 2.3.5, using the fiber product formulas above in
place of Lemma 2.3.2. O

Construction 2.3.7. Let S = Spa(R, R") be an affinoid perfectoid space over Spa(Q,, Z,), let p* € R>
and u € (RT)* be as in Notation 2.1.1 (so (p°)* = p-u), and let T = [a,b] C (0,00) be a closed interval with
rational endpoints such that 1 € I.

(1) There is a natural surjective continuous ring homomorphism
0: Ainf(S) - O+(S)

sending Y 7, [r:]p" € Aine(S) to Y1, Lp € RT. We refer to [BMS18, discussion after Lem. 3.3] for the
details. We denote by too: S — Spa( inf(9), Amf(S)) the induced map of (pre-)adic spaces.
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(2) By construction, we see that

v(0(p) = v(p) = v(p-u) = v((P")*) = v(0([p") and wv(p)#0
for any v € Spa(R, R"). Since a < 1 < b by our assumption, the morphism ¢, factors uniquely through
Ys 1 C Ys, and thus defines the morphism
loo,it S =Yg .
We denote the induced morphism on Huber pairs by
Or: (BI(S),AI(S)) = (O(YS7[)7O+(YSJ)) — (O(S),O*(S)) = (R,R").

By [F'S26, Prop. I1.1.4], the map too,7: S — Yg 1 is a closed immersion which realizes S as a closed Cartier
divisor inside Yg ;. Below, we give a variant of this claim with a simpler proof.

Proposition 2.3.8. Assume one of the following:
(1) T =la,1] and there exists a pair of elements «, 8 = P’ € R>t well-adapted to p° and I; or
(2) I =[1,b] and there exists a pair of elements a = p°, f € R**t well-adapted to p° and I.

Then the map 0r: A;(S) — OT(S) is surjective with kernel generated by a nonzerodivisor &'. Moreover, for
any S — S, the element &' remains a nonzerodivisor generating ker(A(S’) — O*(9)).

Proof. Let us only prove the statement for the case I = [a 1], the proof for the other case being similar. Let

o, =p” € R”* be a pair of elements well- adapted to p” and I. By the condition on p in Notation 2.1.1, we
may choose a sequence of elements {a,, € R>*},,>¢ such that ag € (R>+)* and p = (p°)*- Ym0 P (an)t € R+.
Then the element ¢ = [:%,] =2 n>0P"[an] lies in ker(f). Our statements now all follow from the claim that
the following sequence is short exact:

0= As(S) 5 AL(S) = OF(S) = 0
Let us justify this claim. Since all terms involved are p-torsionfree (by definition) and p-complete (for
A;(S) use Lemma 2.2.8), this is equivalent to showing that the sequence is exact after reducing modulo p. By
Corollary 2.2.17, modulo p the sequence becomes
Rb)—i_[x?y] “(y—ao) Rb7+[m7y} I’_>‘7‘(J71")‘/pb
Py, vy — a/p") Py, xy —afp’)  yoao
First, let us show that the kernel of the first map is indeed 0. Any element in

Rz, y] b+ b+ /b
~ (DR /o) DD E" /)

Py, ey —a/p) ] >

0— R» /p> — 0.

can be written uniquely as a finite sum r,y™ + rp_ 1y P+ - F iy F e+ s1 2+ o+ Spo12™ L 4 s2™ for
some r; € Rb""/p" and ¢, si € R"*/a. The claim that y — ag is a nonzerodivisor then follows from the fact
that it is monic and ag € (R>*)*. To see that the cokernel is as described, we compute
R [z Ry F[x
: [ ,by] _— [z] Ry, -
Py, zy — /P’y —ag)  (Pag,a0 -z —a/p’)

Corollary 2.3.9. Let f: S — S be a map of affinoid perfectoid spaces over Spa(Q,, Zy) and let I C (0,00)
be a closed interval with rational endpoints such that 1 € I. Then the natural morphism

0rf
B(S') @7, 5.0, O(S) ——— O(5")

is an isomorphism.

res 0 1,1
Proof. First, note that the morphism 67 : B;(S) — O(S) factors as the composition B;(S) — By 17(5) LLIN
O(S). Thus, Proposition 2.3.6 ensures that

B ()&} B,(5).6,0(5) ~ Bi(5’ B (5@} B, (S),resBI1, 1](S)@’%FB[M](S),Q[M]0(5) ~ B[l,l](S/)®?*D,B[1,1](S),a[l,1]O(S)a
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so we can assume that I = [1,1]. In this case, the result follows immediately from Proposition 2.3.8 since

Bp,y(9) ®?*D,B[1,1](S),¢9[1,1 O(5) =~ B y(8") ®I§’E”(s) B, (8)/() =B y(8)/()=0(). O

]

2.4. Permanence properties of period rings. Throughout this subsection, fix a closed interval I =
[a,b] C (0, 00) with rational endpoints. We show that the functor S — Yg ; preserves open immersions, étale
morphisms, finite étale morphisms, and v-coverings.

By [Sch26a, Lem. 15.1(ii)], for a perfectoid space T of characteristic p, a map T — Spd(Q,) corresponds
to a choice of an untilt 7% over Spa(Qyp, Z,). Next, we recall the definition of structure v-sheaves.

Definition 2.4.1 (cf. [Sch26a, Th. 8.7]). A diamond X over Spd(Q,, Z,) is equipped with the following
sheaves for the v-topology:

(1) O%, given by O%(T) := OF,(T*) for any T € Perf x;

(2) Ox, given by Ox(T) := O (T*) for any T € Perf x.

Definition 2.4.2 (cf. [HK26, Def. 9.6]). The v-completion of a Tate-Huber pair (4, A™) over (Q,,Z,) is the
pair (A, At) = (HS(Spd(A, A1),0),H%(Spd(4, A1), O1)). We topologize A* via the p-adic topology and A
by requiring At to be open and bounded in A.

Lemma 2.4.3. Let (A, A") be a Tate-Huber pair over (Q,,Z,). Then A is p-adically complete and (A, A™)
is a complete uniform Tate—Huber pair.

Proof. Since affinoid perfectoid spaces form a basis of the v-topology, we can find a 1-truncated v-hypercovering
Spd(S,S*) = Spd(R, R") — Spd(A, A™) for some perfectoid pairs (R, RT) and (S, S™) over (Qy,Z,). We
denote by 7}, 75: RT — ST the maps corresponding to the two maps Spd(S,S*) = Spd(R, R"). Then the
sheaf axiom implies that
AT =HI(Spd(A, AT), 0F) ~ ker(RT 25 §+).

Since Rt and ST are p-adically complete and p-torsionfree, At is p-adically complete and p-torsionfree as
well. Furthermore, using that RT is integrally closed in R ~ R+[%] and ST is p-torsionfree, we deduce that
At is integrally closed in A ~ /ﬁ[%}.

Thus, in order to conclude that (/1, /l*) is a complete Tate-Huber pair, it suffices to observe A™ is open in
A by definition. Finally, [Hub93, Cor. 1.4(ii)] and [Zav25a, Lem. C.1.3] imply that A is uniform. O

Definition 2.4.4 (cf. [HK26, Def. 9.6]). A Tate-Huber pair (A, A™) over (Q,,Z,) is v-complete if the natural
morphism (A4, A*) — (A4, AT) is a topological isomorphism.

Remark 2.4.5. The discussion in the second paragraph of [HK26, Def.9.1] implies that Definition 2.4.4
coincides with [HK26, Def. 9.6] for any pair Tate-Huber pair (4, AT) over (Q,,Z,).

Our next goal is to show that the pair (B;(S), Af(S)) is v-complete for any S € Perfdgi. For this, we will
need some preliminary lemmas.

Lemma 2.4.6. Let f: (A, AT) — (B, BT) be a morphism of complete Tate—Huber pairs such that A — B is
an isomorphism of rings and the induced morphism |f|: |Spa(B, BT)| — |Spa(A, AT)| is a bijection of adic
spectra. Then f*: (A, AT) — (B, BY) is an isomorphism of Tate-Huber pairs.

Proof. First, [Hub94, Lem. 2.4] implies that A — B is an isomorphism of topological rings. Therefore, we only
need to show that the natural morphism A+t — B7 is an isomorphism of rings. For this, we note that [Hub94,
Prop. 1.6] and the assumption that |[Spa(B, BT)| — |Spa(A, AT)| and A — B are bijections imply that

AT ={feAl|f(z)| <1forall z€|Spa(A,AT)|} =~ {f € B||f(x)] <1 forall z € [Spa(B,B")|} = B*.

This finishes the proof. O

For the next lemma, we recall that a morphism of complete Tate-Huber pairs (4, A*) — (B, BT) is finite
étale if B is a finite étale A-algebra and B™ is the integral closure of AT in B.
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Lemma 2.4.7. Let (A, A") — (B,B%) be a morphism of Tate-Huber pairs over (Q,,Z,). If the associated
morphism of diamonds Spd(B, Bt) — Spd(A, A1) is finite étale, then (A, AT) — (B, B%) is a finite étale
morphism of complete Tate—Huber pairs.

Proof. Without loss of generality, we can assume that (4, A*) and (B, BT) are complete Tate-Huber pairs
as the passage to the completion does not change the associated diamonds (and, thus, the associated v-
completions). Now we observe that [Sch26a, Lem. 15.6], [KL15, 8.2.17], and [Zav25a, Lem. C.1.1] imply that
there is a finite étale morphism (A4, A*) — (B’, B"T) such that there is an isomorphism Spd(B, Bt) ~
Spd(B’, B"'*) of diamonds over Spd(A, AT). Therefore, we can replace (B, BT) by (B’, B"") to assume that
(A, AT) — (B, BY) is a finite étale morphism of complete Tate-Huber pairs.

Then [Zav24, Lem. B.3.5] and [Zav25a, Lem. C.1.1] imply that A ®4 B ~ A® 4B. We denote by (AT ® 4+
BT)* the integral closure of Im(A* @4+ BT — A®4 B) inside A ®4 B. Tt suffices to show that the natural
morphism

(Ap,A}) = (A®a B, (A" @4+ BY)") = (B, BY)
is an isomorphism. Now [[K26, Lem. 9.8(a)] guarantees that Ap — B is an isomorphism. Combined with
Lemma 2.4.3 and Lemma 2.4.6, it remains to prove that the induced morphism |Spa(B, B*)| — |Spa(AB7 AR
is a bijection. Furthermore, [Sch26a, Lem.15.6] ensures that it suffices to show that Spd(B,B*) —
Spd(/lB7 AE) is an isomorphism. This follows from the observation that

Spd(Ap, A}) ~ Spd(A, AT) xsp4(4,4+) Spd(B, BY)

and the fact that Spd(A, A*) — Spd(A, AT) and Spd(B, B*) — Spd(B, BT) are isomorphisms (see [HK26,
Lem. 9.8(c)]). O

Corollary 2.4.8. Let S be an affinoid perfectoid space over Spa(Q,, Z,). Then the Huber pair (BI(S), AI(S))
is v-complete.

Proof. First, [HK26, Lem. 9.8(c)] and Lemma 2.4.6 imply that it suffices to show that the natural morphism
B;(S) — H)(Ys,1,0)

is an isomorphism. For this, we fix a choice of a Kummer field Q, o and denote by G the absolute Galois
group of Q.

Then B;(S)®q, Qp, is a perfectoid Tate algebra (see [FS26, Prop. I1.1.1]), so [Sch12, Prop. 6.18] guarantees
that

BI(S)é’QPCP = BI(S)@’Qp QP7OO®QP,OOCP
is also a perfectoid Tate algebra. In particular, the adic space }7571 = Ys,1 XSpa(Q,.2Z,) Spa(C,,O¢,) is
affinoid perfectoid. Since }757 7 is an affinoid perfectoid space and }750 ;= YSO, ; is a G-torsor, we conclude that
H)(Ys, 0) = HY (Ys.1,0)¢ = (B1(S)®q, CP)G. Thus, the question boils down to showing that the natural
morphism
B;(S) = (B;(S)®q,C,)

is an isomorphism. Now we note that Remark 2.1.8 ensures that B(.S) is a Banach module over Q,. Therefore,
[PGS10, Th. 2.5. 4] implies that B;(S ) éjQp for some set J. So we reduce the question to showing that
the natural map @JQP (@J ) is an isomorphism. Tate’s calculation (see [Tat67, Th.1 on p.176])
1mphes that Qp (Cp)G is an isomorphism. Hence, the result follows from the explicit calculation that

@‘ (CS) — (@, ) is an isomorphism. 0

Lemma 2.4.9. Let S’ — S be a morphism of affinoid perfectoid spaces over Spa(Qyp, Zy). If " — S is an
open immersion (resp. finite étale map, resp. étale map, resp. surjective), then so is Ygr 1 — Yg 1.

Proof. The case of open immersions follows from [FFS26, Prop. I1.1.3]. Now suppose that S’ — S is a surjective
map. Then [Sch26a, Prop. 11.15 and Lem. 15.6] imply that, for the purpose of showing that Y/ ; — Ys s is a
surjective map, it suffices to show that YSO,, ;— YSO) ; is an epimorphism in the v-topology. This follows from
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[FS26, Prop.I1.1.17] and the fact that epimorphisms in any topos are preserved under base change [SGA4,
Claim a) in the proof of Exp. II, Prop. 4.3.2)].

Lastly, we recall that, locally on the source and target, any étale map can be written as an open immersion
followed by a finite étale map. Therefore, the only thing we are left to show is that Yg ; — Yg s is a finite
étale map if S” — S is finite étale. This follows immediately from Corollary 2.4.8 and Lemma 2.4.7. O

Lemma 2.3.2 and Lemma 2.4.9 (applied to open immersions) ensure that we can extend the construction of
Ys and Yg 1 to general perfectoid spaces S over Spa(Q,,Z,) via gluing; see [F'S26, p.49] for more details.

Definition 2.4.10. For a perfectoid space S over Spa(Q,Z,), the period rings Ar(S) and B;(S) are
Ar(S) =H,(Ysr,0T) and Bj(S) :=HY, (Ys,r,0).

2.5. Period rings are v-sheaves. Throughout this subsection, we fix a closed interval I = [a,b] C (0, c0)
with rational endpoints. The main goal of this subsection is to show that the functors

A (=), Bi(-): Perfd)§® — Ringy,,
are v-sheaves of topological rings. We begin with the following preliminary lemma:

Lemma 2.5.1. Let S = Spa(R, R*) be an affinoid perfectoid space over Spa(Q,,Z,), let p° € R>* be an
element as in Notation 2.1.1, and let o, B € R>" be a pair of elements well-adapted to p° and I. Let J be a
finite set and let {S; — S}jes be a v-covering in Perfd‘r}‘gp. Then the complex of A1(S)-modules

Ar(S) = [T ANS) = [ A1(S; xsSi) — ...

i€t '€t
is almost exact with respect to the ideal of almost mathematics A3°(S) = U,>1[(0°)/7"]AL(S).

Corollary 2.2.18 ensures that A$°(S) is indeed an ideal of almost mathematics.

Proof. First, [Zav25a, Lem. A.5] and the fact that A;(T') is p-torsionfree for any T’ € Perfd?f(gp (Corollary 2.2.18)
imply that it suffices to show that the complex of A;(S)/p-modules

A(S)/p— [[A1S)/p— ] Ar(S;xsSi)/p—--
jeJ IRy,
is almost exact with respect to the ideal U,>1(p”)'/?" A;(S)/p. This follows directly from Corollary 2.2.17
and [Sch26a, Prop. 8.8]. O

Corollary 2.5.2 (cf. [FS26, Prop.11.2.1|). The presheaves A;(—),Br(—): Perfd?g’sp — Ring are v-sheaves
of topological rings.

Proof. Step 1. The presheaf Bi(—) is an étale sheaf. Let {S; — S},cs be an étale covering in Perfd?/‘gp.
Then {Ys, 1 — Ys 1}jes is an étale covering as well by virtue of Lemma 2.4.9. Furthermore, Lemma 2.3.2
ensures that Yg, . S, 1 2 Ys,1 Xvs, ng,, 1 for any 7,7’ € J. Therefore, the question boils down to showing
that Oyy )., is an étale sheaf. This follows directly from the fact that Ys; is an adic space (see [I7526,
Prop.11.1.1]) and [KL15, Th. 8.2.2(c)].

Step 2. The presheaf B;(—) is a v-sheaf. Let {S; — S}jes be a v-covering. We wish to show that the
sequence

(2.5.3) 0—Br(S) = [[B1(S;) = [] Bi(S; xs Sjr)

jeJ J.j'ed
is exact. Since S is quasi-compact, we can assume that J is a finite set. Then Step 1 ensures that B;(—) is
an étale sheaf. Thus, we can check that (2.5.3) is exact étale locally on S. By Remark 2.2.3, we can therefore

assume that there exists a pair o, 8 € (9:9"(,5')b which is well-adapted to p° € (9;'(5)b and I. In this case,
Lemma 2.5.1 immediately implies exactness of (2.5.3) because B;(—) = AI(—)[%] and p € A9°(S).
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Step 3. The presheaf Ar(—) is a v-sheaf. Since S is quasi-compact and Aj(S; U S3) ~ A (S1) x Ar(S2),
it suffices to show that for every v-surjection S’ — S, the complex 0 — A;(S) = A(S") = A(S x5 5)
is exact. This follows from the fact that By(—) is a sheaf (by Step 2) together with the observations that
Ys:.1 — Yg 1 is surjective for any v-covering S’ — S (see Lemma 2.4.9) and that

ApT)=H (Y, 0F)={f € B, (Y7.1,0) | |f(z)| <1 for all z € Yr [}

for any T € Perfd‘r}‘g

Step 4. The v-sheaves Aj(—) and Bi(—) are sheaves of topological rings. It suffices to show that, for
any v-covering {S; — S}jey, the morphisms A;(S) — [[;c; Ar(S;) and B;(S) — [[;c;Bi(S;) are
homeomorphisms onto their images. Since S is quasi-compact, we can assume that J is a finite set. In this
case, the result follows immediately from [Hub94, Lem. 2.4]. O

3. PERIOD SHEAVES

The main goal of this construction is to globalize the notion of period rings from Section 2, introduce the
notion of period sheaves, and study properties of perfect complexes over these period sheaves.

Throughout this section, we will freely use the language of diamonds as developed in [Sch26a]. In particular,
we will freely use that, for a perfectoid space S of characteristic p, a map S — Spd(Q,, Zp) is equivalent to a
choice of an untilt S* over Spa(Q,, Z,) (see [Sch26a, §15]).

Throughout this subsection, we fix a closed interval I = [a,b] C (0, 00) with rational endpoints.

3.1. Basic properties of period sheaves. In this subsection, we introduce the period sheaves that will be
important for us throughout this paper and study their basic properties.

Definition 3.1.1. A diamond X over Spd(Q,, Z,) is equipped with the following sheaves for the v-topology:
(1) for a topological space T', the sheaf T is given by T'(S) = Map,,;(|S|,T) for any S € Perf,x;
(2) (9b * (resp. O%), given by (935*(5) = OF(S) (resp. 0% (S) = Og(S)) for any S € Perf / x;

(3) O+ (resp. Ox), given by O%(S) = 0L, (S*) (resp. Ox (S) = Og:(5%)) for any S € Perf  x;

(4) Ay (resp.Bj), given by A;(S) = A[(S*) (resp.B(S) = B;(5%)) for any S € Perf,x (see Defini-
tlon 2.4.10).

In what follows, we will consider sheaves of the form T only for T'= Z/p"Z, Z,, or Q, (with the “p-adic”
topologies on Z, and Q,,).

Remark 3.1.2. Using that the map |f|: |X| — |Y] is a quotient map for any v-covering X — Y, one easily
concludes that T is a v-sheaf for any topological space T. Furthermore, [Sch26a, Th. 8.7] ensures that (’);Q
Ox, O and (93( are v-sheaves. Finally, Corollary 2.5.2 implies that A; and B are v-sheaves as well.

For the next definition, we fix a diamond X over Spd(Qy, Zp).

Definition 3.1.3. An element w € O%(X) (resp. 7 € Ogng(X)) is a pseudo-uniformizer if, for any affinoid
perfectoid space S with a map S — X, the element w|s € O (S) = OF, (S*) (resp.7|s € (’)gf(S) = 0%(9))
is a pseudo-uniformizer.

For future reference, we include the following lemma:

Lemma 3.1.4. Let X be a quasi-compact diamond over Spd(Qy,Z,) and let w € O}(X) be a pseudo-
uniformizer. Then we can find an integer n and an element a € O}(X) such that p™* = w - a.

Proof. Choose a quasi-pro-étale covering S — X with an affinoid perfectoid S. We also choose a quasi-pro-étale
covering {T; — S x x S}ier with each T; affinoid perfectoid. Then since p € (9+ (S*%) is a pseudo-uniformizer,
there is an integer n and a € OF, (S*) such that p"” = w|s - a in od, (S%). Tt sufﬁces to show that a lies in the
image of 0% (X) — O, (5%). To see this, it is enough to show that the two possible immages of a under the
map 0%, (5%) =[] (’)+ ,(T?%). This follows from the fact that the same holds for w|g and p™ and the fact

that 1,

el

i1 O (Tﬁ) is w- torsmnfree (as wl|r, € (’)+ (Tﬁ) is regular since it is a pseudo-uniformizer). O
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For the next definition, we fix a diamond X over Spd(Q,, Z,) and pseudo-uniformizers @ € O% (X) and
b, +
me Oy (X).

Definition 3.1.5. The v-sheaves 0% /w € Shv(X,;Z) and Og’;r/w € Shv(X,;Z) are defined as v-sheaf
quotients of (9} and Og{r respectively.

Setup 3.1.6. Let X be a diamond over Spd(Qy, Z,), let w € O%(X) and 7 € Og’(Jr(X) be pseudo-uniformizers,
let ¢ be a prime (possibly ¢ = p), n > 0 a positive integer, and let

A€{Q, 2, Z/n,B;, A, 0x, 0%, 0% /m, 0%, 0%+, 0% /n}
be one of the above v-sheaves.

Remark 3.1.7. If A€ {Q,,Z,,Z/n} in Setup 3.1.6, then one can drop the assumption that X is defined
over Spd(Qy, Zy).

Notation 3.1.8. Let X and A be as in Setup 3.1.6. By a slight abuse of notation, we also denote by
A € Shv(Xgprost; Z) the restriction of A to the (small) quasi-pro-étale site of X. We will sometimes write A,
for 7 € {qproét, v} to emphasize the topology we are working with.

Remark 3.1.9. We note that Corollary C.2.5 and Lemma C.2.10 implies that ngmét(S; O;qpmét/w) o~

H' (S; OF /w) for any perfectoid S over Spd(Q,, Z,). This implies that (OF /w)|x. . ~OF  /w for
v Sy P D X, qproét quruet

any diamond X over Spd(Qy, Z,) and a pseudo-uniformizer @ € O (X). Therefore, there is no ambiguity in
the meaning of O /w. The same applies to ng /7 for a pseudo-uniformizer m € Ogﬁ (X).

Now we are ready to establish some basic properties of period sheaves.

Proposition 3.1.10. Let S be an affinoid perfectoid space with a morphism S — Spd(Qp, Zy), let St be the
corresponding untilt, and let X be a diamond over S. Let p° € (’)Z”WS) be an element as in Notation 2.1.1

corresponding to S*, let a, B € OE’JF(S) be two elements well-adapted to p° and I (see Definition 2.2.2), and
let 7 € {ét, qproét,v}. Then there is a canonical isomorphism

Arfp~ | PO /o] e |POYT/8

i>0 i>1
in Shv(X,;Z).

Proof. This follows immediately from Corollary 2.2.17 and the fact that sheafification commutes with any
colimits. O
Lemma 3.1.11. Let X be a diamond over Spd(Qy,Z,) and let 7 € {qproét,v}. Then By ~ Al[%} in
Shv(X,;Z) and the natural morphisms

A = lim A;/p" and A; — RligInAI/Lp”.

are isomorphisms in Shv(X,;Z) and D(X,;Z), respectively. In particular, Ay is a derived p-adically complete
sheaf.

Proof. All these questions are 7-local on X, so we can assume that X is an affinoid perfectoid space. Then
the isomorphism A 1[1%] ~ By follows from the fact that X, is a coherent topos.

Now we note that A; is a p-torsionfree sheaf due to Corollary 2.2.18. Therefore, A;/p™ ~ Ar/Fp™.
Therefore, it suffices to show that A is a derived p-adically complete and the natural map limn A;/p™ —
Rlimyn A;/p™ is an isomorphism. The first claim follows from Lemma C.4.2, while the second claim follows

from [BS15, Prop. 3.1.10] and the fact that X is a replete topos (see Lemma 3.3.10). 0

Corollary 3.1.12. Let X, w € O%(X), 7 € O;JF(X), L, n, and A be as in Setup 3.1.6, and let T be a
profinite set. Then there is a functorial bijection A(X X T) ~ Map, o, (T, A(X)).
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Proof. Since any such A is a quasi-pro-étale sheaf of topological abelian groups, we conclude that both
A(— x T) and Map,. (T, A(—)) are also quasi-pro-étale sheaves of topological abelian groups. Therefore, it
suffices to construct the desired functorial bijection only for strictly totally disconnected X.

In this case, [BS15, Lem. 4.3.7] reduces the cases A € {QZ,BI,OX,O&} to A € {@,AI,O},O?‘}. If
A = OF (resp. Ogﬁ, resp. Z,), we use that A is w-adically complete (resp. m-adically complete, resp.
¢-adically complete) to reduce this case to the case A = OF /@ (resp. Og’(+/7r, resp. Z/0™). It A= Ay, we use
that A is p-adically complete (see Lemma 3.1.11), Remark 2.2.3, and Proposition 3.1.10 to reduce this case to
A= ngr/ﬂ. In other words, it suffices to treat the cases when A = O% /w, A = Of*,;*/n, and A =Z/n.

The sheaves ng/w, O% /w, and Z/n come as pullbacks from the etale site by virtue of Lemma C.2.7,
Lemma C.2.10, and Lemma C.2.8. Therefore, [Sch26a, Prop. 8.5] ensures that

AX xT) ~ c%ipm AX x T;) ~ C(}Lipm AX)ITil ~ c%ipm Mapon (T3, A(X)) ~ Map,o (T, A(X)),

where T' = lim; T; is a cofiltered limit of finite sets. O

Corollary 3.1.13. Let X, w € O%(X), 7 € (’)if(X), ¢, n, and A be as in Setup 3.1.6. If X is a strictly
totally disconnected perfectoid space, then RT' (X, A) ~ A(X)[0] for T € {qproét,v}.

In particular, this result implies that RT qpros (X, A) ~ R, (X, A).

Proof. Arguing as in Corollary 3.1.12, we can reduce to the case A = 0% /w, A= (’)g;+/7r7 or A=7Z/n. In
either of these cases, the result follows immediately from Corollary C.2.5, Lemma C.2.10, and Lemma C.2.8,
and the fact that Hg (X, F) = 0 for any étale sheaf F and i > 0. O

For future reference, we also mention the following result.

Lemma 3.1.14. Let X, w € O}(X), IS Og’(Jr(X), £, n, and A be as in Setup 3.1.6. Then the pullback
functor p*: Perfyproet (X5 A) — Perf, (X; A) is an equivalence.

Proof. The claim is quasi-pro-étale local, so we can assume that X is a strictly totally disconnected perfectoid
space. Then the cases when A = O% /w, OZ{"_/TF, or Z/n follow from Corollary C.2.5, Lemma C.2.10, and

Lemma C.2.8, the case of Z, follows from Corollary C.7.11 (ii), the case of Q, follows from Theorem C.7.20 (ii),

the case 4 = OF or A = Oigf follows from Theorem C.3.16, the case A = Ox or A = O% follows
from Theorem C.5.7, the case A = Ay follows from Theorem C.4.3, and the case A = By follows from
Theorem C.6.8. O

3.2. Condensed global sections. In this subsection, we recall the definition of condensed (derived) global
sections and prove some properties of condensed global sections of perfect complexes over period rings.

Definition 3.2.1. Let X be a diamond and let 7 € {qproét,v}. Let X; — s#proet be the natural morphism of
sites which maps a profinite set T' = lim; T; € *pro¢t to X x T’ = lim; X x T;. The condensed global sections
functor

T (X,—): Shv(X,;Z) — Modgz(Cond)
is the pushforward along X, — #pr06;. We denote the corresponding derived condensed global sections functor
by

RL.(X,—): D(X,;Z) — D(Modz(Cond)).

T

Variant 3.2.2. Let S be an affinoid perfectoid space over Spd(Qy, Z,), let @ € OF(S) and 7 € Og+(5) be
pseudo-uniformizers, let X be a diamond over .S, let £ be a prime number, let n > 0 be a positive integer, let
7 € {qproét, v}, and let A be as in Setup 3.1.6. Then the functor of the derived condensed global sections
factors as

RL, (X, —): D(X;;A) — D(Mod 4(5y(Cond)).

We first show that quasi-pro-étale derived condensed global sections coincide with v derived condensed
global sections in our cases of interest.



28 SHIZHANG LI, WIESLAWA NIZIOL, EMANUEL REINECKE, AND BOGDAN ZAVYALOV

Lemma 3.2.3. Let X, w € 0L (X), 7 € Og{*‘(X), L, n, and A be as in Setup 3.1.6. Let 7 € {qproét,v}.
Then
(1) there is a functorial isomorphism L' (X, A) ~ A(X), where A(X) is the condensed Z-module corre-
sponding to the topological Z-module A(X);
(ii) the natural morphism I (X, A)[0] — RL (X, .A) is an isomorphism if moreover X is strictly totally
disconnected.

Proof. Part (i) follows immediately from Corollary 3.1.12. For part (ii), we note that X x T is strictly totally
disconnected for any profinite set T (see [Sch26a, Lem. 7.19]). Therefore, it suffices to show that A(X)[0] —
RI; (X, A) for any strictly totally disconnected X. This follows immediately from Corollary 3.1.13. O

In Setup 3.1.6, Lemma 3.2.3 can be bootstrapped to the following variants.

Lemma 3.2.4. Let X, w € O%(X), 7 € (’)gf(X), £, n, and A be as in Setup 3.1.6, and let P €
Perfqproct (X5 A). Then the natural morphism

RI

=qproét (

X,P) = RL,(X,u"P)
is an isomorphism.

Proof. The question is quasi-pro-étale local on X, so we can assume that X is a strictly totally disconnected
perfectoid space and P is represented by a finite complex of direct summands of finite free A-modules. By
induction, we reduce to the case when P is a direct summand of A®", which could be further reduced to the
case P = A. In this case, the result follows immediately from Lemma 3.2.3. O

We finish the subsection with the following result:

Lemma 3.2.5. Let X, w € O (X), 7 € Og;Jr(X), ¢, n, and A be as in Setup 3.1.0, and let P € Perf,(X; A).
Then the derived condensed global sections RL, (X, P) € D(Cond(Ab)) are solid.

Proof. Since D(Solid) C D(Cond(Ab)) is closed under limits (see [Sch26b, Def. 5.1]), we can argue v-locally
on X, so we can assume that X is a strictly totally disconnected perfectoid space and P is a strictly perfect
complex. Then an inductive argument reduces the question to the case when P is a direct summand of A®" for
some integer n > 0. Since D(Solid) C D(Cond(Ab)) is closed under retracts and direct sums, we can further
reduce to the case P = A. Since D(Solid) C D(Cond(Ab)) is closed under all limits and colimits, we can run
a reduction as in the proof of Corollary 3.1.12 to reduce the question to the case A =Z/n, A= (’);}/w, or
A= Og’;r/w. In either of these cases, we note that Lemma 3.2.3 implies that RT, (X, A) ~ A(X), where we
topologize A(X) using the discrete topology. Therefore, the result follows from the fact that discrete abelian

groups are solid (which follows from the fact that Z is solid and solid abelian groups are closed under colimits;
see [Sch26b, Th. 5.8]). O

3.3. Digression: étale sheaves on diamonds. In this subsection, we give a brief overview of étale sheaves
on diamonds and their base change properties. Recall that given a locally spatial diamond X, one can define
the étale site Xg whose objects are diamonds X’ together with an étale map X’ — X and whose covers
are jointly surjective maps [Sch26a, Def. 14.1|. The resulting category DT (Xg; Z/n) embeds fully faithfully
into DT (X,;Z/n) for 7 € {qproét,v} via the natural pullback functor [Sch26a, Prop. 14.10]. Moreover,
containment in this full subcategory can be tested v-locally; that is, if f: Y — X is a v-covering of locally
spatial diamonds, then F' € Dt (X,;Z/n) is contained in DT (X¢,Z/n) if and only if f*F € DY (Y;;Z/n) is
contained in D (Yg; Z/n) [Sch26a, Th. 14.12.(i)].

Later in Section 4, we will also need to consider diamonds which are not necessarily spatial for the
construction of compactly supported cohomology; see Warning 4.1.6. In this general case, the étale site is not
large enough because Pro(Xg;) may not yield a basis for X6, anymore. Thus, étale sheaves should instead
be defined via descent following [Sch26al.

Throughout this subsection, we fix an integer n > 0.

Definition 3.3.1 (cf. [Sch26a, Def. 14.13]). Let X be a diamond. The étale derived category of left-bounded
complexes DF(X;Z/n) C DY (Xgprost; Z/n) is the full subcategory consisting of those F' € DT (Xqproet; Z/n)
such that f*F € DT (Yg;Z/n) for all maps from strictly totally disconnected perfectoid spaces f: Y — X.
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Before we begin studying the properties of this category, we want to make some remarks.

Remark 3.3.2. Given any qcgs morphism of diamonds f: X — Y, the derived quasi-pro-étale pushforward
functor R fqprost,«: D(Xqprost; Z/n) — D(Yqprost; Z/n) preserves Dg‘t by the same argument as in [Sch26a,
Cor. 16.8.(ii)]. In this setting, this quasi-pro-étale pushforward therefore agrees with the abstractly defined
pushforward Rf, from [Sch26a, Lem. 17.5].

Remark 3.3.3. If X is locally spatial, then DJ; (X;Z/n) ~ D (X¢; Z/n) [Sch26a, Rmk. 14.14]. Throughout
this paper, we will freely use this identification. Moreover, if f: X — Y is a qcgs map of locally spatial diamonds,
then [Sch26a, Cor. 16.7] and Remark 3.3.2 imply that R fse« = R fqprost,« = Rfx: D4 (X;Z/n) — DL (Y;Z/n)

Remark 3.3.4 (cf. [Sch26a, Cor. 16.10], [AM24, Prop. 3.1]). Since the (derived) quasi-pro-étale pushforward
commutes with arbitrary quasi-pro-étale pullback, the above discussion implies that, for any qcgs morphism
of diamonds f: X — Y, the derived pushforward functor Rfs, . = Rfaprost,«: Di(X;Z/n) — DF(Y;Z/n)
commutes with quasi-pro-étale base change.

Warning 3.3.5. The analog of Remark 3.3.2 for Rf,, . does not hold because, unlike [Sch26a, Cor. 16.8.(ii)],
we do not assume that n is prime to p. Indeed, if this were the case, then similarly to Remark 3.3.4, it would
follow that for any qcqs map f: X — Y of locally spatial diamonds, Rfs; « commutes with arbitrary base
change. This is already false for the projection morphism chio — Spd(C, C°) and the base change along an
extension (C,C°) C (C’,C"°) of algebraically closed nonarchimedean fields.

Definition 3.3.6. Let X be a diamond and z € |X| be a point. A gproét-geometric point over x is a
quasi-pro-¢tale map Z: Spa(C,CT) — X for some algebraically closed nonarchimedean field C' and bounded
open valuation subring C* C C which sends the closed point to x. A gproét-geometric point of X is a
qproét-geometric point over some x € X.

Definition 3.3.7. Let X be a diamond and Z: Spa(C,C%) — X be a gproét-geometric point of X. The
stalk functor (=)z: D (X,Z/n) — DY (Z/n) is the composite functor
RE gproct (Spa(C,C1), 7" (—)): DL (X,Z/n) — D (Z/n).

Lemma 3.3.8 (cf. [Sch26a, Prop. 14.3|). Let X be a diamond.

(i) Any point x € |X| has a gproét-geometric point over it.

(i) Choose a qproét-geometric point T: Spa(C,,C;H) — X over each point x € |X|. Then the family of

functors {(=)z}eeix|: D& (X, Z/n) — DT (Z/n) is conservative.

Proof. Let f: Y — X be a quasi-pro-étale covering by a strictly totally disconnected perfectoid space Y.
Given any z € |X|, we can pick y € |Y| with f(y) = 2. Let (C,CT) be a completed algebraic closure of
the residue field of y (as in [Hub96, (2.5.2)]). Then the induced map §: Spa(C,C") — Y is quasi-pro-étale
because it is the limit over the (cofiltered) category of étale neighborhoods of y € |Y|.” Hence, the composition
Z = f oy is quasi-pro-étale as well, yielding (i).

Next, we claim that for any given gproét-geometric point z: Spa(C,,C;") — X over z, there is a qproét-
geometric point 7: Spa(C,,C)) — Y over y and a morphism g: Spa(Cy, C;\) — Spa(Cy, C;f) such that the
diagram

Spa(Cy,C)) —— Y
lg lf
Spa(Cy, CF) —2= X

commutes: Indeed, consider the fiber product Yz := Y x x Spa(Cy, C;F). Since T is quasi-pro-étale, we conclude
that Yz — Y is pro-étale. On the other hand, the map |Yz| — [Spa(Cy, C;F)| x x| |Y| is surjective, so there is
a point y' € |Yz| lying above y. Choose a qproét-geometric point y": Spa(Cy, C;f) — Yz over 3. Then the

composition Spa(Cy, C;) v, Yz — Y does the job.

5Here we use that, for a finite separable extension K C L and a valuation subring LT C L extending K1, the map
Spa(L, Lt) — Spa(K, K*) is a composition of a pro-open immersion and a finite etale map (it does not need to be finite étale).
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Thanks to the claim from the last paragraph and the conservativity of DQ;(X; Z/n) — Dét(Y; Z/n), it
suffices to prove (ii) for Y instead of X. In this case (or, more generally, for any locally spatial diamond), the
assertion follows from [Sch26a, Prop. 14.3]. O

Lemma 3.3.9. Let f: X — Y be a gegs morphism of diamonds and F € D} (X;Z/n). Let j: Spa(C,CT) —
Y be a gproét-geometric point of Y and set X := X xy,5 Spa(C,C%). Then the natural map

(Rfqproet,« F) g — Rl qproet (Xy, Fy)
in D(Z/n) is an equivalence.

Proof. Denote by fz: X5 — Spa(C,C") and ¢: X; — X the morphisms induced by f and 7, respectively.
After unwinding the definitions, [Sch26a, Prop. 14.10] implies that it suffices to show that the natural morphism

quproét (Spa(ca C+ )7 y* quproét,* F) — quproét (va Fﬂ)

is an isomorphism. This morphism is induced by the base change map ¥*R fqprost,«F' — Rfg,qproét,«t*F', so it
suffices to show that this latter map is an isomorphism. This follows directly from Remark 3.3.4. d

For future reference, we include proofs for two lemmas for which we could not find precise references. The
first of these is widely known.

Lemma 3.3.10. Let X be a diamond and let T € {qproét,v}. Then X, is a replete topos (in the sense of
[BS15, Def.3.1.1]).

Proof. If 7 = qproét, this was proven in [MW23, Lem. 1.2]. Thus, we only need to deal with 7 = v. For a
tower of surjective morphisms

c» Fopg > o> By > Fo,
we need to show that lim, F,, — Fj is surjective. Since affinoid perfectoid spaces form a basis for X,, it
suffices to show that for any affinoid perfectoid Sy and a section sy € Fy(Sp), there is a v-covering S — Sy
such that so|s € Fp(S) lies in the image of (lim,, F},)(S) — Fy(9).

For Sy and sy € Fy(Sp) as above, there is an affinoid perfectoid space S; and a v-covering S; — Sp such
that sg lifts to an element s; € F1(S7). By induction, we can construct a tower of v-coverings S, — S,,—1 of
affinoid perfectoid spaces and sections s,, € F,,(S,) such that s, lifts s,,_1 for each n. Then S := lim,, S,, — S
is still a v-covering and the system {s,|s € F,,(S)} defines a section s € (lim F},)(.S) which lifts sg|s € Fy(.9).
This finishes the proof. O

Lemma 3.3.11. Consider a fiber square of small v-sheaves

v
7

7 s X'

7zt x
in which all maps are proper in the sense of [Sch26a, Def. 18.1], i is a monomorphism, and 7 is an isomorphism
over the open |X| N\ |i|(|Z]). Then the fiber square is also a pushout square in Shv(Perf,;Set) and in
Shv(Perf,; Ani).

sl

Proof. By assumption, the map of v-sheaves Z LI X' 2T X s quasi-compact and induces a surjection
|Z U X' ~|Z|U|X'| iui] |X|. Therefore, it is surjective thanks to [Sch26a, Lem. 12.11]. In particular,
it suffices to prove that the diagram becomes a pushout square after base change along ¢ and w. Moreover,

colimits in a topos (resp. co-topos) are universal [SGA4, Prop. 11.4.3.1)] (resp. [Lur09, Prop. 6.1.3.10]), so
this is equivalent to proving that the diagrams of v-sheaves

Ixx 72— Zxx X' X' xx 7' — X' xx X’
| o] |
IXx L —— 7 X' xx 2 — X'

are pushout squares. Now we proceed in two steps.
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Step 1. Proof for the left square. Since i is a monomorphism, the bottom horizontal map Z xx Z — Z is
an isomorphism. As the diagram is already a fiber square, one can then verify directly the universal property
that it is also a pushout square.

Step 2. Proof for the right square. This square identifies with the right square in the larger diagram

/A Sy Ny {—

\[i’ \[’i’ x4 \[i’

X <2 X' xy X — 5 X',

Since the horizontal compositions are the identity, one can check again directly from the universal properties

that it suffices to show that the left square of the larger diagram is a pushout square. In this square, all

AL i
morphisms are proper monomorphisms, and X' U (Z' xz Z) M X’ x x X' is again surjective, thanks

to the assumption that 7 is an isomorphism over the open | X| ~\ |i|(|Z]|) and hence A is an isomorphism over
the open | X’ xx X'| N |i’ x#|(|Z" xz Z'|). Therefore, the same proof as in Step 1 applied to the pullbacks
along both A and i’ x i’ shows that the left square of the larger diagram is a pushout square. g

3.4. Digression: perfect complexes on locally spatial diamonds. In this subsection, we study perfect
Z/n, O% /@, and (’)iyf /m-complexes on locally spatial diamonds. In particular, we show that these categories
are independent of whether we work with the étale, quasi-pro-étale, or v-topologies. We also compare different
versions of (derived) pushforwards. We start with the case of Z/n-complexes.

Lemma 3.4.1. Let X be a locally spatial diamond, let T € {qproét,v}, let n > 1 be an integer, and let
Ar: (Xr3Z/n) — (Xet; Z/n) be the natural morphism of ringed sites. Then the functor

AL Perfy (X;Z/n) — Perf, (X;Z/n)
is an equivalence.

Proof. First, [Sch26a, Prop. 14.10] implies that A\ is fully faithful. Therefore, we only need to show that A*
is essentially surjective. Let P € Perf,(X;Z/n). We proceed by first proving that the counit of adjunction
ep: AfRA; P — P is an equivalence, and then that R\ P € D(X¢;Z/n) is a perfect complex.

For the first claim, note that there exists Ps € DT (X¢t; Z/n) such that A\*Pg ~ P: since this can be
checked 7-locally thanks to [Sch26a, Th. 14.12(i)], it suffices to prove it when X is a perfectoid space, where
we can apply Corollary C.2.5 and Lemma C.2.8. Thus, we are reduced to showing that

EX: Py, )\:R)\T,*)\:Pét — )\i’Pét
is an equivalence. The axioms of units-counits imply that the composition

X . Exx*p.
NPy 2P N R APy, 25T ey,
is equal to idx-p,,, where np,, : Pey — RAr AL P is the unit of the (AX, RA; «)-adjunction. Now np,, is an
isomorphism because A% is fully faithful. In particular, we conclude \*(np,,) is an isomorphism. This yields
the claim ex:p,, = ep is isomorphisms as well.

Finally, to see that RA; . P € D(X¢; Z/n) is a perfect complex, it suffices to show that RA; P is dualizable

[SP26, Tag OFPV]. For this, we set PV := Rs#om(P,Z/n) and consider the cup product map
. L L
U: RA-LP @z, RA-.PY — R+, (P ®z/n PY).
We claim that it is an equivalence. Since A is fully faithful, it suffices to show that A%(U) is an equivalence.
Using that AR\, .Q ~ Q for any Q € Perf,(X;Z/nZ), we conclude that A\:(U) ~ idpgrpv, so U is an

equivalence.
Now let ¢: Z/n — P ®Ii/n PY and e: P ®%/n PV — Z/n be the co-evaluation and evaluation morphisms

for P. Then we define the coevaluation and evaluation maps for R\, P as follows

n rx(C -1
i Zjn 2 R (2/n) 22D RA, L (P @Y, PY) 2 RALP @), RALLPY,
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-1

2200, R (2/0) 225 2/,

U
¢': RA-. P @z RAPY = RA. (P @3, PY)
One checks directly that this defines the structures of a dualizable object on R\, P and, thus, it is perfect. [

Now we start showing that quasi-pro-étale and v pushforwards of perfect Z/n-complexes are canonically
identified. For this, we would need the following definition.

Definition 3.4.2. A map of diamonds f: X — Y over Spd(Z,,Z,) is fiberwise proper if for every morphism
y: Spd(C(y),C(y)T) — Y, where C(y) is an algebraically closed nonarchimedean field and C(y)* C C(y) a
bounded open valuation subring, the fiber product X; := X xy Spd(C(g), C(y)") is the diamond attached to

a proper finite type adic space Xg over Spa(C(9)%, C(7)).

Warning 3.4.3. In Definition 3.4.2, the adic space Xg over Spa(C(7)%, C(7)% ") is not unique. For example,

for any such Xg, we have (Xg)<> o~ (Xg,red)<>~

Lemma 3.4.4. Let g: S’ — S be a morphism of strictly totally disconnected perfectoid spaces over Spd(Zy,, Z,),
let X be a spatial diamond with a morphism f: X — S which is fiberwise proper, let n > 1 be an integer, and
let P € Perf(X;Z/n). Set Xg =X xg S" with the projection morphisms g': Xgr — X and f': Xg» — 5'.
Then the natural morphisms

(3.4.5) a: g5 Rfet«P — Rfé " P, and

(3.4.6) B: Rl (X, P) ®Iiﬂ(5) Z/n(S") = RTe(Xsr, g5 P)
are isomorphisms.

Proof. Since S’ and S are strictly totally disconnected, one sees that Rl (X s/, a) = 8, so it suffices to show
that « is an isomorphism. Since X is spatial (in particular, it is gcgs), the morphism f: X — S is qcgs.
Hence, Lemma 3.3.8, Remark 3.3.3, and Lemma 3.3.9 imply that we can argue on stalks at qproét-geometric
points and so we can reduce the question to showing that the base change map

R (X, P) — Rlet (X Xspa(o,c+) Spa(C’, C'Y), g P)

is an isomorphism, where C' C C’ is an extension of algebraically closed nonarchimedean fields with open
bounded valuation subrings C* C CNC'F and C'T C C’, and X is the diamond attached to a proper finite
type adic space over Spa(C*?, C**). Then [Sch26a, Lem. 15.6], [Zav23b, Lem. 10.3] imply that it suffices to
show an analogous claim when C* = O¢, 't = O¢r, and X is a proper rigid-analytic space over C*. In this
case, the result follows immediately from [Heu24, Th. 1.4]. O

Proposition 3.4.7. Let Y be a diamond over Spd(Z,,Z,) and let f: X —Y be a fiberwise proper morphism
which is representable in spatial diamonds. Let n > 1 be an integer, let P € Perfyproet(X;Z/n), and let
px: (X, Z/n) = (Xgprost, Z/n) be the projection morphism. Then the base change morphism

c: N;quproét,*lp — Rfv,*ﬂﬁ(lp
is an isomorphism.

Proof. The statement is quasi-pro-étale local on Y, so we may assume that Y is a strictly totally disconnected
perfectoid space. Then it suffices to show that for any strictly totally disconnected space S — Y and any
factorization S — T — Y such that T is an affinoid perfectoid space and T' — Y is pro-étale, the natural base
change map

RTgprost (X Xy T, P) @37y Z/1(S) = RL(X xy S, 1" P)

is an isomorphism. Now [Sch26a, Lem. 7.19] implies that T is strictly totally disconnected as well. Therefore,
we can replace T' with Y and reduce the question to showing that the natural map

R qproct (X, P) @ n(y) Z/n(S) = RL(X xy S, 1" P)
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is an isomorphism for any morphism of strictly totally disconnected perfectoid spaces S — Y. In this case,
both X and Xg are spatial, and so Lemma 3.4.1 implies that the question boils down to showing that, for
any Pg € Perfs(X;Z/n), the natural map

RFét(X, Pét) ®%ﬁ(y) Z/n(S) — RFét(X Xy S, ggzpét)

is an isomorphism, where ¢': X xy S — X is the projection morphism. This follows immediately from
Lemma 3.4.4. 0

Our next goal is to show analogs of Lemma 3.4.1 and Proposition 3.4.7 for perfect OF /o and O+ /7-
complexes.

Lemma 3.4.8. Let X be a locally spatial diamonds over Spd(Qy, Zy), let @ € OF%(X) (resp.m € OEQJF(X)) be
a pseudo-uniformizer, let T € {qproét, v}, and let \;: X, — X be the projection morphism. Set A = (’)}L(/w
(resp. A = Ogﬁ/ﬂ and Ag, = Ar «A. Then the following hold:

(1) if T = qproét, then the natural morphism )\;plroétAét — A is an isomorphism;

(2) the functor \:: Perfe(X; Agt) — Perf (X .A) is an equivalence.

Proof. We explain the proof when A = (9} /@, the other case being very similar. Since both claims are étale
local on X, we can assume that X is a spatial diamond. In particular, it is qcgs.

We first show 1. First, we know that Lemma 3.1.4 implies that A is a sheaf of Z/p™-modules for some
integer n. Thus, [Sch26a, Prop. 14.8] implies that it suffices to show that A lies in the essential image of the
fully faithful functor Shve(X;Z/p™) < Shvqprost (X; Z/p™). Then [Sch26a, Th. 14.12] ensures that we can
check this qproét-locally on X, so we can assume that X is an affinoid perfectoid space. In this case, the
result follows immediately from Lemma C.2.7 and Lemma C.2.10. This finishes the proof of 1

Now we address Part 2. Lemma 3.1.14 ensures that it suffices to deal with 7 = qproét. In this case, the
proof is completely analogous to the proof of Lemma 3.4.1. The only difference is that we use Lemma C.2.10
instead of Lemma C.2.8. U

We next show the following version of Proposition 3.4.7.

Proposition 3.4.9. Let f: X — Y be a gegs morphism of diamonds over Spd(Qp,Z,), let w € (9$(Y)
(resp.m € O§}+ (Y)) be a pseudo-uniformizer, let P € Perfproct (X; O% /@) (resp. P € Perf qproet (X; Og;+/7r)).
Then the natural base change map

C: M;F/quproét,*lp — Rfv,*ﬂ?(tp
is an OY°-almost (resp. 0§}°°—almost) isomorphism.’

Proof. For brevity, we set A := Oy /w (resp. A = Og}"' /7). Then, arguing as in Proposition 3.4.7, we reduce
the question to showing that the natural morphism

Rquroét (X, P) ®IA(y) A(S) — RFU (X Xy S, P)

is an almost isomorphism when S — Y is a morphism of strictly totally disconnected perfectoid spaces over
Spd(Qy, Zy).

For this, we choose a simplicial quasi-pro-étale hypercovering X, — X by strictly totally disconnected
perfectoid spaces such that 77| X, is a strictly perfect complex for all n € A. The products X,, xy S are affinoid
perfectoid, so we have RT'qproct (X xv S,P) ~ RI',(X,, xy S,P) by Corollary C.2.5 and Lemma C.2.10. In
particular,

RI, (X xy S, P) ~ Rlign R, (X, xy S, P) ~ RliinRquroét(Xn xy S, P).

6This means that, for any affinoid perfectoid S with a map S — Y, we have fib(c)(S) @ 05°(8S) = 0 (resp. fib(c)(S) &
0%°°(S) = 0).
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Therefore, it suffices to show that the morphism RI'gproet (X, P) ®IJ4(Y> A(S) = Rlima Rl gprost (Xn Xy S, P)
is an almost isomorphism. Now we write this morphism as a composition

« . B .
R gproct (X, P) @4 vy A(S) = RIm (R qproet(Xn, P) @y A(S)) = RIm R qproet(Xn Xy 5, P)

and separately show that « and 8 are almost isomorphisms. First, we show that « is an (actual) isomorphism.
Since quasi-pro-étale cohomology satisfy quasi-pro-étale descent, it suffices to prove that the natural map

(R1im RT gproct (X0, P)) vy AS) = R 1im (RT gproct (X, P) vy A9))

is an isomorphism. This is a consequence of the facts that D(A(S)) is right t-complete (see e.g. [Lurl7,
Prop. 1.3.5.21.(3)]), that A(Y) — A(S) is flat (see [Sch26a, Prop. 7.23]), and that totalizations of uniformly
bounded below complexes commute with left ¢-exact functors as long as the target is right t-complete (see
[KP24, Cor. C.0.6] for a precise statement). To conclude the proof, it is then enough to show that the natural
base change map
quproét (Xn7 P) ®A(y) A(S) — quproét(Xn Xy S, P)

is an almost isomorphism for all n € A. Since 79| x,, is strictly perfect, a standard argument allows us to
reduce to the case P = A[0]. In that case, [Sch26a, Prop. 8.5(iii)] implies that R qproet (X, P) < A(X,)[0]
and RT qprost (Xpn Xy S, P) < A(X,, xy S)[0] because X, and X,, Xy S are affinoid perfectoid, respectively.
Thus, the assertion follows from Lemma 2.3.3. O

3.5. Digression: lattices in perfect complexes of Q -modules. Throughout this subsection, we fix an
arbitrary prime number . We show that every perfect complex of Q -sheaves on a locally spatial diamond X
admits an integral lattice étale locally. We then apply this result to deduce that Perf, (X; Q ) possesses a
standard t-structure when X is the diamondification of a rigid-analytic space.

In Notation B.3.3, we defined the oo-category Perf[:”'/] (X;A) for any r,7" € ZU{—00,00}, A € {Q,. Z,},
and 7 € {qproét,v}. By Lemma B.2.8, this is a full co-subcategory of Perf[T_Oo’Oo] (X;A) ~ Perf.(X; A),
and thus embeds naturally into D(X,;.A) as a full co-subcategory. Furthermore, when X is a strictly
totally disconnected perfectoid space, Corollary C.7.14 and Corollary C.7.21 imply that Perf (X A) ~

Perfgpzo]et (X;A) ~ Perf ('] (A(X)), where the right-hand side denotes perfect complexes with tor-amplitude

in [r,7']. Consequently, for an arbitrary diamond X, the oco-category Perfg_r '] (X;A) naturally forms a
full co-subcategory of Dlrr'] (X,; A), where plr.r] (X;; A) denotes the oo-subcategory consisting of objects
concentrated in degrees [r,7'].

Lemma 3.5.1. Let X be a locally spatial diamond, let ¢ be a prime number, let T € {qproét,v}, and let
P € Perfl""(X; Q,) for some r,r" € ZU{—00,00}. Then there is an étale covering X' — X and an object

Pt e Perf[” ](X’ Z,) such that 73+ P|X/

Proof. First, Lemma 3.1.14 and Remark 3.1.7 imply that we can assume that 7 = gproét. Furthermore,
the question is étale local on X, so we can assume that X is spatial (in particular, that it is qcgs). Then
Lemma B.2.12 implies that we can assume that r,7’ € Z are finite. Then we consider the quasi-pro-étale sheaf
of lattices

Latt"") (=) =xx Pert""') (—=:Z,): Perf . — Cate,

qproét, P Pe fg;;:éit(_;g ) qproét
where the morphism * — Perfgpio ot (— :Q, ) corresponds to the element P € Perfg;):;]et (X; Q, ).
It suffices to show that Latt([;p;jet »(X’) # @ for some étale covering X’ — X. Note that Lattgpzo]et p(—) is

a sheaf of (7' — r 4+ 1, 1)-categories.

Step 1. The natural map colim op Lattgpio]et p(Yi) = Lattgpio]et p(Y) is an equivalence for any Y = lim; Y; €
Pro(Xe qe,sep)- First, Examples A.1.2 2, Lemma A.1.3, and quasi-pro-étale descent imply that we can argue
quasi-pro-étale locally on X. So we can assume that X is a strictly totally disconnected perfectoid space. In
this case, all Y; are also strictly totally disconnected perfectoid spaces by virtue of [Sch26a, Lem. 7.19]. The

claim then follows directly from Lemma C.7.18.
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Step 2. End of proof. First, [Sch26a, Prop. 11.24] ensures that there is a strictly totally disconnected
perfectoid space Y and a quasi-pro-étale covering Y — X such that Y = lim;Y; is a cofiltered limit of quasi-
compact, separated, étale morphisms Y; — X. Each of Y; — X is necessarily surjective since so is Y — X.

Then Step 1 implies that it suffices to show that Lattgl;:;}ét’p (Y) # @. This follows from Lemma C.7.19 and

the fact that every étale covering of Y splits. O
For the next definition, we fix a diamond X, a prime number ¢, and 7 € {qproét, v}.

Definition 3.5.2. A Q,-local system (vesp. a Z,-local system) on X is a 7-sheaf of Q -modules (resp. Z,-
modules) F which is 7-locally isomorphic to M ®q, Q ’ (resp. M ®z, Z,) for some finite-dimensional Q,-vector

space M (resp. finitely generated Z,-module M).

Lemma 3.5.3. Let K be a nonarchimedean field of residue characteristic p, let X* be a rigid-analytic space
over K, and let X = (X*)© be the associated diamond. Let ¢ be a prime number, let T € {qproét, v}, let
A€{Z,Q,}, and let P € DY(X,;A). Then P lies in Perf,(X;A) if and only if H'(P) is a A-local system
for every i € Z.

We warn the reader that the analogous statement does not hold for a general (locally spatial) diamond
X. In fact, it is already false for X = S x Spa(C,O¢) for any infinite metrizable pro-finite set S and an
algebraically closed nonarchimedean field C' of residue characteristic p.

Example 3.5.4. Let S and C be as above, and choose a non-isolated point s € S. Since S is a metrizable
profinite set, there exists a decreasing sequence of clopen neighborhoods S = Uy D U; D U D ... such that
{s} = Nn>0U,. Define the continuous function f: S — Q, via the formula

f(x):{Oifx:s

prifx € Uy, N Upia

Then the multiplication morphism - f: Map,( (S, Qp) = Map.on (S, Qp) is injective and, thus, M = coker(-f)

—_—

defines a perfect complex M[0] € Perf(Map, (S, Qp)). Then the associated complex of gp-modules M]0]
lies in Perf (§ x Spa(C, Oc)), but its (only) cohomology sheaf is not a gp—local system.

Proof. First, any A-local system is a perfect complex. The “if” direction therefore follows immediately from the
2-out-of-3 property for perfect complexes. Hence, we only need to show that cohomology sheaves of a perfect
complex are locally constant in the 7-topology. The claim is étale local on X, so Lemma 3.5.1 and [Sch26a,
Lem. 15.6] imply that it suffices to treat the case when P € Perf,(X;Z,). In this case, Corollary C.7.8 (i),
Lemma 3.4.1, and [Zav23b, Lem. 11.1] imply that Perf,(X;Z,) is equivalent to DY (X, Z;) in the sense of

lisse

[BH22, Def. 3.32]. In this case, the result follows from [BH22, Lem. 3.35]. O

Corollary 3.5.5. Keep the notation of Lemma 5.5.53. Then the standard t-structure on D(XT;QF) (resp. on
D(Xr;Zy)) restricts to a t-structure on Perf (X;Q,) (resp. Perf;(X;Z,)).

Corollary 3.5.6. Keep the notation of Lemma 3.5.5. Then P € Perfl%" (X;Q,) (resp. P € Perf*%(X:Z,))
if and only if P is gé-local system concentrated in degree 0 (resp. P is an {-torsionfree Z,-local system
concentrated in degree 0).

Proof. We give a proof for Z,-local systems. The case of Q Z—local systems is analogous (and in fact simpler).

Clearly, any {-torsionfree Z,-local system (concentrated in degree 0) lies in Perf[T0 0] (X;Z,). Thus, we only
need to show the any object in Perf[TO’O] (X;Z,) is isomorphic to an ¢-torsionfree Z,-local system concentrated
in degree 0.

Now Lemma 3.5.3 implies that it suffices to show that any element of Perfl®?/(X;Z,) is concentrated in
degree 0 and is ¢-torsionfree. This can be checked 7-locally, so we can assume that X is a strictly totally
disconnected perfectoid space. In this case, Corollary C.7.14 implies that

0,0 R ~ fin.proj.
Perf"%(X:Z,) ~ Perf([lpr(])ét(X;Zz) ~ Perfl®l (Map o, (| X, Z¢)) ~ MOdMagcjitﬂX\,zz)’
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where as before Perf*% (Map,, ., (| X|, Z,)) denotes the category of perfect complexes with tor-amplitude in
[0,0]. In particular, any such object is ¢-torsionfree and concentrated in degree 0. O

For future reference, we also establish a stronger version of Corollary 3.5.6 for Q e—perfect complexes.

Corollary 3.5.7. Keep the notation of Lemma 3.5.5. Assume that P € Perf, (X;gg) and let v, € Z. Then
Pe Perf[:’r/] (X:Q,) if and only if P € 'D[T’T/](XT;QE).

Proof. First, we assume that P € Perfl"’] (X;Q,). We wish to show that H'(P) = 0 for i ¢ [r,7']. This can
be checked locally, so we can assume that X is a strictly totally disconnected perfectoid space. In this case,
Corollary C.7.21 implies that Perf[:’rl] (X:Q,) = Perfl"’] (Mapon (X, Qe)). Thus, the result follows from
[SP26, Tag 0658].

Now assume that P e DIl (X7;Q,) N Perf,(X;Q,). Then Corollary 3.5.6 ensures that H(P) €
Perfl00] (X:Q,) and H(P) = 0 for i ¢ [r,7']. We wish to show that P € Perf[:’r/] (X;Q,). This now
follows from a simple inductive argument. U

3.6. Relative primitive comparison. The main goal of this subsection is to prove two relative versions of
the primitive comparison theorem. We start with the following preliminary lemma;:

Lemma 3.6.1. Let K be a nonarchimedean field of mized characteristic (0,p), let K+ C K be an open bounded
valuation subring, and let X be a qcgs adic space over Spa(K, KT). Set X° = X Xgpa(k,x+) Spa(K, K°) and
let j: X° < X be the natural pro-(open immersion). Let F € D°(X¢; F,) be a bounded complex such that
each H'(F) is overconvergent. Then the natural morphism

(3.6.2) RT« (X, F @“ 0%, /p) = Rl&(X°,j*F ®" O}gt /p)
is an almost isomorphism.

Proof. First, we may assume that F € Shv(Xg;F,) is an overconvergent sheaf of Fp-modules. Then |Zav25a,
Lem. 6.7.10] implies that both sides of (3.6.2) satisfy v-descent, so we can assume that X = Spa(R,R") is a
strictly totally disconnected perfectoid space. In this case, [Zav25a, Lem. 6.7.6] implies that F = colimy F; is
a filtered colimit of special sheaves on X (see [Zav25a, Def. 6.7.5] for the definition of special sheaves). Since
we have reduced to the case where X is qecgs and hence both sides of (3.6.2) commute with uniformly bounded
filtered colimits, it suffices to prove the claim when F is a special sheaf. In other words, there is a finite
disjoint clopen decomposition X = LI"_; X, such that F = @:f:l 1X, - X’*E;?dr. Then we reduce to the case
when F =i, F, where i: Y < X is a clopen subspace. In this case, we can replace X with Y and X° with
Y =Y Xgpa(i,k+) Spa(K, K°) to assume that F =F,,.

We have reduced the situation to the case when X = Spa(R, R") is a strictly totally disconnected perfectoid
space and F = F,. Since strictly totally disconnected perfectoid spaces do not have higher étale cohomology,
the question now boils down to showing that the natural morphism

['(Xet, O}ét/p) - F(Xe(’;)t’ O;r(é’t /p)
is an almost isomorphism. Since K° C R° and R is complete, we deduce that
X° = Spa(R, R") Xgpa(x,ic+) SPa(K, K°) ~ Spa(R®x K, (R&x K)) ~ Spa(R, R'")

for some open integrally closed subring Rt C R'"™ C R°. Therefore, [Sch26a, Th.6.3] implies that we
only need to show that R™/p — R'*/p is an almost isomorphism. This follows immediately from [Zav25a,
Lem.B.13]. O

The following statement is bootstrapped from [Sch13a].

Lemma 3.6.3 (Relative primitive comparison I). Let Y be a diamond over Spd(Qp,Zy), let f: X =Y be a
fiberwise proper morphism which is representable in spatial diamonds, let w € (’)¢(Y) be a pseudo-uniformizer

(resp. w € O;’JF(Y) be a pseudo-uniformizer), let n > 1 be an integer such that p" = w-a for some a € OF(Y)
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(resp. n = 1), let T € {qproét,v}, and let L € Perf (X, Z/p"). Set A= OF /w (resp. A:= O"*/x). Then
the natural morphism

(3.6.4) (RfT,*L) ®Ii/7pn A= Rfr . (L ®Ii/7p" A)

is an almost isomorphism with respect to O (resp. Og}oo).

Proof. First, Lemma 3.1.14, Proposition 3.4.7, and Proposition 3.4.9 imply that it suffices to consider the
case T = qproét. Since the question is quasi-pro-étale local on Y, we can immediately reduce to the case
where S =Y is a strictly totally disconnected perfectoid space. In this case, the diamond X is spatial, so

Lemma 3.4.1 implies that A’ : Perfe (X;Z/p") =5 Perfoproct (X; Z/p™) is an equivalence. We denote by
Le¢ € Perfe(X;Z/p™) the étale perfect complex corresponding to L. Furthermore, Lemma 3.4.8 implies that
(3.6.5) A AL e Agproct «A-

We set Ag = Aqprost,«A. Then [Sch26a, Cor. 16.7] implies that it suffices to show that the natural morphism
(Rfes,+ L) ®]2/pn Ase — Rifst,« (L ®I2/pn Agy)

is an almost isomorphism.
Using Lemma 3.3.8 and Lemma 3.3.9, it suffices to prove that given s € |S| and a gproét-geometric point
5: Spa(C,CT) — S over s, the natural map

RI¢ (X5, Lt ) ®%/pn Aet(Spa(C,CT)) = Rl (X5, Let ®Ii/pn Ast)

is an almost isomorphism. By assumption, we know that X5 ~ (XSE)<> for some proper finite type Spa(C*, C*)-
adic space Xgﬁ. Now [Sch26a, Lem. 15.6] implies that D((Xg)c’t; Z/p”) ~ D(X5;Z/p™), so the question boils
down to showing that

(3.6.6) RT (X%, Let) ®F /0 Ace (Spa(CF, CF 1)) — RUg(XE, Le @3, Aat)

is an almost isomorphism.

Step 1. A= Ot/p ~ O /p’. In this case, we verify (3.6.6). First, [Zav25a, Th.6.5.9] implies that
Asy =~ Oj{ﬁ ét/p. Since the pro-(open immersion) XSE Xspa(ct,city Spa(CH CH0) — Xg induces almost
isomorphisms on the source and on the target (see [Zav23b, Lem. 10.3] and [Zav25a, Lem. B.13] for the left side
and Lemma 3.6.1 for the right hand side), we may moreover assume that C%+ = C%°. Furthermore, using that
Ay is a sheaf of Z/p-modules and the projection formula RFét(Xgﬁ,, Let) ®Ii/pn Z/p~ RFét(Xg, L¢; ®Ii/pn Z/p)
from [Hub96, Prop. 5.5.1(iv)], we can immediately reduce to the case n = 1. So we are left to show that the
natural morphism

RTet(XE Let) ©3,, C*°/p — RTat(XE, Ley @, O%: /p)

is an almost isomorphism for a proper rigid-analytic space Xg over C* and Lg; € Perfét(Xé; Z/p). This follows
directly from [Zav25a, Lem. 7.3.7] (see also [Sch13a, Th. 5.1] and [Sch13b, Th. 3.17]).

Step 2. A= Ot /p™ or A= OF/p"™ for some integer m > 1. In this case, we verify (3.6.4) directly.
The result follows immediately from Step 1 via a simple inductive argument using the short exact sequences

om—1 (pym—1
0—0"/p r ot /p™ - Ot /p™ ™t -0 and 0— Ob’"'/pb —>(p ) (’)b""/p"’m — (’)b’Jr/pb’m_1 — 0.

Step 3. General A= O% /w and A= O /7. In this case, we verify again (3.6.6). We explain the proof
for A = O /w, the case A = 0”1 /7 being analogous. For brevity, we rename Spa(C,C*) as Y, X5 as X,
and XSE as X*. Then we consider the resolution

Kx = (.. = 0% /p" 5 O% fp" = 0% /o) = 0% /.
Now (3.6.5) and [Sch26a, Prop. 14.8] imply that

KX,ét = ( .. i> )\qproét,*(o}/pn) i> )\qproét,*(o}/pn) ﬂ> )\qproét,*(o;/pn)> l> )\qproét,*(o}/w> = -Aét
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is still a resolution. We set Kx ¢t := UZ’iKXét, where 027% is the naive filtration. Then we see that
hocolim; Kx gt ; ~ Ax ¢t. We define Ky ¢ ; in a similar way. In what follows, we freely use [Sch26a, Lem. 15.6|
and the identifications D(th; Z/p") ~ D(Xei; Z/p"), D(Spa(CH, CHH)eis Z/p™) ~ D(Yar; Z/p™). Then an

inductive argument and Step 2 imply that the natural morphism

RTe (X*, Let) ®7 /pn Kyeri(Spa(CF, CFT)) = REa(XF, Loy @5 )pn Kx 1)

is an almost isomorphism for any i > 1. Since RTg(X*#, —) and Ag (—) commute with colimits (see [Zav23b,
Lem. 9.1(2)]), we get the following sequence of (almost) isomorphisms:

RP (X, Lat) 0% A (Spa(CF, C5)) = RUw (X%, Lao) & (ocolim Ky (Spa(C%, C+)))

~ hocolim (RT (X*, Lee) ©5 . Ky.ce: (Spa(C*, 1))

£ hocolim (Rrét(XK Lo ©%),n KX,ét,i))
~ Rl ¢ (Xﬁ, Lt ®12/pn hocglim Kx ¢t4)

~ RIg (Xﬁ, Lt ®12/pn Ast) O

Lemma 3.6.7 (Relative primitive comparison II). Let f: X — Y be a fiberwise proper morphism of
diamonds over Spd(Qy, Z,,) which is representable in spatial diamonds, let (A,B) € {(OT,0), (Ar,Br)}, let
7 € {qproét, v}, and let L € Perf (X,Z,). Then the natural morphism

(3.6.8) (Rff,*L)@pA = Rfrs(Leg A)

is an almost isomorphism with respect to AS° if A= A and with respect to Oy if A= O;. In particular,

after inverting p, the map

(Rfr.L)3z A)[L] > Rf-.(L2E B)

is an isomorphism.

Here, the symbol @L denotes the derived p-adic completion of the derived tensor product. See also
[ALBM24, Prop. 5.2.2] for a related statement.

Proof. The question is 7-local on Y, so we can immediately reduce to the case when Y is a strictly totally
disconnected perfectoid space. In this case, we choose elements «, 8 € Oiﬁ(Y) which are well-adapted to p°
and I (see Remark 2.2.3). Then Corollary 2.2.18 and Proposition 3.1.10 imply that

Ay /o= Je)" (Arfp) = P(U )" (07 /a)) e DU 00" (037/8)).

n>1 N n>1 n>1

Therefore, we can use Lemma 3.1.11 and [Zav25a, Lem. A.5] to reduce the case A = Ay to the cases
A= Og}Jr /o and A = Ogﬁ /B. Then the result follows immediately from Lemma 3.6.3.

A similar argument reduces the case A = O5 to the case A = O3 /p, which also follows immediately from
Lemma 3.6.3. For the last statement, we note that Rf, . (L ®Igp A) [%] ~Rf; (L ®Igp B) as f is qcgs. O

4. TRACE AND CYCLE CLASS MAPS

The purpose of this section is to construct the trace and cycle morphisms for the period sheaves O and Bj.
We build upon the construction of Z/n-trace from [LRZ24, Section 6] for smooth morphisms between locally
noetherian analytic adic spaces. Since this level of generality is inadequate for our purposes, we first extend
this construction to smooth morphisms of sousperfectoid spaces and then to smooth proper morphisms of
diamonds over Spd(Qp,Z,). Then we use this Z/n-trace to define trace morphisms for O and B-coefficients.

Throughout this section, we fix an integer n > 0 and a closed interval I C (0, 00) with rational endpoints.
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4.1. Proper pushforward for diamonds. In our discussion of trace maps in Section 4.2, we will need a
theory of proper pushforwards in étale cohomology for maps between suitable analytic adic spaces. While the
construction of proper pushforwards in [Hub96] probably carries over to our desired setting, Huber imposes
the blanket assumption that all his spaces be locally noetherian, which is not sufficient for our purposes. To
address this issue, we review in this subsection a slightly different perspective on proper pushforwards using
diamonds, which applies in our context.

In [Sch26a], proper pushforwards are discussed in the generality of v-stacks, but only for coefficients whose
torsion order is coprime to p. We will explain that many results (and their proofs) also work for F,-coefficients
as long as one only uses suitable diamonds instead of v-stacks. In many places, we impose the assumption
that our morphisms are quasi-compact; although the extension of the theory from quasi-compact separated to
all separated morphisms in [Hub96, Sch26a] should still go through in our setting Remark 4.1.10, we do not
discuss this here as the quasi-compact case is sufficient for the purposes of this paper.

Definition 4.1.1 ([Sch26a, Prop. 18.6, Prop. 18.8.(iii), Prop. 22.3.(i)]). Let f: X — Y be a separated

morphism of diamonds. The canonical compactification of X over Y is the diamond X / whose values on a
totally disconnected perfectoid space Spa(R, R") are given by

—/Y °
X'Y(R,RY) = X(R, R°) xy(r.pe) Y (R, BY).
We call f compactifiable if it is separated and the natural map X — Y/Y is an open immersion.

The induced map Y/Y — Y is always partially proper, and it is proper if f is quasi-compact [Sch26a,
Cor. 18.8.(i),(vi)]. Moreover, if X’ — X is a surjective (resp. quasi-pro-étale) morphism of diamonds which

are separated over Y, then so is the induced morphism x" o x [Sch26a, Cor. 18.8.(v),(vii)].

Example 4.1.2. For any morphism (A, A*) — (B, BT) of analytic Huber pairs over Z,, and any perfectoid
Huber pair (R, RT), it follows immediately from the universal properties that

HOHI((B, B+)7 (Ra RO)) ><Hom((A,A‘*'),(R,R")) HOIH((A, A+)a (Rv R+)) =~ HOHI((B, BZ+)7 (Ra R+))a

where B;‘r+ C B™ is the integral closure of AT + B°° C B and all the homomorphisms are taken in the
category of Huber pairs over Z,. Unwinding Definition 4.1.1 and [Sch26a, Lem. 15.1.(ii)], it follows that the

natural map

/Spd(A,A™)

Spd(B, Bt) — Spd(B,BL)

is an isomorphism.

The next lemma shows that there are plenty of examples of compactifiable morphisms of diamonds. We
will need the following definition.

Definition 4.1.3 (cf. [Hub96, Def. 1.2.1.(ii)]). A morphism f: X — Y of analytic adic spaces is called
locally of +-weakly finite type if there exist Tate affinoid open covers Y = (JV, and f~1(V,) = |JU,p such
that the induced morphisms Oy (V,) — Ox(Uap) are topologically of finite type (in the sense of [Hub94,
Lem. 3.3.(iii)]) and there exist finitely many elements by, . ..,b,. € O% (U,p) such that OF (Uag) C Ox (Uag)
is the smallest integrally closed subring containing the image of O}(VQ) and by,...,b.. If f is in addition
quasi-compact, it is called of +-weakly finite type.

Lemma 4.1.4. Let f: X — Y be a separated morphism of analytic adic spaces over SpaZ,. Assume that
f is locally of +-weakly finite type as in Definition 4.1.5. Then the morphism f¢: X0 = Y of associated
diamonds (in the sense of [Sch26a, Def. 15.5]) is compactifiable.

Proof. By [Sch26a, Prop. 22.3.(iii),(v), Lem. 15.6], we can check the statement after passing to open covers
of both X and Y, so we may assume that Y = Spa(A, AT) and X = Spa(B, B*") are affinoid, that A — B
is topologically of finite type, and that there exist b1,...,b, € BT such that BT C B is the smallest

integrally closed subring of B containing the image of A* and by,...,b.. Let BX+ C B be the integral
—/Y©
closure of AT + B°° C B. By Example 4.1.2, we have XO/ ~ Spd(B, BX+). In particular, the natural map
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—y©°
X0 — %97 is the diamondification of the inclusion of the rational open subspace {|b1],...,|b.] < 1} C
Spa(B, B}, ). O

In the locally noetherian setting, the canonical compactifications in the sense of Definition 4.1.1 agree with
the canonical compactifications from [Hub96].

Lemma 4.1.5. Let f: X =Y be a separated +-weakly finite type morphism of locally noetherian analytic

adic spaces over Zy. Then XO/ is naturally isomorphic to the diamond (X')° attached to the canonical
compactification X’ of f in the sense of Huber [Hub96, Th. 5.1.5].

Proof. We first show that (X’)® — Y is proper. The claim is local on Y¢, so we can assume that Y is an
affinoid space. Then [Hub96, Lem. 5.1.3(i)] and [Sch26a, Lem. 15.6] imply that | X’| = | X’?| is taut. Therefore,
one can use [Sch26a, Prop. 18.10] and a similar valuative criterion in adic spaces (see [Hub96, Lem. 1.3.10]) to

— /Y
conclude that (X")¢ — Y0 is proper. In particular, the universal property of X o/ from [Sch26a, Prop. 18.6]

— Jy©°
produces a unique natural morphism X o/ — (X")© such that the diagram

e

l/l

/ Y()

— Jy©
commutes. By virtue of [Sch26a, Lem 11.11], it suffices to show that X0/ (K,KT) = (X")°(K,K7) is
bijective for any perfectoid field K and any open bounded valuation subring K™ C K. Using the valuative
—/Y©
criterion on both sides, we reduce to showing that the map X© (K, K°) = X<>/ (K,K°) — (X")°(K,K°) is
bijective. For this, it suffices to show that the natural map X — X' is bijective on rank-1 points. This follows
from [Hub96, Lem. 1.1.10.(iv), Th. 5.1.5]. O

Warning 4.1.6. If f: X — Y is a spatial separated morphism of diamonds, it is not clear whether the

induced morphism Y/Y — Y is still spatial; cf. e.g. the resulting complication mentioned below [Sch26a,
Th. 22.5]. In our setting, we will be able to work around this issue.

Lemma 4.1.7. Let j: X — Y be an open immersion of diamonds and ji: D(Xqpross; Z/n) — D(Yqprost; Z/n)
be the left adjoint to j*: D(Yyproet; Z/n) = D(Xqproct; Z/n). Then ji preserves D‘;,

Proof. First, [SP26, Tag 04H1] and [Sch26a, Th.14.12(i)] imply that the claim is quasi-pro-étale locally
on Y. So we can assume that X and Y are perfectoid spaces. In this case, we have DJ(X;Z/n) ~
Dt (Xe; Z/n) and DL (Y;Z/n) ~ D¥(Ye; Z/n) (see [Sch26a, Prop.14.15]). Therefore, the question re-
duces to showing that the natural transformation I proct. x — Agproet,yJét,! 18 an isomorphism, where
Agproét, X © Xqproet — Xeét (LeSP. Agproct,y © Yoproét — Yat) is the natural projection of topoi and je 1 is the left
adjoint to 5% : D(Yzy; Z/n) — D(Xe; Z/n). This can be verified for the associated transformation of right
adjoints jZ Agproct,v,« = Aqprost, X,«Jqprost: Which is formal. O

Definition 4.1.8 (cf. [Sch26a, Def. 22.4]). Let f: X — Y be a compactifiable quasi-compact morphism of
diamonds. Let j: X — Y/Y and ?/Y Y/Y — Y be the induced morphisms. Then using Remark 3.3.2 and

Lemma 4.1.7, the proper pushforward along f is the functor
RSy = RF jott © 1 D& (X3 Z/n) — DE (Y2 /).

If Y = Spa(C,C™") for some algebraically closed nonarchimedean field C' and bounded open valuation
subring C* C C, we also sometimes use the notation

RI.(X, ) := Rfi(=): D& (X;Z/n) = DL(Y;Z/n) ~ DF(Z/n).


https://stacks.math.columbia.edu/tag/04H1

POINCARE DUALITY FOR PRO-ETALE Qp-LOCAL SYSTEMS 41

Remark 4.1.9. Let f: X — Y be a +-weakly finite type separated morphism of locally noetherian analytic
adic spaces. Then Rfy: D (Xg; Z/n) — Dt (Ya; Z/n) coincides with (R ;)¢ under the equivalence of bounded
below étale derived categories from [Sch26a, Lem 15.6] and [Sch26a, Rmk. 14.14]. Indeed, Lemma 4.1.5 implies
that it suffices to treat the case of an open immersion and proper morphisms separately. In the former case,
both j; and ()¢ are left adjoints to j*, and in the latter case, both Rfi = Rf, and Rf = Rf(fproét’* = Rfé%*
are right adjoints to f*.

Remark 4.1.10. Assume that X is a locally spatial diamond, Y is a quasi-separated locally spatial diamond,
and f: X — Y is a compactifiable morphism (not necessarily quasi-compact). Then the proper pushforwards in

the sense of Definition 4.1.8 on the restrictions to opens with quasi-compact restriction f |V VLS X Y are
all compatible by Lemma 4.1.11 below. Therefore, they define a functor R fi: D;,qc/Y(X; Z/n) — DL (Y;Z/n)
on “complexes with quasi-compact support over Y.” Since X has a basis of quasi-compact opens and Y is
quasi-separated, any F € Df,(X;Z/n) is a filtered colimit of jy,ji F € D;’QC/Y(X; Z/n), with jy: V — X
as before.” Similarly to [Sch26a, Def. 22.13], one could thus define Rfi: D (Xg;Z/n) — D (Ye; Z/n) by
left Kan extension from Rf: ,Déi;7qC/Y(Xét; Z/n) — D4 (Y;Z/n), which would be informally given by the
formula RfiF' = colimy R(f o jv)iji F'. Under the diamondification functor, this again agrees with the proper
pushforward functor defined by Huber in [Hub96, § 5.4] for all locally of +-weakly finite type separated taut
morphisms of locally noetherian analytic adic spaces (which are compactifiable by [Hub96, Th. 5.1.5]). Here,
we will focus on the case of quasi-compact f because it is the one relevant for our argument and allows us to

avoid the oo-categorical subtleties involved in the left Kan extension.
We discuss some of the properties of the proper pushforward, following [Sch26a, § 22].

Lemma 4.1.11 (cf. [Sch26a, Prop. 22.9]). Let f: X =Y and g: Y — Z be compactifiable quasi-compact
morphisms of diamonds. Then there is a natural equivalence

RgioRfi~R(go f)
of functors D3 (X;Z/n) — DI (Z;Z/n).

Proof. Unwinding the constructions and applying [Sch26a, Cor. 18.8.(iii),(vi)|, we get a commutative diagram
of diamonds

N

in which the horizontal maps are open immersions and the diagonal maps are proper. By definition,

_)Z . /Y . _/Z —/Z . .
Rg! © Rf' = Rgéproét,* SVERES quproét,* o J1, and R(g © f)' = Rg({lproét7* © quproét,* ©J2,10]J1,1-

Therefore, it suffices to produce a natural equivalence
. =Y —/Z .
33,1 o quproc’t,* =~ quproét,* o J27!

of functors D;; (Y/Y; Z/ n) — Dg; (Y/Z; Z/ n) This is exactly the statement of the proper base change theorem
[AM24, Prop. 3.3] (whose proof is similar to that of [Sch26a, Th. 19.2]). O

We have the following analog of Lemma 3.3.9 for proper pushforwards.

"Note that the statement would in general be false if Y is not quasi-separated: For example, let KT be an infinite rank
microbial valuation ring such that the complement of the closed point in Spec(K 1) is not quasi-compact. Set K := Frac(K ™)
and X := Spa(K, K1), let U C X be the complement of the closed point, and let Y be the gluing of two copies of X along U.
Then for either of the open immersions X < Y, there is no basis of opens of X which are quasi-compact over Y.
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Lemma 4.1.12 (cf. [Sch26a, Prop. 22.8]). Let f: X — Y be a compactifiable quasi-compact morphism
of diamonds and F € D} (X;Z/n). Let j: Spa(C,C*) — Y be a gproét-geometric point of Y and set
Xy =X Xy, Spa(C,CT). Then there is a natural equivalence in Dg (Spa(C,CT);Z/n)

———/Spa(C,C™T -
Proof. The natural map (Xg)/ pa{G,0%) — x/Y Xy Spa(C, CT) is an isomorphism, as one can check directly
on (R, RT)-valued points for all totally disconnected perfectoid Spa(R, RT). Therefore, the statement follows
from a combination of Lemma 3.3.9 and [Sch26a, Prop. 19.1]. O

Lemma 4.1.13 (cf. [Sch26a, Prop. 22.12]). Let f: X — Y be a compactifiable quasi-compact morphism
of diamonds. Let F; € DéZtO(X;Z/n) be a collection of objects indexed by j € J. Then the natural map
@D,cs RAF; = RA(D, e, Fy) in DL (Y;Z/n) is an isomorphism.

Proof. Thanks to Lemma 3.3.8 and Lemma 4.1.12, it suffices to show that for any qproét-geometric point
g: Spd(C,C*) — Y, the induced morphism P, ; RTc(Xy, Fj) — RIo(Xy, @, ; F;) is an isomorphism.
——/spd(C,Ct . . .
Since extension by zero along Xy — (Xg)/ Pl ) preserves direct sums and is t-exact, it suffices to show
that the functor
v/ Spd(C,CT) >/ Spd(C,.C*
RFQPFOét ((Xﬂ) ) 7) : DZO ((Xﬂ)qproét

commutes with infinite direct sums. Now an easy induction reduces to the case when each F} is concentrated

——/spd(c,ct
in degree 0. Since compactifiable morphisms are separated, [Sch26a, Cor. 18.8] ensures that (Xg)/ Pl )

Spd(C, CT) is proper (in particular, it is qcgs). Thus the desired commutation with direct sums follows from
the commutation with finite direct sums and [SP26, Tag 0739]. O

). Z/n) — D2(Z/n)

Proposition 4.1.14 (cf. [Sch26a, Th. 22.5]). Fix d € N. Let f: X — Y be a compactifiable quasi-compact
morphism of diamonds over Spd(Zy, Z,,). Assume that for every gproét-geometric point §: Spa(C(y),C(y)*) —
Y, the fiber Xy is the diamond associated with a separated noetherian analytic adic space of +-weakly finite type
over Spa(C(y)*, C(9)»T) of relative dimension < d (see [Hub96, Def., 1.8.1(ii)]). Then Rfi: D& (X;Z/n) —
Dé";(Y; Z/n) has cohomological amplitude [0,2d]; that is, for any F € D;(X; Z/n) concentrated in degree 0,
we have R*fiF =0 for i & [0,2d].

Proof. Let F € DX (X;Z/n) be concentrated in degree 0. By Lemma 3.3.8 and Lemma 4.1.12, it suffices to
show that H’.(X;, F) = 0 for i ¢ [0, 2d] and every qproét-geometric point 7 of Y. We may therefore assume that
Y = Spa(C,C™T) for some algebraically closed nonarchimedean field C' and bounded open valuation subring
C7T C C and that X is the spatial diamond attached to a separated noetherian analytic adic space of +-weakly
finite type over Spa(C*, C*T) of relative dimension < d. In this case, the definition of compactly supported
cohomology from Definition 4.1.8 agrees with Huber’s definition from [Hub96, Th. 5.4.3] (see Remark 4.1.9),
so the assertion reduces to the analogous one in Huber’s setup, which is [Hub96, Prop. 5.5.8]. g

Corollary 4.1.15. Letd € N and f: X — Y be as in Proposition 4.1.1/.
(i) Any morphism RfiZ/n(d)[2d] — Z/n uniquely factors as

RAZ/n(d)[2d] Z— R* fiZ/n(d) — Z/n.

ii) Let X = |J,.,;U; be a retrocompact open covering by subdiamonds. Denote by f;: U; — Y and
jeg Vi oY
ik: Ui NUx — Y the induced morphisms. Then the following sequence of natural maps is exact:
J J

P R*fix1Z/n(d) - PR f;,Z/n(d) — R**£Z/n(d) — 0

J,kedJ jedJ
Proof. Part (i) follows immediately from the fact that RAZ/n(d)[2d] € DL ***(Y;Z/n) thanks to Propo-
sition 4.1.14. Part (ii) is a direct consequence of Lemma 4.1.11, Lemma 4.1.13, and the right-exactness of

R fi(—). O
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4.2. Trace maps for sousperfectoid spaces. Our next goal is to define trace maps for the period sheaves
B; for a certain class of smooth proper morphisms between diamonds. This construction will rely heavily
on the trace maps for Z/n-coefficients from [LRZ24, Th. 1.2.1]. However, the setting of locally noetherian
analytic adic spaces is not flexible enough for our applications because we will later apply it to smooth spaces
over a perfectoid base. Therefore, we dedicate this subsection to extending the statement for Z/n-coefficients
from [LRZ24, Th. 1.2.1] to the generality of sousperfectoid analytic adic spaces in the sense of [HK26, §7] and
[F'S26, §IV.4.1]. Let us recall this notion.

Definition 4.2.1 ([HK26, Def. 7.1]). An analytic adic space X with p € O°°(X) is called sousperfectoid
if there exists an affinoid open covering X = (J;; Spa(Rj,R;f) and for each j € J a continuous algebra

homomorphism R; — Ej to a perfectoid R;-algebra which splits in the category of topological R;-modules.

We caution the reader that it is unknown whether the functions on a sousperfectoid space X = Spa(R, R™)
which is affinoid admit a split injection R — Rtoa perfectoid R-algebra (so one may have to pass to an
open covering even in that case). Furthermore, it is even unclear whether any nonarchimedean field of mixed
characteristic is sousperfectoid; however, this holds if the field is perfectoid (trivial) or topologically countably
generated over Q, ([HK26, Rmk. 7.8]). On the other hand, sousperfectoid spaces enjoy useful permanence
properties under several operations:

Proposition 4.2.2 ([HK26, Prop. 3.8, Lem. 7.5, Lem. 7.3]). Let X be a sousperfectoid space. Then the
following spaces are sousperfectoid as well:

(a) any étale® Y — X,

(b) the relative unit disk DY, := Spa(Z[T), Z[T)) Xspa(z,z) X — X

By virtue of the local structure of smooth morphisms between locally noetherian analytic adic spaces
[Hub96, Cor. 1.6.10], Proposition 4.2.2 implies that for any smooth morphism ¥ — X of locally noetherian
analytic adic spaces, if X is sousperfectoid, then Y is sousperfectoid as well. This local structure also motivates
the following definition of smooth morphisms between general sousperfectoid spaces:

Definition 4.2.3. A morphism f: X — Y of sousperfectoid spaces is called smooth if there exists an open
covering X = |J,c; U; and étale maps U; — D;i}' for some d; € Z>( such that f}U_ factors as U; — D;i}' —Y.
We will again need some permanence properties.

Lemma 4.2.4 ([FS26, Prop. IV.4.10]). (i) Let f: X =Y and g: Y — Z be smooth morphisms of sous-
perfectoid spaces. Then g o f is smooth as well.
(ii) Let X — Y be a smooth morphism and Y' — Y be an arbitrary morphism of sousperfectoid spaces.
Then fiber product X Xy Y' ewists in the category of adic spaces, is sousperfectoid, and the natural
morphism X Xy Y' — Y’ is again smooth.

For later reference, we also record the following fact:

Lemma 4.2.5. Let S be a perfectoid space over Spa(Qp, Zy), let Sm /g be the category of smooth sousperfectoid
S-spaces, and let Diam g» be the category of diamonds over S* = S°. Then the functor

(—)QZ Sm/s — Diam/sb
1s fully faithful.

Proof. Pick X,Y € Sm/,g. We wish to show that the natural morphism Homg(X,Y’) — Homg» (X9 Y9)is
an isomorphism. Since |X| = |X?|, |Y| = |Y?|, |S| = |S°| [Sch26a, Lem. 15.6], a standard gluing argument
allows us to reduce to the case when X = Spa(B, B"), Y = Spa(A4, AT) and S = Spa(R, R™) are affinoid
spaces. Furthermore, we can localize even further to assume that the morphisms (R, R") — (A, AT) and
(R,R%) — (B, B™) are smooth in the naive sense in the sense of [HK26, Def.5.11], i.e., both morphisms can
be obtained as compositions of rational localizations, finite étale morphisms, and Tate algebra extensions.

8We recall that a morphism Y — X is étale if for each y € Y, there is an open neighborhood y € U C Y such that f|y: U — X
factors as a composition of open immersions and finite étale maps, see [KL15, Def. 8.2.16].
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In this case, [Hub94, Prop.2.1] implies that Homg(X,Y) is in bijection with the set of (R, R™")-linear
continuous homomorphisms (A4, A*) — (B, BT). While the set Homg, (X, Y ?) is in bijection with the set of
(R, RT)-linear continuous homomorphisms (A4, AT) = (Oxo(X?),0%(X?)), see Definition 3.1.1. Therefore,
it suffices to show that the natural morphism

(B,B) = (Ox0(X?),0%,(X?))

is a homeomorphism, i.e., X is v-complete in the sense of Definition 2.4.4. This follows from [HK26,
Th.11.18]. O

With these preliminaries in place, we now extend the construction of traces with Z/n-coefficients to the
setting of smooth morphisms of sousperfectoid spaces. To make sense of the corresponding étale sites, we will
work with the associated diamonds using [Sch26a, Lem. 15.6] and put the theory explained in Section 4.1 to
use.

To simplify notation, we will conflate X with X and drop the symbols (—)¢ throughout. In particular,
for a separated +-weakly finite type morphism f: X — Y of sousperfectoid spaces, we write R f, instead of
Rf!o; we refer to Lemma 4.1.4 and Definition 4.1.8 for the existence of Rf!o. If f: X — Y is a map between
locally noetherian analytic adic spaces, then Remark 4.1.9 ensures R f coincides with R f, from [Hub96]. We
also write R fqprost,« instead of R f(?pmét’*.

Proposition 4.2.6. There is a unique way to assign to any quasi-compact separated smooth of equidimension

d morphism f: X — Y of sousperfectoid spaces with n € Oy a trace map try: RAZ/n(d)[2d] — Z/n in

Dg‘t(Y; Z/n) such that for any y € |Y| and gproét-geometric point §: Spa(C,CT) — Y over y, the pullback
(try)g: (RAZ/n(d)[2d])y ~ RIe(Xy, Z/n(d))[2d] — Z/n

agrees under the equivalence from Remark 4.1.9 with the trace map for the morphism of noetherian analytic

adic spaces fy: Xy — Spa(C, C1) constructed in [LRZ24, Th. 1.2.1].
Here, the base change isomorphism (RfiZ/n(d)[2d])y ~ RT¢(Xy, Z/n(d))[2d] follows from Lemma 4.1.12.

Before giving the proof of Proposition 4.2.6, we explain the example of Py** — Y'; this special case will also

play an important role in the treatment of the general statement.

Construction 4.2.7. Let Y be sousperfectoid space with n € O3 and f: Py™ — Y be the relative
analytic projective line (see [FS26, Prop. IV.4.9]). Then there is a natural element OP;,an(l) € Pic(P%/’an) o~

H°(Y, Rfet «Gum[1]), given as the pullback of Opy(1) € Pic(P}) under the natural map of locally ringed

spaces P;’an — Pé;;(z,z) — PJ. This defines a morphism Z — Rfs «Gy,[1]. Since n € Oy, the Kummer
sequence produces a map of étale sheaves R fs; + G [1] = Rfet «tn[2]. Composing, we obtain a natural map
Z — R fs; tn[2] which uniquely determines a map c: Z/n — Rfe; «pn[2]. Combined with [Sch26a, Lem. 15.6
and Prop. 16.6], we get a map -

C: Lm — quproét,*ﬂnp]'

Lemma 4.2.8. Let Y be sousperfectoid space withn € Oy and f: P%}an — Y be the relative analytic projective
line. Let n: Z/n — R fyproct,«L/n be the natural morphism coming from adjunction and c be the one from
Construction 4.2.7. Then

N2l ®c: Z/n(1)[2] ® Z/n == R foproet«Z/n(1)[2]
is an isomorphism such that for any y € |Y| and gproét-geometric point i: Spa(C,CT) — Y over y, the
induced projection (quproét’*Z/n(l)[2])g ~ RT¢ (Pzgz+)7 Z/n(1))[2] — Z/n agrees under the equivalence of
étale sites from [Sch26a, Lem. 15.6] with the trace map from [LRZ24, Th. 1.2.1].

Proof. The Kummer sequence and the unit of adjunction Z/n — R fqpross,«Z/n are both compatible with
pullbacks, so n; and cy are again given by the same construction on the fibers under the isomorphism from
Lemma 3.3.9. In this locally noetherian setting, the resulting map is known to be an isomorphism (cf. e.g.
[Zav23a, Prop. 6.1.6]), so we can conclude that 1(1)[2] & c is an isomorphism (thanks to Lemma 3.3.8. (ii)).
Moreover, as the algebraic trace map in [SGA4, Exp. XVIIIL, Th. 2.9] (which in this case ultimately reduces to
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[SGA4, Exp. XVIII, Prop. 1.1.6]) or [Ful5, p. 424] is constructed via the algebraic Kummer sequence and the
algebraic Kummer sequence is compatible with the analytic one under the analytification map, we conclude
that the projection given by “c;b’: Rl (P%g‘lc+),ziﬂ1(l)) [2] = Z/n is the analytification of the algebraic
trace map and therefore coincides with the one from [LRZ24, Th. 1.2.1]. O

Proof of Proposition /.2.6. Note that f¢ is compactifiable by Lemma 4.1.4, so the functor Rf is well-
defined. We first show uniqueness. Since f is of equidimension d, Corollary 4.1.15. (i) implies that maps
RfiZ/n(d)[2d] — Z/n amount to maps of abelian sheaves of Z/n-modules R??fiZ/n(d) — Z/n. Thus,
Lemma 3.3.8 guarantees that one can check on stalks at all § whether two maps Rfi Z/n(d)[2d] — Z/n
coincide. This yields the uniqueness. - -

To prove the existence statement, we first construct the trace when there exists an étale map X — Dg,
such that f factors as X — D$ — Y. In this case, we get the following commutative diagram of analytic adic
spaces in which j is qcgs and étale:

X —— D¢

A
Y e (P

Applying Lemma 4.2.8 iteratively to the projections (P%,’an)rJrl — (P%}an)T, we obtain a natural map

> ~
try : Ry Z/n(d)[2d) = Rty qprose.«Z/n(d)[2d] T R¥1y qorostnZ/n(d) = Z/n.

Moreover, for any y € [Y'| and gproét-geometric point g over y, the stalk (tr., )y identifies with the algebraic
trace map under the base change isomorphism from Lemma 4.1.12; and hence with the trace map from
[LRZ24] by properties (1) and (4) of [LRZ24, Th. 1.2.1].

On the other hand, the natural counit for the adjunction between j, and j* gives a map

trj: iZ/n — Z/n.

Since the adjunction of j; and j* is compatible with passing to stalks at any qproét-geometric point § of
Y, the stalk (tr;)y identifies with the trace map from [LRZ24| under the base change isomorphism from
Lemma 4.1.12 by property (3) of [LRZ24, Th. 1.2.1]. Thanks to Lemma 4.1.11, the composition yields the
desired map

Ry, (tr;(d)[2d])
_

try: RAZ/n(d)[2d] = Ry, jyZ/n(d)[2d] Ry Z/n(d)[2d] ~2 Z/n,

whose stalks are again compatible with the traces from [LRZ24]. This finishes the construction in the case
when f factors through D¢.

Returning to the general case, Corollary 4.1.15 (i) implies that the maps RfiZ/n(d)[2d] — Z/n amount to
maps of abelian sheaves of Z/n-modules R??f\Z /n(d) — Z/n. Thus, the uniqueness claim established above
allows us to reduce to the case when Y is an affinoid space. In particular, it is qcqs. Then the definition
of smoothness implies that we can find a covering X = |JU; by retrocompact open subspaces such that
fi=f |Ui factors through Dgi/. The previous construction therefore supplies unique trace maps

Ztrfi: @Rfi,,@(d)[Qd] — Z/n.

By Corollary 4.1.15 (ii) and the uniqueness of the traces, this map descends to a map

try: RAZ/n(d)[2d] — Z/n.
At all g, the stalks (try)g still coincide with the traces from [LRZ24, Th. 1.2.1] because those satisfy the same
gluing property (cf. [LRZ24, Lem. 6.1.3]). This finishes the construction in the general case. O

Remark 4.2.9. If f: X — Y is a quasi-compact separated smooth of equidimension d morphism of locally
noetherian sousperfectoid spaces with n € Oy, then the trace map try from Proposition 4.2.6 agrees with
the one constructed in [LRZ24, Th. 1.2.1]. Using that both traces amount to maps of abelian sheaves
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R24f,Z /n(d) — Z/n, this can again be checked on stalks at qproét-geometric points 7 over all y € |Y| thanks
to Lemma 3.3.8 and thus be reduced to the compatibility in Proposition 4.2.6.

Remark 4.2.10. The trace maps try from Proposition 4.2.6 still satisfy the same compatibilities as the ones
constructed in [LRZ24, Th. 1.2.1]:
(i) compatibility with compositions;
(ii) compatibility with pullbacks;
(iii) compatibility with étale traces; and
(iv) compatibility with the algebraic trace for P! — Spec C' where C' is any complete, algebraically closed
extension of Q.
The compatibility (iv) follows immediately from the construction.

For compatibility (ii), Lemma 4.1.12 and the compatibility of the trace with fibers imply that it suffices to
prove compatibility with pullbacks of the form Spa(C’,C’") — Spa(C,C*), where C and C” are algebraically
closed nonarchimedean fields and C* C C, C'* C C’ are open and bounded valuation subrings. Since these
spaces are locally noetherian, compatibility follows from [LRZ24, Th. 1.2.1].

Finally, compatibilities (i) and (iii) can once more be checked on stalks at gproét-geometric points over all
points of the base. In this case, it follows from [LRZ24, Th. 1.2.1].

4.3. Trace maps for diamonds. In this subsection, we extend the construction of the Z/n-trace to smooth
proper morphisms of diamonds (see Definition 4.3.3). Using this, we then also construct a trace morphism for
O and Bj-coefficients.

Before we make these constructions, we need to introduce some new definitions regarding smooth and
proper morphisms of sousperfectoid spaces and diamonds.

Definition 4.3.1. A morphism of sousperfectoid spaces f: X — Y is proper (resp.separated) if it is
qcgs, locally of +-weakly finite type (resp. quasi-separated, locally of +-weakly finite type), and for every
algebraically closed nonarchimedean field C' with an open and bounded valuation subring C* C C, and any
diagram

Spa(C,O0¢) ——

X
/,’l
U

Spa(C,CT) —— Y,
there exists a unique (resp. at most one) dotted arrow making the diagram commute.

Lemma 4.3.2. Let f: X = Y be a proper (resp. separated) morphism of sousperfectoid spaces or locally
noetherian analytic adic spaces. Then fO: X — Y is a proper (resp. separated) morphism of diamonds in
the sense of [Sch26a, Def. 18.1].

Proof. We give a proof for proper morphisms; the case of separated morphisms is analogous. First, [Zav25a,
Lem. 6.1.13] implies that f©: X¢ — Y is a qcqs morphism. Therefore, [Sch26a, Prop. 18.3] implies that
it suffices to show that f© satisfies the valuative criterion of properness. The proof of [Sch26a, Prop. 18.3]
ensures that it suffices to test the valuative criterion only for algebraically closed nonarchimedean fields K
with an open bounded valuation subring K™ C K. Then the result follows immediately from Definition 4.3.1
in the case of sousperfectoid spaces or from [Hub96, Lem. 1.3.10] in the case of locally noetherian analytic
spaces. O

Now we are ready to define the notion of a smooth proper morphism between diamonds over Z,.

Definition 4.3.3. A morphism of diamonds f: X — Y over Spd(Q,,Z,) is smooth proper (resp. smooth
proper of equidimension d, resp. smooth proper of dimension d) if, for every strictly totally disconnected
perfectoid space S with a morphism S — Y, the fiber product fg: Xg := X Xy S — S is equal to the
diamondification of a smooth proper morphism fg: Xg — S* (resp. smooth proper of equidimension d,
resp. smooth proper of relative dimension d).

Remark 4.3.4. Lemma 4.2.5 ensures that fg: Xg — 8% is unique. Furthermore, it is functorial in f.
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Example 4.3.5. Let f: X — Y be a smooth proper morphism of equidimension d between analytic noetherian
(resp. sousperfectoid) adic Spa(Qy, Z,)-spaces. Then f¢: X — Y is a smooth proper of equidimension d
morphism in the sense of Definition 4.3.3.

Let f: X — Y be a smooth proper of equidimension d morphism between diamonds over Spd(Q,, Z,).
Then Definition 4.1.8, Lemma 4.3.2, and Proposition 3.4.7, imply that

(4.3.6) wy (RAZ/NZ) ~ 13 (Rfqpros« Z/nZ) ~ Rf, «Z/nZ,
where py 1 Yy, — Yoprost is the natural projection.

Proposition 4.3.7. There is a unique way to assign to any smooth proper of equidimension d morphism
f: X = Y between diamonds over Spd(Qy,Z,) a trace map tr¢: Rfy.Z/n(d)[2d] — Z/n in DV (Yy;Z/n)
such that

(1) for any pullback diagram of diamonds over Spd(Q,, Zy)

’

X 25X

b

y —2 sy,
in which f and [’ are smooth proper of equidimension d, the following diagram is commutative:

TR Z[nZ(d)2d] L ¢ ZinZ

I |

R, Z/nZ(d)[2d] —2— Z/nZ

(2) if S is a strictly totally disconnected perfectoid space over Spd(Qyp,Zy) and f: X — S is a smooth
proper morphism of equidimension d, then we have under the isomorphism (4.3.6)

try = o (trps)

in D(S,;Z/n), where f*: X* — S¥ is the morphism from Definition /.5.5 and tryq is the trace map
from Proposition 4.2.6.

Furthermore, the trace morphism satisfies the following compatibilities:

(1) Let S* be a sousperfectoid adic space over Spa(Qy,Z,) and let f*: X* — S* be a smooth proper
morphism of equidimension d. Set S := (S)¢, X == (X*)°, and f = (f*)°. Under the isomorphism
(4.3.6), we then have try = pg(trys) in D(Sy; Z/n), where tr sy is the trace map from Proposition /.2.6.

(2) Let S* be a locally noetherian analytic adic space over Spa(Q,,Z,) and let f*: X* — S* be a
smooth proper morphism of equidimension d. Set S = (S9)°, X = (X", and f = (f)°. Let
Agi: Sy — Sgp Sgt be the natural projection morphism. Under the isomorphisms from (4.3.6) and
[Sch26a, Prop. 16.6], we then have try = X§, (try:) in D(Sy;Z/n), where tryys is the trace map from
[LRZ24, Th.1.2.1].

Proof. Fix a smooth proper of equidimension d morphism f: X — Y between diamonds over Spd(Q,, Zj).

Step 1. The complex Rf, +Z/nZ(d)[2d] is concentrated in degrees [—2d,0]. The claim is v-local on Y, so
we can assume that S =Y is a strictly totally disconnected perfectoid space. In this case, Definition 4.3.3
guarantees that f: X — S is equal to ( fg)<> for a smooth proper morphism fg: Xg — S* of equidimension d.

Then the claim follows immediately from Proposition 4.1.14 and (4.3.6).
Step 2. The presheaf #om (R fyZ/nZ(d)[2d],Z/nZ) is a v-sheaf. Step 1 implies that

RAom (R f,+Z/nZ(d)[2d), Z/nZ) € D=°(Y,; Z/nZ).
Therefore, the claim follows from [BBDG18, Prop. 3.2.2].
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Step 3. Construction and uniqueness of try. For any smooth proper of equidimension d morphism f: X —
Y, Step 2 implies that s#om (Rf,.Z/nZ(d)[2d], Z/nZ) forms a sheaf on the v-site Y,. We wish to construct
an element try € om(Rf,.Z/nZ(d)[2d), Z/nZ)(Y) satisfying Conditions (1) and (2). Since strictly totally
disconnected perfectoid spaces form a basis on Y,,, any such element is equivalent to a system of elements

{tryg € Hom(Rfs,v’*Z/nZ(d)Dd], Z/nZ) = Q%”om(Rfv’*Z/nZ(d)Dd], Z/nZ) (9) | @ (try,s) = try,s for any S’ 2 Stsoy,

where the set is indexed by strictly totally disconnected perfectoid spaces S with a map S — Y. Conditions (1)
and (2) tell us that we must have try g = pg(tr: ). Therefore, try is unique if it exists, and it exists if and
S

only if
o, (/Jg (trfg)) = p (trfg,)
for any morphism a: S’ — S of strictly totally disconnected perfectoid spaces over Y. To prove this, we note
that Lemma 4.2.5 implies that Xg X gt S’ ~ X%, as adic (S")%-spaces. Therefore, the claim follows from the
sequence of equalities
0 (5(tr2)) = iy (Vpnose (8042)) = p (b2 ),
where the second equality is due to Remark 4.2.10 (ii).

This argument shows that we get a unique element try € Hom(R/f,.Z/nZ(d)[2d],Z/nZ) such that
(trp)|s = pk(tr fu) for any strictly totally disconnected perfectoid S with a map S — Y. By construction, this
S

trace map satisfies Condition (2). To show that it also satisfies Condition (1), we see that the uniqueness
property from the previous sentence ensures that it suffices to verify Condition (1) when Y’ = § is a strictly
totally disconnected perfectoid space. Then it follows automatically from the construction of try.

Step 4. Compatibility with Proposition 4.2.6 and [LRZ24] We pick a sousperfectoid (resp. locally noetherian)
analytic adic space S* over Spa(Qp, Z,) and a smooth proper morphism ft: X% - S¥ of equidimension d.
We wish to show that pg(trp:) = try (resp. A%, (trp:) = try). Now Proposition 3.4.7 and Remark 3.3.2 imply
that Rf, «Z/nZ(d)[2d] lies in D¢ (S; Z/nZ). Since all trace maps commute with pullbacks (see Lemma 3.3.9
and Remark 4.2.10 (ii), resp. [LRZ24, Th.6.1.1(2) and Lem. 6.3.1]), we can check that two trace maps agree
on each gproét-geometric point of S (see Lemma 3.3.8). In other words, we can assume that S = Spa(C, CT)
for an algebraically closed nonarchimedean field C' and an open bounded valuation subring C* C C. In this
case, the trace map from Proposition 4.2.6 coincides (up to a canonical identification) with the trace map
from [LRZ24] and, furthermore, we have try = p*(trs:) by the construction of try. O

Finally, we are almost ready to define the desired trace maps.

Definition 4.3.8. Let f: X — Y be a smooth proper of equidimension d morphism of diamonds over
Spd(Qp, Z,) and let n > 1 be an integer.

(1) The mod-n trace map of f is the morphism in DF (Y;Z/n)
Z/n
%" Rf, 2 /n(d)[2d] — Z/n

obtained from the maps try in Proposition 4.3.7 under the identification Rfi Z/n ~ R f, .Z/n.
(2) The p-adic trace map of f is the morphism in D*(Y,;Z,)
ZP .
tr}": Rfo.Z,(d)[2d] — Z,
which corresponds to R lim, trJZc/pT under the natural identifications Z, ~ R lim, Z/p" (see e.g. [BS15,
Prop. 3.1.10] and Lemma 3.3.10) and Rlim, Rf, . (Z/p") ~ Rfy « (Rlim, Z/p") (see e.g. [SP26, Tag 0A07]).
(3) The gp-tmce map of f is the morphism in D(Yv;gp)

trf P Rfv,*gp(d) [2d] - gp

obtained as tr?”[%}. Here we are using the fact that Rf, . commutes with uniformly bounded below
colimits as f is qcgs.
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(4) Let (A,B) € {(OF,0),(A1,B)}. The A-trace map of f is the morphism in the almost’ category
DF (Y3 A)"

~ N %P @ id
tr s Rfo o A(d)[2d] &> (Rf, Z, (d)[2)) By A — Al

Here the first arrow is the inverse of the almost equivalence from Lemma 3.6.7. The B-trace map of f is
the morphism in DT (Yy; B)

tr? : Rf,.B(d)[2d] — B.
obtained as tr“f“[%}. Here we are using the fact that Rf, . commutes with uniformly bounded below
colimits as f is qcgs.

All trace maps from Definition 4.3.8 are compatible with pullbacks in the following sense.

Proposition 4.3.9. Let f: X — Y be a smooth proper of equidimension d morphism of diamonds over
Spd(Qp.Zy). Let g: Y' =Y be a map of diamonds over Spd(Qp,Z,), giving rise to the Cartesian diagram

’

X =Y'xy X 245 X
A
vy — 2 .
Let A € {LM,ZP,QP,O,BI} (resp. A€ {OT,A;}). Then the following diagram

9 RfvAx(d)[2d) —2S— Rf, , Ax/(d)[2d]

lg*(tr}“ J{tr}“,
g Ay = Ay
i A) (resp.in DF (Y3 A)%).
Proof. For A =Z/n, this is the compatibility with pullbacks explained in Proposition 4.3.7 (1). Thanks to the

functoriality of Rlim, the statement for all A = Z/p" yields the statement for A = Z,, by taking R lim, tr2/"

Next, we treat the case A = O or A;. First, we note that the v-site Y, is naturally identified with the
slice site (Y3 ),y+. Therefore, we have g ' Ay ~ Ay/. In particular, we see that g* = g—!. This implies that
g* commutes with limits and, hence, it commutes with completed derived tensor products. Combining it
with Lemma 3.6.7, we see that the natural morphism (g*Rf, .Z,,(d) [Qd])@);pg*Ay — ¢*Rfy +Ax(d)[2d] is an
almost isomorphism. Now we consider the following diagram:

commutes in (the homotopy category of ) D (Y.

(4" R Zy (D245 g Ay 2, Ry, 2, ()2d) Yy Ay

[ L

9" Ry Ax (d)[2d] S Rf, . Ax(d)[2d]
l (trf ) J{tr’;\,
g* Ay ~ Ay,

where both upper vertical arrows are isomorphisms. Therefore, in order to show that the bottom square
commutes, it suffices to show that the top square and the outer square commute. The top square commutes
by functoriality of the base change morphisms. As for the outer bquare we note that Definition 4.3.8 (4)

implies that the composition of the left Vertlcal arrows is equal to g (tr )® id while the composition of the

right vertical arrows is equal to tr f,p ® id. Therefore, the outer square commutes due to the case A =Z,
treated above.
Finally, since g* preserves colimits (being a left adjoint), we get the statement for A = Qp’ QOorB;. O

9Here the almost mathematics is with respect to A7° if A = A and with respect to O3° if A= O)t
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4.4. Cycle class maps. In this subsection, we discuss cycle class maps for the period sheaves B;. As for
trace maps, we must begin by extending the construction in [LRZ24, § 3] for Z/n-coefficients from the setting
of locally noetherian analytic adic spaces to that of sousperfectoid spaces.

Recall that for any closed immersion (in the sense of [Sch26a, Def. 10.7.(ii)]) of locally spatial diamonds
i: X — Y the pushforward functor ig .: Shv(Xe; Z/n) — Shv(Ye;Z/n) is exact and preserves small
direct sums (using Lemma 3.3.8, this can be checked on gproét-geometric points), and thus preserves all
small colimits. For any G € Shvg (Y;Z/n), the functor Hom(igt (—), G) is therefore representable [SGA4,
Exp. XVIII, Lem. 3.1.3], producing a right adjoint to g ..

Definition 4.4.1. Let ¢: X — Y be a closed immersion of locally spatial diamonds. We denote by
i': Shv(Yer; Z/n) — Shv(Xe; Z/n) and  Ri': DF(Y;Z/n) — DI (X;Z/n)
the right adjoint of g, . : Shv(Xe; Z/n) — Shv(Ys; Z/n) and its derived functor, respectively.

Remark 4.4.2. Concretely, we have ig . Ri' = RZom(ig «Z/n, —). As we will not need this description, we
leave the proof to the interested reader.
Remark 4.4.3. It follows directly from Definition 4.4.1 that for a composition of two closed immersions

XSy Z, we have a natural isomorphism of functors R(j 04)' ~ Ri' o Rj".

Lemma 4.4.4. Consider a cartesian diagram of locally spatial diamonds
U X
\[i’ \[z
VvV —=Y,
in which i and i’ are closed immersions.
(i) There is a natural transformation of functors
.l A"
u"*Ri' — Ri"”"u*: D (Y;Z/n) — DL (U; Z/n).
(ii) The transformation from (i) is compatible with compositions in u and i.

(iil) If u and u' are étale, the base change transformation from (i) is an isomorphism.

Proof. (i). Since g . and iy, , are exact, [Sch26a, Cor. 16.10, case (i)|] shows that the natural base change

transformation of functors

*

U*iét7* - i/ét,*ul7* : D;;(X; Z/TL) — DE—;(V; Z/n)

is an isomorphism. Composing its inverse with the counit ¢; for the adjunction between 4 . and Ri’, we
obtain a natural transformation

i R utie RiD s w DE(YZ/n) — DE(VZ/n).

ét,%
Its adjoint under the adjunction of z;t* and Ri"' is the desired natural transformation.
(ii). Denote the unit of the adjunction of iy, , and Ri’ * by 1. Then the natural transformation from (i) is
given by
WRE = Rt R ), Rty
The statement therefore follows from the naturality of 7;; and ¢; and their compatibility with compositions.
(iii). Passing to left adjoints, we may instead show that the natural transformation of functors

(4.4.5) Upigy , — et i Uiy, ~ e uyi iy, — datur: D (U3 Z/n) — DEL(Y;Z/n)

0 M 1.
u*Ri’ = Ri""il

ét,x

is an isomorphism, where the first (resp. last) arrow is induced by the unit (resp. counit) of the adjunction
between i* and ig; . (resp. i* and z;t*) By Lemma 3.3.8, it suffices to check this on gproét-geometric stalks.
Then Remark 3.3.2, Remark 3.3.3, and [SP26, Tag 04H1] imply that we can assume that Y = Spa(C,C™) for
an algebraically closed nonarchimedean field with open bounded valuation subring C* C C. But then either

X is empty or i: X — Y is an isomorphism. In either of these cases, (4.4.5) is an equivalence. O
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The cycle class maps will be defined for Zariski-closed immersions of sousperfectoid spaces.

Definition 4.4.6 ([FS26, Prop. IV.4.19, Def. IV.4.20]). Let S be a sousperfectoid space and f: X — S
and g: Y — S be smooth morphisms of sousperfectoid spaces. Then an S-morphism 7: X — Y is called a
Zariski-closed immersion (over S) if the following equivalent conditions are satisfied:

e For some open covering Y = |, Vi, with V,, = Spa(A,, A7) affinoid, the fiber products X xy V, =:
Spa(B,, BY) are again affinoid, the induced maps A, — B, are surjective, and the B} are the
integral closures of the image of AT in B,

e For any affinoid open V' = Spa(A, A™) C Y, the fiber product X xy V =: Spa(B, B™) is again affinoid,
the induced map A — B is surjective, and B is the integral closure of the image of AT in B.

Proposition 4.4.7 ([FS26, Prop. IV.4.19]). Let S be a sousperfectoid space and f: X — S and g: Y — S
be smooth morphisms of sousperfectoid spaces of equidimension dx and dy, respectively. Let i: X — Y
be a Zariski-closed immersion over S. Then there exists an open covering Y = |, Vo and étale maps
ho: Vo — Dg" such that the preimages U, := X Xy V,, fit into cartesian diagrams

U, — ey

| I

d io d
D —— DY,
in which iy is the natural inclusion of the first dx coordinates given by (z1,...,2ax) — (21, -+, Zdx,0, ..., 0).

In particular, Proposition 4.4.7 implies (together with [FFS26, Lem. IV.4.13]) that the pullback of a
Zariski-closed immersion i: X < Y over S along S’ — S is again a Zariski-closed immersion.

Proof. By [FFS26, Prop. IV.4.19], we can find an open covering Y = |, Vi, and for each V, sections f1,..., fa4, €

O(Va) such that df1,...,dfas, is a basis of Qj, /s and Ua = {fax+1 =+ = fa, = 0}. After rescaling, we
may assume that f, € (’)*( ) for all 1 <r < dy. Then the induced maps hy := (f1,..., fay): Va — D‘éy
are étale thanks to [F'S26, Prop. IV.4.15] and fit into the desired cartesian diagrams. 0

For the construction of cycle class maps, we will need the computation of the Z/n-étale cohomology of the
relative affine line. We remind the reader that we identify the étale sites of our sousperfectoid spaces with
those of the associated diamonds using [Sch26a, Lem 15.6] and leave the diamondification (—)¢ implicit to
ease notation.

Lemma 4.4.8. Let S be a sousperfectoid space with n € OF and h: Aé’an — S be the relative affine line.
Then the natural map Z/n — Rhey «Z/n in DX (S;Z/n) is an isomorphism.

Proof. When S is a locally noetherian analytic adic space over Z,, this was shown in part (III) of the proof of
[Hub96, Th. 3.9.1]. Let b be the same constant as in that proof, which comes from [Liit93, Th. 2.1] and only
depends on p and n. Let

S(—>AS

\/

be the relative disk of radius p™? over S. By arguing on each U(m) separately, one can check that the natural
map Z/n — Rlim,, Rjm ¢t+Z/n is an isomorphism. Since Rh, preserves limits, we conclude that

Rhey,«Z/n =~ Rhgy (Rlim ij,ét7*Z/n) ~ RUm RA R e1,+Z/n ~ RUm Rh,, ¢+ Z/n.
We claim that for all m € N

e the natural maps Z / n — ROy, et +Z / n are isomorphisms and
e the natural maps R”h, 11,4 wZ/n — R>h,, *Z/n are 0.
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Indeed, by Lemma 3.3.8 again, it suffices to check both statements on stalks at gproét-geometric points
5: Spa(C,CT) — S. Since the h,, are quasi-compact, we can then use base change (Lemma 3.3.9) to reduce
to the case when S = Spa(C, CT), which is covered by the locally noetherian statement in part (IIT) of the
proof of [Hub96, Th. 3.9.1] (more precisely, statements («)’, (8)’ and ()’ therein). Put together, these two
claims show that the natural map

{Lm}mGN — {Rhm,ét,*@}mEN

from the constant pro-system is an isomorphism of pro-systems. In particular, the natural map Z/n —
Rlim,;, Rl .2/ is an isomorphism in DF, (S; Z/n), finishing the proof. O

Proposition 4.4.9. Let S be a sousperfectoid space withn € OF and f: X — S and g: Y — S be smooth
morphisms of sousperfectoid spaces of equidimension dx and dy , respectively. Set ¢ :==dy —dx. Leti: X — Y
be a Zariski-closed immersion over S. Then:

(i) (compatibility with pullbacks in S) For any morphism of sousperfectoid spaces u: T — S and induced
pullbacks ux : X — X and ir: Xp < Yz, the maps uRi'Z/n — RifzZ/n from Lemma /./.J. (i) are
isomorphisms. - -

(ii) (purity) There is a unique isomorphism ~y: Z/n = Ri'Z/n(c)[2c| such that for any map u: T — S from

a locally noetherian sousperfectoid space, the induced map in D; (X1;Z/n)
Z/n = wiRi'Z/n(c)[2c] ~ RifZ/n(c)[2¢]

given by yr and the isomorphism from (i) is adjoint to the cycle class map from [LRZ24, Var. 3.3.3] for
the lci immersion ir of locally noetherian analytic adic spaces.

Recall that by Lemma 4.2.4. (ii), the base changes fr: Xr — T and gr: Yr — T are again smooth
morphisms of sousperfectoid spaces.

Proof of Proposition 4.4.9. We prove (i) and (ii) simultaneously, proceeding in several steps.

Step 1. The isomorphism ~ in (ii) is unique. First, note that once the existence of an isomorphism
Z/n ~ Ri'Z/n(c)[2c] in (ii) is established, we know in particular that Ri'Z/n(c)[2c] is concentrated in degree
0. By virtue of Lemma 3.3.8, the map v is then uniquely determined by its restrictions s to the fibers over
gproét-geometric points 5: Spa(C,CT) — S over all points s € |S|. As the Spa(C,C™) are in particular
locally noetherian sousperfectoid spaces, it therefore suffices to show (i) and the existence of an isomorphism
~ in (ii) whose pullbacks recover the locally noetherian cycle classes from [LRZ24].

Step 2. The conclusion is preserved under étale maps. More precisely, given a fiber square

v x

(4.4.10) j j

Wty

in which ¢ and i’ are Zariski-closed immersions and h and I’ are étale, we show that if the conclusion holds
for 7, then it also holds for i’. Moreover, if h and h’ are étale covers, the converse is also true.
Set ¢ :=dy — dx = dw — dy. To deal with statement (i), we extend (4.4.10) to a diagram of fiber squares

h
Vp ——————— Xr

~ L
-
Yr

W—Y

s

X

uy
-/
T
h
Wr e

™
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By Lemma 4.4.4. (i), it induces a diagram of natural maps

R uyRi'Z/n ~ ulh *Ri'Z/n —— u}Ri"'Z/n

| |

Wy RilZ/n ~ Ri; Z/n.

Lemma 4.4.4. (ii) shows that this diagram commutes and Lemma 4.4.4. (iii) applied to the front and back
shows that the horizontal maps are isomorphisms. Thus, the left vertical map is an isomorphism if and only
if the right vertical map is an isomorphism. Moreover, if h (and hence h’.) is an étale cover, then the left
vertical map is an isomorphism if and only the natural map u%Ri'Z/n — Ri}.Z/n is an isomorphism. This
finishes the assertion for (i). S S

Next, we discuss (ii). Given an isomorphism v: Z/n — Ri'Z/n(c)[2c] which realizes statement (ii) for i,
we can use the isomorphism h/*Ri'Z/n ~ Ri"'Z/n to define

v Z/n = W2 n 2 BRI n(e)[2¢] ~ RiY' B /n(c)[26).

We now check the conditions on the pullbacks along maps w: T'— S from locally noetherian sousperfectoid
spaces for 7/. Since everything in sight commutes with pullback along u, we may assume that 7' = S is locally
noetherian and verify the adjointness to the cycle classes from [LRZ24] for 4/ (instead of 74.). By chasing
diagrams, one sees that the adjoint of 4’ is equal to the pullback of the adjoint of . On the other hand, the
cycle classes from [LRZ24] satisfy h’**cl; = cl;» by transversal base change ([LRZ24, Lem 3.3.4]). This shows
that if the part (ii) of the conclusion holds for 7, then it also holds for ’.

Now assume that h and h' are étale covers and let v': Z/n — Ri"'Z/n(c)[2¢] be an isomorphism which
realizes statement (ii) for i'. Let mq,ma: W =W xy W = W be the two étale projections and 7: V < W be
the base change of ¢’ along 7;; the two base changes of i’ along 71 and 7, agree because 4’ is the base change of <.
By our previous discussion, both 71 and 7 produce isomorphisms 71,72 : Z/n = R7'Z/n(c)[2c] which realize (ii)
for 7. On the other hand, such maps are unique thanks to Step 1, so 31 = F2. As #om(Z/n, Ri‘Z/n(c)[2¢])
is an étale sheaf, this implies that we can descend 7' to an isomorphism ~: Z/n = Ri'Z/n(c)[2¢]. As before,
the pullback of the adjoint of v under h’ is the adjoint of 7/, so the identity h"*cl; = cl;s for the cycle classes

from [LRZ24] guarantees that part (ii) of the conclusion also holds for i.
Step 3. Proof when X = S,Y =D, and i: S — D}, is the 0-section. Consider the commutative diagram

S———S5
[
1,an

Dy —— Pg™,

in which the bottom (resp. right) map is the natural open immersion (resp. the 0-section). By Step 2 applied
to this fiber square, it suffices to prove instead the statement when X = S, Y = Pé.’an7 and i: S — Pé’an is
the 0-section.

Denote by j: A};’a" — Pé’an the complementary affine line around oo and set h := g o j. The (twisted and
shifted) pushforward of the standard exact triangle

it «Ri'Z/n — Z/n — Rj.Z/n

in D (P%; Z/n) under g: P§™ — S together with the identity Rge; . 0 ict» = Rfer» = id yields the exact
triangle

Ri'Z/n(1)[2] — Rger . Z/n(1)[2] — Rhee . Z/n(1)[2]
in D, (S;Z/n). Under the natural isomorphisms from Lemma 4.2.8, Lemma 4.4.8, and [Sch26a, Cor. 16.7], the
second map identifies with the projection Z/n(1)[2] ® Z/n — Z/n(1)[2] onto the first factor (corresponding to
R4+ Z/n ~ ROh¢ «Z/n). Therefore, we get a canonical isomorphism y~!: Ri'Z/n(1)[2] = Z/n. We denote
its inverse by . As this construction is compatible with pullbacks along arbitrary maps of sousperfectoid
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spaces T' — S, the isomorphism ~ is also compatible with pullbacks, yielding (i) in this case. Moreover,
since v and the cycle classes in [LRZ24| in the divisor case are both defined via the Kummer sequence
(Construction 4.2.7 and [LRZ24, Def. 3.1.4, Rmk. 3.1.9]) and Ops,a (i(9)) = Op1.an (1), one can check that
the pullbacks yp along maps T — S from locally noetherian sousperfectoid spaces are adjoint to the cycle
class maps from [LRZ24]."Y Thus, v satisfies the requirements of (ii) in this case.

Step 4. Proof when X = D%, Y = D%, and i: Dg < D% is the natural inclusion of the first e coordinates
given by (z1,...,2¢) = (21,--+,2¢,0,...,0). We proceed by induction on d > 0. The base case d = 0 (and
thus ¢ = id) is trivial. For the induction step, assume that the statement has been proven for d — 1 > 0.

We may assume that d > e and factor 7 as 7: D¢ N D‘éﬁl N D¢. First, we claim that it suffices to
prove the statement for ¢; and is separately: Indeed, once the statement is established for both i; and is,
part (i) for ¢ follows directly from the compatibility of the maps from Lemma 4.4.4. (i) with compositions
(Lemma 4.4.4. (ii)). Likewise, the isomorphism ~ for 4 in part (ii) can simply be defined as

v: Z/n =5 RiyZ/n(d — e — 1)[2d — 2e — 2] = RiyRiyZ/n(d — €)[2d — 2¢] ~ R(iz 0 i1)'Z/n(d — €)[2d — 2].

For any locally noetherian T — S, the adjoint of v is given by the composition of the adjoints, so the
compatibility with the cycle class maps from [LRZ24, Var. 3.3.3] follows from the fact that these cycle class
maps are compatible with compositions as well [LRZ24, Cor. 3.3.8], establishing the claim.

Next, the statement for ¢; follows from the induction hypothesis. As for io, since we show the statement for
arbitrary sousperfectoid S and the relative unit disk over a (locally noetherian) sousperfectoid space is again
(locally noetherian) sousperfectoid, we can replace S by Dfé*l and identify D‘éﬁl — Dds with the 0-section
D‘é‘l — D}Dd,l. The assertion then follows again from the case of the 1-dimensional unit disk (relative over

S
Dg_l) proved in Step 3.

Step 5. General case. By the second part of Step 2, the statement is étale-local on Y. Thanks to the local
structure of Zariski-closed immersions between smooth sousperfectoid spaces from Proposition 4.4.7, it is
therefore a direct consequence of Step 2 and Step 4. O

With Proposition 4.4.9 in place, it is now natural to define cycle classes for sousperfectoid spaces as follows:

Definition 4.4.11. Let S be a sousperfectoid space over Spa(Q,,Z,) and i: X — Y be a Zariski-closed
immersion of sousperfectoid spaces which are smooth over S of equidimension dx and dy, respectively. Set
¢ = dy —dx. Note that in this case Remark 3.3.3 and Proposition 3.4.7 imply that ¢ «Z/n =~ Rigproet,« £/n =
Ri, «Z/n for any integer n > 1."'

(1) The mod-n cycle class map of i is the morphism

Z/n

cl;"": Riy«Z/n ~ iy L /1 — Z/n(c)2¢]

in DL (Y;Z/n) C DY (Y,;Z/n) which is adjoint to the isomorphism v: Z/n = Ri'Z/n(c)[2c] from
Proposition 4.4.9. (ii).
(2) The p-adic cycle class map of i is the morphism

7" : Riy W2, — Z,(c)[2¢]

in D*(Y,; Z,,) under the natural identifications Z,, ~ lim, Z/p" ~ Rlim, Z/p" (see e.g. [BS15, Prop. 3.1.10]
and [MW23, Lem. 1.2]) and Rlim, R, .Z/p" ~ Ri, Rlim, Z/p".
(3) Let (A,B) € {(O1,0),(A1,By)}. The A-cycle class map of i is the morphism

) 1?7 @id
e

of': Riy A ~ ((Riy.Z,)8z, A Ae)[2c]

10A1ternatively, one can use that both constructions are compatible with the algebraic cycle classes by Lemma 4.2.8 and
[LRZ24, Lem. 3.1.7], respectively.

Hynlike igt,, we use the notation Rigprost,« and Riy « because we do not know whether the functors iqprost,« and iy, « are
exact.
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in the almost'? category Dt (Y,;.A)% in which the first almost isomorphism uses the relative primitive
comparison Lemma 3.6.7. The B-cycle class map of i is the morphism

cI?: Ri, B — B(c)[2]]

in DT (Y,;B) obtained as cl*[1/p]. Here we are using the fact that Rf, . commutes with uniformly
bounded below colimits as f is quasi-compact and quasi-separated.

We caution the reader that the cycle class maps from Definition 4.4.11 might a priori depend on the
structure morphisms to S (though their fibers over each gproét-geometric point § of S are uniquely determined
by Proposition 4.4.9. (ii)). However, this will not cause any problems in this paper.

To finish this section, we record the following compatibility between the trace maps from Section 4.2 and
the cycle class maps from Section 4.4. For this, we will need the following general lemma.

Lemma 4.4.12. Let Y be a sousperfectoid space, let f: X — Y be a separated qcqs smooth morphism, and
let s: Y — X be a section of f. Then s is a Zariski-closed immersion.

We refer to Definition 4.3.1 for the definition of a separated morphism of sousperfectoid spaces.

Proof. Step 1. s is a locally closed immersion, i.e., s = j oi such that i is a Zariski-closed immersion and j
is an open immersion. First, [FS26, Prop.IV.4.19] implies that the claim is local on Y, so we can assume that
Y = Spa(R, R") is an affinoid. Since s(Y') is quasi-compact, we can replace X with a quasi-compact open
neighborhood of s(Y) to assume that X is qcgs. In particular, we can assume that s is a spectral map of
spectral spaces.

Choose a point y € Y. Then [FS26, Lem.IV.4.14] implies that there are open subspaces y € U, C Y and
s(y) € V, C X such that V, ~ D,d]y as an Uy-space. Without loss of generality we can assume that U, is a
quasi-compact open subset (and, therefore, V;, ~ D,djy is also quasi-compact). Since s is a spectral map of
spectral spaces, [Sch26a, Lem. 2.3] ensures that s(U,) C X is pro-constructible. Therefore, [SP26, Tag 0A2X]
implies that we can shrink U, to assume that y € U, is affinoid and s(U,) C V.

Since the claim is local on Y, it suffices to show that s|y,: U, — f’l(Uy) is a locally closed immersion.
For this, it is enough to show that the map s|y, : U, — V,, is a Zariski-closed immersion. Note that V,, ~ D‘[’l,y
is affinoid since U, is affinoid. Therefore, [FFS26, Prop.IV.4.19] guarantees that it suffices to show that
s*: O(V,) = O(U,) is surjective and O (U,) is the integral closure of s*(OT(V,)). Both results easily follow
from the observation that the composition

(O,),0tU,) L5 (0(,),0% (V) % (0(U,), 0+(1))

is equal to the identity.

Step 2. s is topologically a closed immersion. Step 1 already implies that s is a topological immersion (i.e.,
s defines a homeomorphism of Y onto its image), so it suffices to show that the image of s is closed. For
this, [Sch26a, Lem. 15.6] implies that it suffices to show that s%: Y¢ — X© has a closed image. Using the
cartesian diagram

yo — 0, x0

JSO J(id,s%fo)
A

X0 XU x0 s X0,

we see that it suffices to show that fO: X9 — Y0 is separated in the sense of [Sch26a, Def. 10.7]. This follows
from Lemma 4.3.2.
Step 3. s is a Zariski-closed immersion. Step 1 implies that we can decompose s as a composition

Y <5 V <% X such that 7 is a Zariski-closed immersion and j is an open immersion. Step 2 implies that s(Y)
is a closed subset of X. Therefore, X = V U (X N\ s(Y)) gives a covering of X by two open subsets such
that YNV =Y =2 Vand Y N(X \s(Y)) =@ — (X \ s(Y)) are Zariski-closed immersions. Thus, [FS26,
Prop.1V.4.19] implies that s is a Zariski-closed immersion as well. O

12Here the almost mathematics is with respect to A¢° if A = A and with respect to O3 if A = O¢.
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Finally, we are ready to prove the desired compatibility between the cycle and trace morphisms.

Proposition 4.4.13. Let S be a sousperfectoid space over Spa(Qp,Zy), let fx: X — S and fy: Y — S
be smooth morphisms of sousperfectoid spaces of equidimension dx and dy, respectively. Let f: X — Y
be a smooth proper S-morphism of equidimension d = dx — dy, let s: Y — X be a section of f, and let
A€{Z/n,Z,,B;,0}. Then the following composition

Rf’u,*(CI?)
LA

r.A
A~Rf, Rs,. A RS, A(d)[2d) —T5 A

s equal to identity.
We note that cl? is well-defined due to Lemma 4.4.12.

Proof.  Step 1. The case of A= Z/n. Remark 3.3.3 and Proposition 3.4.7 imply that R f, .Z/nZ(d)[2d] lies

in Df (Y 9;Z/nZ). Since the composition tryt oRf,.+(c1%/™) is a map between abelian sheaves, Lemma 3.3.8
implies that we can check that it is equal to the identity on stalks. Since tr and cl commute with arbitrary
base change (see Proposition 4.3.9 and Proposition 4.4.9), we can reduce to the case when S = Spa(C,C™)
for an algebraically closed nonarchimedean field C' and an open bounded valuation subring C* C C. In this
case, all spaces involved are locally noetherian and, furthermore, the trace and cycle class maps identify with
those from [LRZ24] by virtue of Proposition 4.3.7 and Proposition 4.4.9. (ii), respectively. Thus, the assertion
follows from [LRZ24, Th. 7.2.19].

Step 2. The case of A € {Z,, O, A}. By the naturality of Rlim, the case A = Z, follows from Step 1.
Now we consider the case of A € {OF, A;}. From the construction of cycle class maps and trace maps with
A-coefficients in Definition 4.4.11 and Definition 4.3.8, we have a commutative diagram

L Rfo..(c1Z7)8" id %7 @ id L

(Rf Ry (2,)87 A) (Rfo-(Z,(d)[2d))E7 A) - Z,8g A
12 3 12 A AR

R, .Rsy.A Rvn(cls) R, . A(d)[2d] o A,

where the vertical (almost) isomorphisms follow from the relative primitive comparison theorem (see
Lemma 3.6.7). Therefore, the claim for A € {A;, 0"} follows from the case A = Z,,.
Step 8. The case of A € {O,B;}. This follows from Step 2 by inverting p. O

5. DUALITY FOR PERIOD SHEAVES

The purpose of this section is to show that the derived pushforward along smooth proper maps preserves
perfect O and B-complexes. We argue by adapting the strategy from [LRZ24, Sections 6.3-6.4]. In Section 7.3,
we extend these results to proper singular rigid-analytic spaces over a nonarchimedean field K using the
proper trace map constructed in [LRZ24, Section 7].

Throughout this section, we fix a closed interval I C (0, 00) with rational endpoints.

5.1. Digression: G-equivariant sheaves. The goal of this subsection is to define the notion of G-equivariant
sheaves for a topos (X, O) and a sheaf of groups G € Shv(X; Grp). We also verify certain properties of this
definition; these properties will be crucially used in our proof of the Kiinneth formula Theorem 5.2.4.

For the next definition, we fix a sheaf of groups G € ShV(X Grp) with the multiplication mOI‘phlbm
m: G><G—>GandanobjectX€Ob( ) with an action a: G x X — X in X. We denote by q: G x X — X
the projection onto X.

For a morphism f: Y" — Y in the topos X, we also denote by f: X,y» — X,y the induced morphism of
sliced topoi.

Definition 5.1.1. The quotient topos [)Z' /G] is defined as the following 2-colimit in the 2-category of topoi:

id xa
> . mxid —
[X/G]i= 2-colim (X gz " X5 X))
q

id Xgq
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When X = x is the final object of X, we denote [x/G] by [X/G.
The desired 2-colimit in Definition 5.1.1 exists due to [Moe88, Th. 1]. Furthermore, loc. cit. implies that the

—1

~ a —
underlying category of [X/G] is equivalent to 2- lim(X/;( { X/Gx)? — X/GxGX;() . This implies
q ! —
the following observation:

Remark 5.1.2. If X — xis a G-torsor, then the induced morphism [)Z' /G] — X is an equivalence. Indeed,

combining descent along the effective epimorphism X — % and the above description of the underlying
category of [X /G|, we conclude that

-1

X ~ 2-lim( X ~ [X/G].

/GxX /G><G><)?)

a —_—

_
Xz — — X
Notation 5.1.3. The group ring functor Z[—]: Shv(X; Grp) — Shv(X;Ring) is the left adjoint to the functor
(—=)*: Shv(X;Ring) — Shv(X; Grp).

For a sheaf of commutative rings R € Shv(X;CAlg) and a sheaf of groups G € Shv(X;Grp), we set
R[G] = R®z Z|G].

The next lemma gives a clean way to think about sheaves of abelian groups on [X/G] in terms of sheaves
of abelian groups on X. Before we formulate this lemma, we note that there is always a canonical morphism
of topoi 7: [X/G] — X which corresponds to the pair of the identity morphism idx : X — X and the identity
equivalence id: idx oa ~ idx oq: X, — X under the universal property of [X/G]. Similarly, for any sheaf of
commutative rings R € Shv(X; CAlg), the pullback 7' R € Shv([X/G]; CAlg) canonically defines a sheaf of
commutative rings on [X/G], which we also denote by R.

Lemma 5.1.4. Let X be a topos, let G € Shv(X; Grp) be a sheaf of groups on X, let R € Shv(X; CAlg) be
a sheaf of commutative rings, and let e: X — [X/G] and w: [X/G] — X be the natural morphisms of topoi.
Then there is an equivalence of categories Shv([X/G]; R) ~ Shv(X; R[G]) such that under this equivalence

(1) e~ is identified with the forgetful functor Shv(X; R[G]) — Shv(X; R);

(2) e, is identified with Hom»(R[G], —): Shv(X;R) — Shv(X; R[G]);

(3) n=1 is identified with the functor Shv(X; R) — Shv(X; R[G]) induced by the augmentation morphism

R[G] — R;

(4) T« is identified with the functor Hom g (R, —): Shv(X; R[G]) — Shv(X; R).
Proof. Denote by a: X,g — X the natural morphism and by p1,p2,m: X,gxg — X,g the morphisms
induced by the projections py,ps: G X G — G and the multiplication map m: G x G — G respectively.

For any topos 7 and A € Shv(T; CAlg), the category Shv(7; A) is canonically identified with A-module
objects in T. Therefore, [Moe88, Th. 1] implies that

a

—1 }
Shv([X/G];R) ~ 2—lim(Shv(X;R) } Shv(X,q; R) —— Shv(X/GXg;R)) )
1 —

a

In other words, we have:
(5.1.5) Shv ([X/G];R) ~ {F € Shv(X;R), 0: a ' F = a ' F | m () = p5 " (0) op; "(0) }
Note that 6 defines a morphism of sheaves of sets G — Auty(F) and the cocycle condition is equivalent to
the fact that 8 is a group homomorphism. Therefore, we conclude that
Shv([X/G];R) ~{F e Shv(X;R),p € Mapgrp(G,MR(]:))}.
On the other hand, we have Shv(X; R[G]) ~ {F € Shv(X; R), ¢ € Map,;,, (R[G],End(F))}. Combining it

with the ®-forget-adjunction and the adjunction from Notation 5.1.3, we conclude that
Shv(X; R[G]) ~ {F € Shv(X; R), ¢ € Map,,, (G, Autp(F))} ~ Shv([X/G]; R).

By construction, one sees that e~! is identified with the forgetful functor Shv(X; R[G]) — Shv(X; R). By
passing to right adjoints, we conclude that e, is identified with Hom(R[G], —): Shv(X; R) — Shv(X; R[G]).
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Similarly, we see that 7! is identified with the functor that sends a sheaf F € Shv(X; R) to the pair
(F,id: a=*F = a~'F) under the equivalence from (5.1.5). After unraveling all the identifications, one
sees that this functor corresponds to the functor Shv(X; R) — Shv(X; R[G]) induced by the augmenta-

tion morphism R[G] — R. By passing to right adjoints, we see that m. is identified with the functor
Hom g (R, —): Shv(X; R[G]) — Shv(X;R). g

Now we are ready to formulate the main result of this subsection.

Proposition 5.1.6. Let f: X — Y be a morphism of topoi, let G € Shv(Y, Grp) be a sheaf of groups on
Y, let R € Shv(Y,CAlg) be a sheaf of commutative rings on'Y, let X — = be a f~'G-torsor on X with the
induced morphism j: X/)? — X, and let f: X/)? — Y be the composite morphism. Then there is a natural
morphism of topoi g: X — [Y/G] such that the diagram

D(X;f'R) ! D(X,z:f'R)
(5.1.7) RS J{Rg* JR J.

D(Y; R) RHompg () D([Y/G]; R) ~ D(Y; R[G]) D(Y;Z)

forget
commutes (up to a canonical equivalence).

Proof. We denote by a: Y, — Y the slice morphism, we denote by «, g: G x X — X the action and the
projection morphisms, and (by slight abuse of notation) we also denote by «, q: X /16X X - X /X the associ-
ated morphisms of slice topoi. Finally, we denote by f/G [T TS S Y)q and f/GXc; X/f*lfofIGxX —
Y)Gx¢ induced by f (see [SP26, Tag 04H1]). Then the diagram of topoi

f/ch; v
/fiaxfiaxx 7 Y/axa

we Ul

/f1Gx X

X

(5.1.8) X

commutes (up to a canonical equivalence). We wish to show that two possible bottom squares in Diagram (5.1.8)
are cartesian. First, the diagram

fre
X/f 1Gx X ’ Y/G

(5.1.9) lq ~ la

!
Xz —1—Y
is cartesian by virtue of [SGA4, Exp. IV, Prop. 5.11]. Furthermore, let &: f~1G x X — G x X be the
morphism defined via the formula a(g,z) = (g, a(g,x)) and let a: X .15, ¢ = X, 15, 5 be the associated

morphism of slice topoi. Then the assumption that X isa f~1G-torsor implies that & is an isomorphism and
that the diagram

X p16x% —— X

Xl"i /

/f1GxX
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commutes (up to a canonical equivalence). Combining this with the fact that Diagram (5.1.9) is cartesian, we
deduce that the diagram
fra

X/f—lcx)? »Ya

(5.1.10) i“ ~ Ja

f
X x Y
is cartesian as well.
Now the universal property of 2-colimits, Remark 5.1.2, Diagram (5.1.8) induce an essentially unique

morphism of topoi g: X ~ [X/)z/fflG] — [Y/G] such that the following diagram of topoi commutes

where the morphisms 7 and e are as in Lemma 5.1.4. Combining this with the identifications Shv([Y/G]; R) ~
Shv(Y; R[G]) and 7. = Homp (R, —) from Lemma 5.1.4, we immediately see that the left triangle in
(5.1.7) commutes (up to a canonical equivalence). To see that the right square commutes (up to a canonical
equivalence), it suffices to show that the natural transformation of functors

e log, — froj ' Shv(X;Z) — Shv(Y; Z)

~

is an equivalence. For this, we note that the functor g—! sends a descent pair {F € Shv(Y;Z),¢: a 'F =
a_lF} to the pair
71 —17-1 -1 -1 76 () =1 -1 1741
{f FEShv(X/);;Z),a fTFE~fga F—>f/Ga F~q ' f7hFY
Since g, is the right adjoint to this functor, we see that

)’F/G,*(d})
S

g« ({G S ShV(X/)?; Z),¢:a" 'G5 qilG}> = {ﬁG € Shv(Y; Z),ailf*G ~ f/a*oflG ]?/Gﬁq*lG ~ ailf;G},

where the isomorphisms a‘lf*G ~ f/G,*a_lG and f/G’*q_lG ~ a_lf*G come from the fact that Dia-
grams (5.1.9) and (5.1.10) are cartesian and the trivial base change (see [SP26, Tag 04H1]).

With this description, one sees directly that the natural transformation of functors e=! o g, — f; oj lis
an equivalence. (Il

5.2. Kiinneth formula. The main goal of this subsection is to prove a solid version of the Kiinneth formula
for perfect O and Bj-complexes.

Construction 5.2.1 (Kiinneth map, cf. [LRZ24, Construction 6.3.4]). Let

w25 X
(5.2.2) ng Jf
x 3 S

be a commutative diagram of diamonds over Spd(Qy,Z,), let A € {Br,0}, and let £ € D(X,;.A) and
& eD(X); AP

13We caution the reader that throughout this construction, all instances of (—)* mean the (derived) pullback in the setting of

maps of ringed sites. Namely, f*(€) = f~1(€) ®}171(.Ay) Ax for a map of ringed sites f: (X, Ax) — (Y, Ay).
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(1) We define the Kinneth map
KMy p: Rfy i€ @4 RS, .E — Rhyi(97E @Y g'*E")
as the adjoint to the map

* * pk * plk g*(e )®Lg/*(€ /) * *

W (Rfon(€) @4 RS L(ED) = (0" f RSvu) ® (¢ /RS, LE) —————" g"E &l g,

where € (resp. €;/) denotes the counit of the (f*,Rf, .)-adjunction (resp. the (f",Rf, ,)-adjunction).

(2) Combining the above Kiinneth map with Variant 3.2.2, we get the condensed Kiinneth map as the
following composition:

RL, (X, &) @F (5,4) RL,(X', &) == RL,(S,R.E) OF (5,.4) RL,(S,RFLE") —=— RL,(S,Rf, € @4 RS, .E)

\ JKMH'
KMX$X,

RL, (W, g*E @4 ¢*€") «+——— R, (S,Rhy.(9°E @Y% g*&")),

where U is the cup-product map from [SP26, Tag 0B6C].
I ,€), RI' , , an I ,7E RS g are solid, then actors through the soli
3) IRL,(X,E), RL, (X', & d R, (W, g*E 1“4 g lid, then KM f; h h the solid
tensor product

KMY x : RL,(X,€) @EUD(& 4 RL,(X', &) = RL, (W, g*€ @Y g™*&),

which we will refer to as the solid Kinneth map. If there is no risk of confusion, we denote it simply by
KM,
We will also often denote ¢g*& ®% ¢'*€’ simply by & K £ unless there is some risk for confusion.

Remark 5.2.3. The solid assumption in Construction 5.2.1 (3) is automatic if £ € Perf,(X;.A) and
&’ € Perf,(X’; A) (see Lemma 3.2.5).

The main result of this subsection is the following Kiinneth formula statement.

Theorem 5.2.4. Let S be a strictly totally disconnected perfectoid space over Spd(Qp,Z,), let S% be the
corresponding untilt. Let f*: X — S% and f*: X' — S* be qcgs smooth maps of sousperfectoid spaces and
let A€ {Br,0}. Set X = (X*)° and X' := (X'*)°. Let & € Perf (X, A) and & € Perf, (X', A). Then the
solid Kinneth map

KM": RL, (X, €) @' (s 4 RL, (X', ') = RL, (X x5 X', E RV €").
is an isomorphism.
We start the proof of Theorem 5.2.4 with the following preliminary lemmas.

Lemma 5.2.5. Let v € Z;, be a topological generator of Zy, let M € D(Z,[Z,]), and let v*: M — M be the
associated automorphism of M. If the underlying condensed complex of M is solid (i.e., it lies in Dg(Z)),
then the natural morphism

RHomy, 15, (Z,,, M) —— lim (M —= M

s an isomorphism.

We remind the reader that Z, denotes the condensed ring associated with the topological ring Z; and
Z,[Z,] denotes the associated Z,-linear group algebra (see Notation 5.1.3).

Proof. First, [Bos21, Lem.B.4(i)] implies that ZP[ZP]D ~ Z,[Z,] = lim, Z,[Z/p"]. Therefore, [Bos21,
Lem. A.16, B.4(ii)| and our assumption that M is solid imply that RHomy,  1(Z,,, M) ~ RHomy, 5 1(Z,, M).
In other words, it suffices to show that the natural map

RHomy, 17 (2, M) —— lim(M == M)
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is an isomorphism. This follows directly from the fact that Z,[Z,] RN Z,[Z,] is a projective resolution of
Z, in the category of Z, [[Zp]—modules. O

Lemma 5.2.6. Let X — X be a Z,-torsor of diamonds over Spd(Qp, Zy), let v € Z, be a topological
generator, and let ~y: X — X be the associated X -automorphism of X. Let € € D(Xy;Z,) be a compler of
sheaves of Z,-modules such that RL,()?,E) is solid, i.e., it lies Do(Z). Then the natural morphism

RL, (X, €) =~ lim(RL, (X, | ;) == RL,(X.€] 1))

is an isomorphism and RL, (X, &) is solid as well.

Proof. We apply Proposition 5.1.6 to the morphism X, — *po6t, the group object Z, on #pro¢t, and the
Z,,-torsor X — X to conclude that RL, (X, €) is naturally an object of D(Z,[Z,]) and that RL, (X, &) =~
RHomg 5 ](Zp, RT, ()?, 5’;() Since REU()?, £) is assumed to be solid, the isomorphism

RL, (X, €) —~—lim(RL, (X, | ;) == RL,(X.€] 1))

follows immediately from Lemma 5.2.5. Now the fact that RL,(X, &) is solid follows from the fact that
Do(Z) € D(Cond(Ab)) is closed under limits (see [Sch26b, Def. 5.1]). O

Definition 5.2.7. A map of diamonds X — X is called a successive Z,,-torsor if there exists n € Z~¢ and a
factorization X = X,—>X,.1— -+ — Xo= X such that each X; — X;_; is a Zp—torsor.
Here is the main example of a successive Z,,-torsors.

Example 5.2.8. Let S = Spa(R, R") be a strictly totally disconnected perfectoid space over Spa(Q,,Z,).
We fix a compatible system ((,» € R),en of p-power roots of 1. This defines a trivialization Z, — Z,(1). Let
T¢ = Spa(R(T!, ..., T, RT(TF, ... ,T;H)) be the d-dimensional relative torus, and let

= +1/p> +1/p> +1/p> +1/p™

T = Spa(R(TEVP™ . T EVP™y RE(TEVP™ L TEYPTY)
be the d-dimensional perfectoid torus. Then the natural morphism

A\ s +1/p™ +1/p™ +1/p™ +1/p™
(T%)" = lim Spd (R(T; L TENPTY RY(TEYT L TEVPTY) S (g0

is a quasi-pro-étale covering and an Zg ~ Zp(l)d-torsor. Furthermore, this is a successive Z,-torsor since we
may successively adjoin p-power roots of one variable at a time.

Lemma 5.2.9. Let S be a strictly totally disconnected perfectoid space over Spd(Qp, Z,) and let

(5.2.10) g

be a commutative diagram of diamonds over Spd(Qy, Z,) such that the upper square is cartesian and the
morphism t is a successive Z,-torsor. Let A € {Br, O}, let £ € Perf,(X;A) and £ € Perf,(X'; A) such that
the solid Kiinneth map

KM RE,(X, €] ¢) g4 RL, (X', €) = R, (W,57(€] ) 0§ €)
18 an isomorphism. Then the following solid Kinneth map
KM x:: R, (X, ) @1 (5,4 R, (X', ) = RL, (W, g°E & g"€")

s an tsomorphism as well.
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Note that all RT", (—, —) involved in the formulation of Lemma 5.2.9 are solid due to Lemma 3.2.5. Thus,
the solid Kiinneth map is indeed well-defined.

Proof. A straightforward inductive argument immediately reduces the question to the case when X > Xisa
Z,,-torsor. For an object M € Dg(Cond(Ab)) with an endomorphism f: M — M, we set

(M)I=1 = lim(M %; M) ~ fib(M L% ar).

With this notation at hand, the functoriality of the solid Kiinneth map from Construction 5.2.1 in the input
diagram yields a commutative diagram

]
KMX’X,

RE,U (X, 5) ®EIU:I(S,.A) REU(X/’ 8/> RE,U(W, g*g ®L g/*g/)

! |

' LO 1o r=1 (KME )77 A o L ~1% of =1
(RL, (X, €] 5) ©F 5.0 RL, (X', €)) (RC, (7.7l @ g7€)) .

X,x’

Our assumption implies that (KM)D? X,)"’:l is an isomorphism. Therefore, it suffices to show that both vertical
maps are isomorphisms. The right vertical map is an isomorphism due to Lemma 5.2.6. To see that the left

vertical map is an isomorphism, we decompose it as a composition
~ y=1 ~ ~y=1
RE’U (X’ 5)®ED(S,A)REU (Xl7 5/) - (sz <X7 g‘)})) ®ED(S,A)R£1/ (Xl7 5/) - (sz <X7 g‘)}) ®ED(S,.A) RE’U (X/7 g/))

Then the first map is an isomorphism due to Lemma 5.2.6, while the second map is an isomorphism since -y
does not act on RI, (X', £’). This implies that both vertical maps are isomorphism and, therefore, finishes
the proof. O

For the next definition, we fix an affinoid sousperfectoid space S and a smooth morphism f: X — S of
sousperfectoid spaces.

Definition 5.2.11. The S-space X admits good coordinates if there is an integer d and an S-morphism
g: X — T¢ such that g is a composition of rational subdomains and finite étale morphisms.

Similarly to the classical situation, every smooth space over a sousperfectoid affinoid space admits good
coordinates locally in the analytic topology.

Lemma 5.2.12. Let S = Spa(R, R") be an affinoid sousperfectoid space over Spa(Qyp,Z,), let f: X — S
be a smooth morphism of sousperfectoid spaces, and let x € X be a point. Then there is an open affinoid
neighborhood x € U, C X such that U, admits good coordinates.

Proof. The definition of smooth morphisms implies that there is an open affinoid z € U, C X such that
flu, : Uz — S factors as a composition of an étale morphism g, : U, — D% followed by the projection D¢ — S.
Furthermore, the definition of an étale map implies that (possibly after further shrinking U, ) we can assume
that g, is a composition of rational subdomains and finite étale maps. Furthermore, we can identify Dg with
a rational subdomain T‘é (%, ceey %) - T‘é, where 77, ...,Ty are the coordinates on T‘é. Therefore, the
composition
U, 2 D% — T4
defines the desired good coordinates on Ul,. O
Before we start proving Theorem 5.2.4, we need one more preliminary lemma.

Lemma 5.2.13. Let S be a strictly totally disconnected perfectoid space over Spd(Qp,Z,) corresponding
to an untilt S* — Spa(Qy,Z,). Let f*: X¥ — S* and f*: X'* — S* be gcgs smooth maps of sousperfectoid
spaces, and let X* = U UUE be an open covering with U§ = U NUL. Set X = (X4, X' == (X")° and
U; == (U}, Let £ € Perf(X,, A) and &' € Perf(X!, A) for A € {O,B;}. If the solid Kiinneth maps

KM g sz(Ui,5|Ui) ®E?(SVA) RL,(X',&) = RL,(U; x5 X/’gij =L &)
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are isomorphisms for 1 < i < 3, then the solid Kiinneth map
KMR y/: RL, (X, &) @F 5,4 RL, (X', €") = RL, (X x5 X', ER" &)
is an isomorphism as well.
Proof. We consider the Mayer—Vietoris exact triangle
RL,(X,€) —» RL,(U1,€) ®RL, (U2, &) — RL, (U3, E).
Since the solid Kiinneth map is functorial, we get the commutative diagram

0
KMX X/

RL, (X, €) ®f (5.4 RL, (X', &) RL, (X xg X', ER" &)

! |

RL, (U1, €l,,) ®F (s,4) RL, (X, E) . RL,(Uy xs X', €|, B ')
S KMy & KM o

RL, (Us, €|, ) @F (5,.4) RL, (X', €) RL, (U x5 X', €|, " €')

| |

R, (Us, ;) @F 5,4y RL, (X', ) RL, (Us x5 X', &, ®" &),

Ug, X'

[}
KMU3 X/

where both vertical sequences are exact triangles. Since each KM%,, - is an isomorphism, we deduce that

KM)D(’ x/ must be an isomorphism as well. O
Finally, we are ready to prove Theorem 5.2.4.

Proof of Theorem 5.2.). Case 1. X* and X% admit good. coordmat@s Choose good coordinates gﬁ Xt
T¢, and g*: X"* — Tdn and set X¥ .= T xg: X and X'# := TZ o Xst X', where Tsn and Tsn are the
S

sﬁ

affinoid perfectoid spaces from Example 5.2.8. Then [Sch12, Th.6.3(ii) and 7.9] imply'* that X% and X"
are affinoid perfectoid spaces. We also set X == (X% and X’ := (X’*)°. Then Example 5.2.8 implies that
the morphisms X — X and X’ — X' are successive Z,,-torsors. Now we consider the follovvlng commutative
diagram

X/XSX X

l lsuccessive Z,-torsor

X'xgX —— 3 X'xgX ——— X

| | |

> successive Z,-torsor ,
X X S,

in which all squares are cartesian. Now we apply Lemma 3.2.5 and Lemma 5.2.9 twice (first to X' — X’ and
X — S and then to X — X and X’ — S) to conclude that it suffices to show that the solid Kiinneth map

O ' LO e ' Y L

KM% g RL, (X, €] 5) OF (5.4 R, (X', €' ¢,) = RL, (X x5 X'),&| ¢ B €' 5,)

is an isomorphism. Now Corollary C.5.12 when A = O and Corollary C.6.12 when A = B; imply that

&g ~ P and &g~ P’ for some P € Perf(A(X)) and P’ € Perf(A(X’)). In particular, P (resp. P') is

quasi-isomorphic to a finite complex of finite projective A(X)-modules (resp. A(X’)-modules). Since each
finite projective module is a retract of a finite free module, a simple inductive argument reduces the question
to the case 5|)? = A and 5")?, = A. In this case, the result follows immediately from Lemma 2.3.4 when
A = O and from Proposition 2.3.5 when A = Bj.

MStrictly speaking, [Sch12, Th. 6.3(ii) and 7.9] require the perfectoid spaces to be defined over a perfectoid field, but this is
not needed in the proof.
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Case 2. X* admits an open embedding into a sousperfectoid affinoid S*-spaces Y* and X't admits good
coordinates. We prove, by induction on n, that KM)D(’ + is an isomorphism whenever X* can be covered by
n rational subdomains of Y*, each of which admits good coordinates. Note that by Lemma 5.2.12 and the
assumption that X* is quasi-compact, we can always find a finite covering X# = = Ui, U; ¥ of the desired kind.

If n =1, then the result follows from Case 1. Now we assume that we proved the claim n — 1 > 1 and try
to deduce it for n. We set U == Uf, U= (UH° V= U§ UU§U-~-UU£, and V := (V#)%. Let g: U? — T¢,
be good coordinates on U*.

We wish to show that V# N U* has an open covering by (n — 1) affinoids admitting good coordinates. For
this, we note that each Uiti N U* is a rational subdomain in U*. Thus, the composition Uiri NUt — Ut 2 Td
defines good coordinates on Uiﬁ NU* for i = 2,...,n. Therefore, Ui, Uiﬁ NU! = VN U? is the desired open
cover. Hence, the inductive hypothesis implies that KMZD] X7 KM‘D/ x, and KMEmV, x are isomorphisms.
Thus, Lemma 5.2.13 ensures that KM x,x/ must be an isomorphism as well.

Case 3. X% is a general smooth qcqs Sﬁ -space and X'* admits good coordinates. We prove, by induction on
n, that KM)D(, + is an isomorphism whenever X* can be covered by n affinoid open subsets. Since X* is a
qcgs space, we can always find a finite open covering X* = U;L:lUiﬂ such that each Uiﬁ is affinoid.

If n = 1, the claim follows from Case 2. Now we assume that we proved the claim for n — 1 > 1 and try to
deduce it for n. We set U := U, U := (U*)%, V.= U, UULU---UUE, and V := (V#)©. Then the induction
hypothesis implies that KME x» and KME x/ are isomorphisms while Case 2 implies that KMEnV, x/ is an
isomorphism. Therefore, Lemma 5.2.13 ensures that KM5 x,x/ must be an isomorphism as well.

Case 4. general X* and X'. We can repeat the argument in Case 2 with X* replaced by X’# to deduce the
result for any X* and for X’ which admit an open embedding into a sousperfectoid smooth S#-affinoid spaces.
Then we can repeat the argument of Case 3 to deduce the result for a general qcqs smooth S#-space X't. O

Remark 5.2.14. The only reason we need to assume that S is strictly totally disconnected in the formulation
of Theorem 5.2.4 is to make sure that O(S*) admits all p-power roots of unity. In particular, the torsor
T — Tsu is a successive Z,-torsor as opposed to a successive Z,(1)-torsor. In particular, the conclusion of
Theorem .2.4 remains true for any affinoid perfectoid S which admits a map to Spd(Qy (tpe), Qp(Lip==)®).
We do not spell out the details as we will never need this fact.

In a similar way, we also get the following variants:

Theorem 5.2.15. Let S be a strictly totally disconnected perfectoid space over Spd(Qp,Z,) corresponding to
an untilts S* over Spa(Qy, Z,), let S’ be an affinoid perfectoid space with a map S’ — S over Spd(Q,, Z,),
let f: X% — S% be a qegs smooth map of sousperfectoid spaces, and let A € {By,O}. Set X := (X*)°. Let
& € Perf, (X, A) and &' € Perf, (S, A). Then the solid Kinneth map

KM™: RL, (X, €) ®F g4 RL, (S, €) = RL,(X x5 8, R &),
is an isomorphism.

Proof. If X* admits good coordinates g#: X* — T‘én, then the proof is completely analogous to Case 1 in the
proof of Theorem 5.2.4. In general, we can argue as in Case 2 and Case 3 in the proof of Theorem 5.2.4 to
reduce the general case to the case when X admits good coordinates. O

Theorem 5.2.16. Let S be a strictly totally disconnected perfectoid space over Spd(Qp,Z,) corresponding to
an untilts S* over Spa(Q,, Zy), let J C I C (0,00) be an inclusion of closed intervals with rational endpoints,
and let f#: X% — S* be a qcgs smooth map of sousperfectoid spaces. Set X = (X*)®. Then for any object
& € Perf,(X,By), the natural maps

REU(X78) ®F »(S,Br),res = (S BJ) - RF (X & ®BI res BJ) and

I' (X,€) ®F (8.B1).¢ Lo (9 Brp) = RL, (X, E®BI¢B1/p)

are isomorphisms.
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Proof. The proof is again analogous to that of Theorem 5.2.4, except we need to use Proposition 2.3.6 in
place of Proposition 2.3.5. O

Now we wish to give a sheaf analog of Construction 2.3.7 and Corollary 2.3.9.

Construction 5.2.17. Let X be a diamond over Spd(Q,, Z,) and let I C (0, 00) be a closed interval with
rational endpoints such that 1 € I. Then, by varying the map 0;: B;(S) — Ox(S) from Construction 2.3.7
over all affinoid perfectoid spaces S — X, we get a homomorphism of v-sheaves of rings

912 B] — Ox.

Theorem 5.2.18. Let S be a strictly totally disconnected perfectoid space over Spd(Qp,Z,) corresponding to
an untilts S* over Spa(Qp, Z,), let f: X% 5 S be a qegs smooth map of sousperfectoid spaces with X = (Xﬁ)o,
let I C (0,00) be a closed interval with rational endpoints such that 1 € I, and let £ € Perf,(X;By). Then
the natural map
O
REv(X7 6) ®Ev(S,BI),01 EU(S7 O) - sz (X> & ®EI,01 O)

is an isomorphism.

Proof. The proof is again analogous to that of Theorem 5.2.4, except that we need to use Corollary 2.3.9 in
place of Proposition 2.3.5. O

5.3. Poincaré duality. The main goal of this subsection is to prove Poincaré duality for perfect B;-complexes
(resp. O-complexes). We follow the strategy used in [LRZ24, §6.4]. Namely, we explicitly construct the
evaluation and coevaluation maps, then the duality statement boils down to the verification of commutativity
of certain diagrams.

The main result of this subsection is the following Poincaré Duality statement.

Theorem 5.3.1. Let S be a strictly totally disconnected perfectoid space with a morphism S — Spd(Q,, Z,),
let S* be the corresponding untilt, let f*: X% — S¥ be a smooth proper morphism of equidimension d between
sousperfectoid spaces, let A € {By,0}. Set X := (X)¢. Let £ € Perf,(X; A) with £ = R#Fom4 (&, A)
being its A-dual. Then the evaluation and coevaluation maps defined in Construction 5.3.3 turn RL (X, &) €
D (A(S)) into a dualizable object with its left dual given by RL,(X,EY(d)[2d]). In particular, there is a

natural isomorphism
PDY: RL, (X, £Y(d)[2d]) = RHom ) (RL, (X, £), A(S))

We note that even though Theorem 5.3.1 is formulated using the solid formalism, it almost immediately
implies Poincaré duality for usual cohomology RT, (X, A) (see Corollary 5.3.12). However, it is crucial to first
prove Theorem 5.3.1 in order to obtain a classical duality. The key reason why it is important for us to work
in the solid framework is the solid Kiinneth formula Theorem 5.2.4, which is critically used in the proof of
Theorem 5.3.1. While we will later show that the classical Kiinneth formula also does hold for smooth proper
X* (see Corollary 5.3.16), we do not know how to prove it without proving Theorem 5.3.1 first.

As a consequence of Theorem 5.3.1, we also prove a relative version of duality that applies to any smooth
proper morphism f: X — Y of equidimension d between Spd(Q,, Z,)-diamonds, see Corollary 5.3.15.

We begin with the following general version of the projection formula.

Proposition 5.3.2 ([SP26, Tag 0943]). Let f: (X,0x) — (Y,0Oy) be a morphism of ringed topoi, let
£ eD(X,0x) and K € D(Y,Oy). Then there is a canonical arrow

PF;: Rf.E®p, K — Rf.(€ @5, LFK).
Furthermore, PF is an equivalence if K € Perf(Y, Oy).

Using Proposition 5.3.2, we can give the following constructions of the evaluation and coevaluation maps.
Later, we check that these maps indeed define the structure of a dualizable object on RT, (X, ).

Construction 5.3.3 (cf. [LRZ24, Construction 6.4.2]). Let S be a strictly totally disconnected perfectoid
space over Spd(Q,, Z,) corresponding to the untilt St let X* be a sousperfectoid space, and let f#: X% — Gf
be a smooth proper morphism of equidimension d, let A € {B;,0}. Set X = (X#)© and f = (f*)°. Let
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€ € Perf,(X;.A). We also set £¥ := R#om(E,.A) and denote by eve: Y @€ — A and coevg: A — ERVEY
the natural evaluation and coevaluation maps.
Consider the following commutative diagram:

ISR

(5.3.4) X xgX 25 X

id lm \ lf

X—>S

(i) (Bvaluation map) We define the evaluation map
€2(f,8,€): RL, (X, £¥(d)[2d]) ®F (5,4 RL,(X, €) = L, (5, 4)

as the composition

RL, (X, £Y(d)[2d]) ®F s 4y RL, (X, €) - RL, (X, £Y(d)[2d] @" €)
3 JRLJ (eve (d)[2d])
L,(S, A) T RL, (S, Rfo+A(d)[2d]) +—=— R, (X, A(d)[2d])
TN

where the arrow U is the solid Kiinneth map from Construction 5.2.1 (applied to the outer square in
the above commutative diagram) and tr4 is the trace map from Definition 4.3.8.
(ii) (Coevaluation map) We define the coevaluation map

7(f,8,€): L,(S, A) = RL,(X, &) ®F (g 4 RL, (X, €Y (d)[2d])

as the composition

L, (S, A) r RE, (X, A) — %), pp (X, € @b €Y)
; |
i RL, (XS, RA, A" (i€ & m36Y))
1 IlRLJ (pra')
RL, (X5, (116 @" m36Y) @ RA, L A)
i J{RL, (id ®clR)
R, (X, €) ©75 4 RL, (X, £Y(d)[24)) o RL, (XS, m1€ @* m3e¥ (d)[2d)),

where X2/5 denotes X xg X, clﬁ is the cycle class map from Definition 4.4.11, and KM" is the Kiinneth
map from Construction 5.2.1 (applied to the bottom square in the commutative diagram above). We
crucially use Proposition 5.3.2 and the Kiinneth formula (Theorem 5.2.4) to invert the projection
formula map and the solid Kiinneth map, respectively.

(iii) (Duality map) We define the duality map PD?(S): RL, (X, &Y(d)[2d]) — RHom 4g, (RL,(X,€), A(S))
as the map adjoint to e”(f, S, &) under the tensor-hom adjunction. In other words, PD? (&) is the
composition

RE, (X, £¥(d)[2d])) —> RHom ys) (RL, (X, ), RL, (X, A()[2d])) " RHom s, (RL, (X, £), A(S)),

where the first map comes from [SP26, Tag 0B6D].

Now we verify certain compatibilities that will be crucial for the proof of Theorem 5.3.1.
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Lemma 5.3.5 (cf. [LRZ24, Lem. 6.4.3]). Let S be a strictly totally disconnected perfectoid with a morphism
S — Spd(Qp, Zy), let St be the corresponding untilt, let f*: X* — S* be a smooth proper morphism of
equidimension d between sousperfectoid spaces, let A € {By,0}. Set X = (X#)°, X?/% := X x5 X, and
f=(fH°. Let & € Perf,(X;A) and let w1 : X?/S — X be the projection onto the first factor. Then the
diagram

id ®"RL, (tr7')

RL,(X,€) ®"7 RL, (X, A(d)[2d]) RL,(X,€)
lKMD RL, (id®"try} )T
2/ e oL RL, (PF}) L
RL, (X*/%, 71 € @" A(d)[2d]) RL, (X, & ®@" Ry v A(d)[2d])

commutes.

Proof. We set h: X%/ — S to be the natural morphism. Then we consider the diagram

RL, (X, &) @"C RL, (X, A(d)[2d)) i BRL, (%) RL, (X, €)
y
KO R, (S, Rf,€ @ Rf,nA@2d) — ") RE (SR, . 6)
RL, (KM, ;) RL, (Rfo..(id 8" trd ) Rr, (ide"trd, )
RL, (X¥9, 71 @~ A(d)[2d]) === RL, (S, Rh.(n}€ @" A(d)[2d])) —*— RL, (S, Rf,.(E @" Ry 0, A(d)[2d]))

RL, (PF;])

RL, (X, € @" Ry v, A(d)[2d]),

where o = RL, (Rf,,«(PF;")). After unravelling all the definitions, we see that all external “squares” commute.
Therefore, it suffices to show that the red square commutes. For this, it suffices to show that the following
diagram commutes:

id " trf

Rf, € @" Rf, . A(d)[2d] Rf,.&

lKM Rfv,«(1d® trA )T

Rfo,«(PF.))
Rh, .« (77€ @ A(d)[2d]) ——= Rf,.(€ @" Ry, . A(d)[2d))

Now the proof of [LRZ24, Lem. 6.4.3] applies essentially verbatim. Indeed, [LRZ24, Lem. 6.3.8] works for
any commutative diagram of ringed sites, and [LRZ24, Th.6.1.1(2)] can be replaced by Proposition 4.3.9. O

Lemma 5.3.6 (cf. [LRZ24, Lem. 6.4.5]). Let S be a strictly totally disconnected perfectoid with a morphism
S — Spd(Qp,Z,), let St be the corresponding untilt, let X* and Y* be smooth sousperfectoid spaces over
St of relative equidimension dx and dy, respectively. Let f&: Xt — Y*¥ be a smooth proper morphism of
equidimension d == dx — dy, let s*: Y* — X* be a section of f¥, and let A € {By,0}. We set X = (X*)?,
Y = (YHO, fi=(f%°, and s .= (s%)°. Then the compositions

Rfy, wclf
e

I"A
Ay ~Rf, Rsy. Ay RS, Ax(@)2d 255 Ay and

Ay (d)[2d) ~ Ry Ry (Ay (d)2d]) 2220, g p (A (d)[2d) @ Ax (d)[24])

—1

T R, (Ax (@)]2d]) @ Ay (@2d) S22 Ay (@24
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are equal to the identity morphisms.

Proof. The first composition is equal to the identity morphism due to Proposition 4.4.13. As for the second
composite, the proof of [LRZ24, Lem. 6.4.5] works verbatim and implies that the second composite is the first
composite shifted by 2d and twisted by d, from which the claim follows. O

Proof of Theorem 5.5.1. Keep the notation of Theorem 5.3.1. We shall mimic the proof of [LRZ24, Th. 6.4.1].
With the Construction 5.3.3, the only thing we need to check is that the compositions'”

“CD(f,S,E)®LDid"’ “id®LDeD(f,S,£)”

RL,(X,€) RL,(X,€) @7 R, (X, £Y(d)[2d]) @7 RL, (X, €) RL,(X,€),

“id@LDCD(f,S,g)” RE ( “eD(f,S,g)®LDid”

RL, (X, £Y(d)[2d]) L,(X,&Y(d)[2d]) @7 RL, (X, &) @7 RL, (X, £Y(d)[2d]) RL, (X, £(d)(2d])

are equivalent to the identity morphisms. For brevity, we denote the first composition by ¢(f,S,€) and the
second composition by ¢(f,S,E). We give a full justification for why ¢(f, S, ) ~ id, and then only describe
the necessary changes to justify that ¢ (f,S,€) ~ id.

Recall that we denote by n the unit of the (derived) pullback-pushforward adjunction, by KM the
solid Kiinneth map from Construction 5.2.1, by PF the projection formula map, and, for any objects
F,G€D(X,;A), by o: FoG = G F the morphism that “swaps factors”. In what follows, we also freely
use Theorem 5.2.4 and Proposition 5.3.2 which guarantee that the Kiinneth map and the projection formula
map are isomorphisms under some assumptions that are always satisfied in this proof.

That being said, we resume the notation of Construction 5.3.3 and consider the diagram in Fig. 1. Using
the definitions of PF, KM, and the basic properties of adjunctions, one can check that this diagram commutes.
For the most part, commutativity follows from functoriality of various constructions. The following two points
need extra arguments: triangle (5.3.7) commute since evg and coevg define a duality datum on & (see [SP26,
Tag OFPU]), and trapezoid (5.3.8) commutes due to Lemma 5.3.5.

The map A(S)®"PRL, (X,&) = RL,(X, £)®M0 A(S) obtained by going down the entire left column is equal
to ¢(f,S,E) by its very construction. The commutativity of the diagram in Fig. 1 implies that this composition
can be computed by going around the outer diagram from the top left corner to the bottom left corner in a
clockwise direction. Furthermore, we see that Lemma 5.3.6 and the formula Rf*(PF;rll) oRh.(PFL") =id
imply that

(id@™ e (f, S,€))o(c7(f, S, €)@ id) = KM~ oRL, (X, 0)oKM = 0: A(S)®RL, (X, ) — RL, (X, E)@A(S).

This formally implies that ¢(f,S,€) =id: RL,(X,€) — RL, (X, E).

To see that ¥(f, S, &) = id, we need to use a diagram similar to that of Fig. 1; we leave it to the reader to
figure out the exact shape of the diagram. We only mention that every instance of 71 should be replaced with
7 (and vice versa) and one needs to use the second part of Lemma 5.3.6 (as opposed to the first part used in
the proof above). O

Remark 5.3.9. Let us note that our proof of Theorem 5.3.1 is modeled on the proof of [LRZ24, Th. 6.4.1].
In fact, we can get similar result to [LRZ24, Th. 6.4.1], but in the current setting of smooth proper
maps X — Y of equidimension d between diamonds over Spd(Q,,Z,) and perfect complexes over A €
{Z/n,Z,}, as follows. First, for any & € Perf,(X;A) and €Y = R#om(E, A), we get a natural map
e(f,€): Rfu+(EV(d)[2d]) @% Rfy,(E) — A defined as the composition of the cup product followed by the
trace map from Definition 4.3.8. Then similar to [LRZ24, Th. 6.4.1|, we claim that R f, .€ and Rf, (€Y (d)[2d])
are in Perf, (Y,.A) and the map e(f,€) induces a natural isomorphism

PD(E): Ry &Y (d)[2d] = RA-om(Rf, €, A).

It suffices to check the statement v-locally on Y, therefore we are immediately reduced to the case when Y
is a perfectoid space and hence X is a sousperfectoid space smooth of equidimension d and proper over Y.
In this case, we claim that one can define a coevaluation map which, together with the map e(f, ), makes
Rf.(EY(d)[2d]) into a left dual of Rf.E.

13y these formulas, we implicitly make the usual identifications RL, (X, &) @7L A(S) ~ RL, (X, ), A(S) @' RL, (X, &) =~

RIL, (X, &), etc. To indicate this subtlety, we use quotation marks in the maps which implicitly use these identifications.



https://stacks.math.columbia.edu/tag/0FPU

‘Jrosyt dewr Jeays oy Aq Ajduats searoys jo dewr e AQ peonpul MOLIR UR [9qe[ oM ‘Ied[d ST
1X9JU0D 9} IoAdUAYM ‘ATjserT "Alu ® £} sejousp A [x 4 uoneou oy (VX )@ D H L omy Aue 1o "TTY surewr Ty UOIpRIOU
oy ‘remnorjred uy “Aofodoj-a oY) 03 joodsor Ypm uese) oxe sxpeqnd pue spremiojysnd [[y X SX X s9joudp X [OquUIAS oy,
"® 2A0qe [OqUIAS (—) oy doIp oA\ “WRISEIP SIY} 10J SUOIIUSAUOD JO IS SULMO[[0f oY} 3dBpE oM ‘UOIYRIOU Y3 9Skd O, T HUNDI]

_ 1— (gD _
(v ®3'x)T9 () ® (3°X)T4
Ty
RP! e
(8'¢°9) ﬂﬁ@?
(lPe)(P)y* Tra ® 3 ‘x) T4 L (lpal(P)y @ 31x ¢ x) T4 e (Ipe)(P)v *X)Ta @ (3 'X)Tu
o
(Y1) * Teu@pr Tw
p—dd ([pel(p) 3a2) Er@pr Pzl (p) 3a2®pr
(v ®32:x)T9 (Pel(P)y @ 31+ . x)Td OS] (3« ® [pel(P)(,3 R 3) ‘,X)Td o (3 ® [pe](P) \3X)T4 4@ (3°X)TH
Cu@pr
gn @ pt
(3*x)T1a @ ([Pel(P) \3 ' X)TU @ (3'X)T"
NASE
fraa PI& 1 (D)
z ¢ —. Ty ¢ —. B =, ¢ —, , —.
(32x @ [pel(P)(\2 ™ 3) ‘,X)TU T S (3% x) T4 @ (Ipel(P) (3R 3)  X) T T em (3 x)Ta @ (Ipel(P) (3R 3) ‘, X) T
PI®(Fa2) Tu@pr
\\/ SENATE PI®(Y1o@PY) PIO(Y1o@PY)
Ty ¢ T Ty ¢ T z ¢ —- Ty ¢ T 3 - ¢ — ¢ -
(Vv @3/ X)TH oo (30 3"V @3 e XTI g o (35 @V v ® (\383) ' X) I R (352, x)Td ® (V*va® (,3R3)‘ X) T R (3 x)Ta [ ® (V*va® (,3R3) X)Td
Yad Yad p® Vi p® Vada pr® Yaa
(v ® 2'x)Tu e (38,3830 — (328 (,383).v'V ;X)) Tu e (5 XTI @ ((\3®3). v, x)Tn g YOI @ ((\3®3). vV, x)Tu
(¢9) PI@ Vi PI® Vi
pPI® Ja200 _ _ — — o\ —
° Vad Ammk ® (3R wv*qwkhmkvum AD% (3%x x)Tu o® (\3R3), Vi x)Id A% (3'X)14 ;@ ((\2®3),v'x)Id
(z@v ‘x)Iu (35 @ (,383)" VU X) T ¢ =g (3R (,2©3) X)Ta o (3'x)Ta ;® (,3©® 3 °X)T4
PI®(3a200) *yyu pi Jas00 pPI® 3as00
Vaa - - - o
(3%r @y va‘,x)Tu —T" (FRVx)Iu e (3'x)Ta o® (v ‘x)Tu
Ty PI® . F
Vaa

(3®Vv‘x)Ju

o7t (3'x)1a ® (v



70 SHIZHANG LI, WIESLAWA NIZIOL, EMANUEL REINECKE, AND BOGDAN ZAVYALOV

For the construction of the coevaluation map, we shall mimic [LRZ24, Construction 6.4.2.(iii)]. The
construction made in loc. cit. has two ingredients: the cycle class map and the Kiinneth formula. For the
former in our new setting, we can use the cycle class maps defined in Definition 4.4.11.

As for the Kiinneth formula, following the strategy in [LRZ24, Section 6.3], it suffices to prove the base
change theorem for fiberwise proper morphisms. Then we may reduce to proving such a base change theorem
when A = Z/n, so we can further reduce to proving it in the étale topology. In the end, by looking at stalks
at qproét-geometric points, we are eventually reduced to the proper base change theorem [BH22, Th. 3.15]
(which itself crucially relies on Scholze’s comparison theorem).

Once all these ingredients are there, we may prove the desired dualizability by repeating the proof of
Theorem 5.3.1.

Now we wish to deduce some consequences of Theorem 5.3.1 which do not involve any condensed mathematics.
We refer the reader to Definition 4.3.3 for the definition of a smooth proper morphism (of equidimension d)
between diamonds over Spd(Q,, Z,).

Construction 5.3.10 (cf. [LRZ24, Construction 6.4.2]). Let S be a diamond over Spd(Q,,Z,), let X be a
diamond, let f: X — S be a smooth proper map of equidimension d, let A € {B, O}, and let £ € Perf, (X; A).
We set £ := R#om(&, A). We denote by eve: £Y @ £ — A the natural evaluation map.

Consider the following commutative diagram:

X
x
(5.3.11) X s X s X
id lm\ J{f
X — S

(1) (Evaluation map 1) We define the evaluation map
e(f,S,€): RT(X, EY(d)[2d)) ®F (5 1) R (X, ) = (S5, A)

as the composition

RT, (X, £Y(d)[2d]) ®F, (5.4 RTw(X, €) = R, (X, &Y (d)[2d] @ &)
‘ lRI‘U(evg (d)[2d])

R, (try)

where tr;ﬁl is the trace map from Definition 4.3.8.
(2) (Evaluation map 11) We define the sheafy evaluation map

e(f,€): Rfuo(€Y(d)[2d]) @, Rfu,s(€) = As
as the composition
Rfo (€Y (d)[2d]) @5, Ry () ———— Ry (EY(d)[2d] @ &)
|RA (v @iza)
A R fu,«A(d)[2d]

A
trf

where tr;ﬁl is the trace map from Definition 4.3.8.
(3) (Duality map 1) We define the duality map

PD7(€): RT, (X, £Y(d)[2d]) — R Hom 4(s)(RTw(X, ), A(S))

as the map adjoint to e(f, S, €) from (1) under the tensor-hom adjunction.
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(4) (Duality map 1I) We define the sheafy duality map
PD7(E): Ry« (£Y(d)[2d]) = RAomp(s,.a0) (R o &, As)
as the map adjoint to e(f, &) from (2) under the tensor-hom adjunction.

For the next corollary, we will need to use the condensification functor from [And21, Def. 5.8 and Th. 5.9].
Namely, let (A, AT) be a complete analytic Huber pair. Then loc. cit. constructs a fully faithful “condesification”
functor

(=): D(A) — Dn((4, AT))

which is exact, commutes with filtered colimits, and satisfies M (%) ~ M for any M € D(A). Furthermore,
this functor is symmetric monoidal: since M ®@" N lies in D ((A, AT)) by construction, there is a canonical
map M @“5 N — M @" N that we need to show to be an isomorphism. Since all functors involved are exact
and commute with colimits, we reduce the question to the case when M = A[d] and N = A[d'] where the
claim is evident.

Corollary 5.3.12. In the notation of Theorem 5.5.1, the complex RT,(X©, &) lies in Perf(A(S)) and the
duality morphism

PD7(£): RI,(X, £Y(d)[2d]) — RHom (RT,(X, £), A(S))

is an isomorphism.

Proof. First, [And21, Th.5.50 and Cor.5.51.1] imply that the fully faithful “condensification” functor
(=): D(A(S)) — Do(A(S)) induces an equivalence between the subcategory of perfect A(S)-complexes
and the subcategory of dualizable objects in Dg(A(S)). Thus, Theorem 5.3.1 implies that there exists

P € Perf(A(S)) such that P~ RI, (X, ). Since P ~ P(x), we conclude that
P~ P(s) = RI, (X, £)(+) = RT, (X, &).

Hence, we see that P ~ R, (X, €) € Perf(A(S)). Similarly, we conclude that R, (X, £V (d)[2d]) € Perf(A(S)).
Since the condensification functor is symmetric monoidal, we see that e™ (f, S, &) is equal to the condensification
of e(f,S,&). Thus, the fact that the condensification functor is fully faithful and Theorem 5.3.1 imply that
PD must be an isomorphism. O

Corollary 5.3.13. Let Y be a diamond over Spd(Qp,Z,), let f: X — Y be a smooth proper map, let
A e {B1,0}, and let £ € Perf,(X;.A). Then Rf, € € Perf,(Y;.A). Furthermore, for any affinoid perfectoid
space S with a map S — Y, the complex RD,(XS,E’XS) is perfect and the natural morphism

RL,(Xs, €] ) = (Rfu€) g

is an isomorphism. Consequently, for any inclusion J C I C (0,00) of closed intervals with rational endpoints
and any object £ € Perf,(X,By), the natural maps

Rfo € @B, ros Bs = Rfos (€ BB, os By) and Rfs.€ @8, » By = Rfv (€ @R, » Bip)
are isomorphisms.

Proof. First, we show that Rf, .£ is a perfect complex. We can check this v-locally on Y. Therefore, we
may and do assume that Y = S is a strictly totally disconnected perfectoid space. Then f comes as a
diamondification of a smooth proper morphism f#: X — S*. Furthermore, S* and X* are quasi-compact
in this case. Therefore, X# can be decomposed into a disjoint union of clopen subsets Xf such that each
Xf — S% is smooth of equidimension i. Thus, in order to prove both claims of this corollary, it suffices to
further assume X% = Xg is smooth proper of equidimension d. In this case, Corollary 5.3.12 ensures that
RI,(Xs, €& | Xs) is a perfect complex. Thus, it suffices to show that the natural morphism

RTL(Xs.€] ) (Rfou6)]



72 SHIZHANG LI, WIESLAWA NIZIOL, EMANUEL REINECKE, AND BOGDAN ZAVYALOV

is an isomorphism. After unravelling the definition, the question boils down to showing that the natural
morphism

RL, (X5, &) ®hs) A(S) = RFU(XSf,E\XS,)

is an isomorphism for any morphism S’ — S of strictly totally disconnected perfectoid spaces. This follows
immediately from Lemma 3.2.3, Theorem 5.2.15, and the fact that RT, (XS,E|XS) is perfect (so its solid

tensor product coincides with the usual one).

Now we wish to show that RT', (X, 8|XS) is perfect and the natural morphism RI', (X, EIXS) = (RfuE)]
for any affinoid perfectoid S. This follows immediately from Corollary C.5.12 (resp. Corollary C.6.12) and the
proven above fact that (Rf, &) is a perfect complex.

The last statement now follows from the statements already established so far, together with Theorem 5.2.16.
O

Corollary 5.3.14. Let f: X — Y be a smooth proper morphism of diamonds over Spd(Qy, Zy), let I C (0, 00)
be a closed interval with rational endpoints such that 1 € I, and let € € Perf,(X;By). Then the natural map

Rfos€ ®F,.9, O = Rfv(E®F, 4, O)
is an isomorphism. Furthermore, if Y is an affinoid perfectoid space, then the natural map
RI,(X,€) ®F, (5.8,).0, [u(S,0) = RI,(X, £ @5, 4, O)
s an isomorphism.

We refer to Construction 5.2.17 for the definition of the homomorphism 6;.

Proof. The first statement is v-local on Y. Thus, we may assume that ¥ = S is an affinoid perfectoid space
in the proof of both claims. By Corollary 5.3.13, it suffices to show that the natural map

RL, (X, &) ®F, (58,0, Lv(S,0) = RT,(X, € @5, 4, O)

is an isomorphism. This in turn follows from Theorem 5.2.18 and the fact that RI",’s involved in the formula
above are perfect complexes (again by Corollary 5.3.13). g

Corollary 5.3.15. Let Y be a diamond over Spd(Qp,Zy), let f: X — Y be a smooth proper map of
equidimension d, let A € {Br, O}, let £ € Perf,(X; A), and set EY := R#om(E, A). Then the following hold:

(1) the sheafy duality morphism
PD7(€): Rf, £V (d)[2d] — RAFom(Rf,.E, A)

is an isomorphism;
(2) if Y =S is an affinoid perfectoid space, then the duality morphism

PD#(£): R, (X, £Y(d)[2d]) — RHom 4(s) (RT,(X, €), A(S))
is an isomorphism as well.

Proof. Part 1 is v-local on Y, so we can assume that Y = S is a strictly totally disconnected perfectoid space.
Then the result follows immediately from Corollary 5.3.13 and Corollary 5.3.12. Part 2 follows from Part 1,
Corollary 5.3.13, and Corollary C.6.12. O

Corollary 5.3.16. Let Y be a diamond over Spd(Qp,Z,), let f: X — Y and f': X' — Y be smooth
proper maps between diamonds, let h: X xy X' — Y be the fiber product morphism, let A € {B, O}, let
€ € Perf,(X;A), and let &' € Perf,(X'; A). Then the following hold:

(1) the Kiinneth morphism
Rfv € @4 RS, & — Rhy (ERYE)

is an isomorphism;
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(2) if Y =S is an affinoid perfectoid space, then the Kiinneth morphism
RT, (X, &) @5 RTL(X',€') = RT,(X x5 X', ERM )
is an tsomorphism as well.

Proof. Part 1 is v-local on Y, so we can assume that Y = S is a strictly totally disconnected perfectoid space.
Then the claim follows immediately from Corollary 5.3.13, Theorem 5.2.4, and the fact that (derived) solid
tensor product of perfect complexes coincides with the usual (derived) tensor product. Part 2 follows from
Part 1, Corollary 5.3.13, and Corollary C.6.12. O

5.4. Cohomological dimension. The main goal of this subsection is to show that a smooth proper morphism
of equidimension d has cohomological dimension 2d, at least when restricted to perfect B;- and O-complexes.
For this, we will need some preliminary lemmas.

Lemma 5.4.1. Let S be an affinoid perfectoid space with a morphism S — Spd(Qy,Z,) corresponding
to an untilt S* — Spa(Qy,Zy), let A € {Br,0}, and let P € Perf(A(S)) be a perfect complex. Fix

rr’ € ZU{—00,00}. Then P lies in Perfl""’] (A(S)) if and only if P ®I;‘(S) A(Spa(k/(;),l@Jr)) lies in
Perfl""’] (A(Spa(l@, /@H)) for every s € S.

We recall that, for a ring R, we use Perf [”’](R) to denote the full co-subcategory of D(R) consisting of
perfect complexes with tor-amplitude in [r, ']

Proof. To simplify the exposition, we will use the notation Yg ; for Yg: ; as defined in Definition 2.1.5. This
notation is consistent with [F'S26]; see Remark 2.1.4.
We give the proof for A = Bj as the other case is similar (in fact, easier). For brevity, we write

— —
By (k(s),k(s) ) instead of By (Spa(k(s),k(s) )). The forward direction of the lemma is obvious. So we only

—

need to show that P has tor-amplitude in [r,7’'] if P ®I§I(S) By (k(s), k/(;)Jr) has tor-amplitude in [r, '] for
every s € S.

Thanks to [SP26, Tag 068V], it suffices to prove that, for any maximal ideal m C B;(S), the tensor
product P ®I§,I(S) (B7(S)/m) lies in DUl (B7(S)/m). Then [Hub94, Lem. 1.4] implies that we can find a
point zn € Ys 7 = Spa(B;(S), A;(S)) such that supp(zm) = m. Consider the continuous map |Ys ;| — |9]
from (the sentence after) [FS26, Prop. I11.1.2] and let s, be the image of 2, under this map. Then [FS26,
Prop. I1.1.3] implies that z, lies in the image of the pro-(open immersion)

i SDA(B (F(5m)s k(5m) s Az (E(5m) K(5m) ) = Yaur = Yis = Spa(B(S), As(S)).

—_— ——+
Pick ym € Y, 1 such that in(ym) = Zm and set n := supp(ym) € Spec B (k(sm), k(sm) ). Then we have the
following commutative diagram:

B;(S) B;(S)/m

l l

L —

By (k(sm): K(sm) ) —— By (k(sm), K(sm) ) /n

— —+ , - 4
Now our assumption guarantees that P ®If31(5) B; (k(sm), k(sm) ) lies in Perfl™"’] (]_D,I(k(sm)7 K (5m) )) This
formally implies that

L L AR L — =T L — +
P®BI(S)BI(S)/m®BI(S)/mBI(k(sm)3k(sm) )/n ~ P®BI(S)BI(k(Sm)ak(Sm) )®B1(m m+)BI(k($m),k(sm) )/n

, — e
lies in DI""'] (BI (k(sm), k(sm) )/n) Finally, since B;(S)/m is a field, the morphism B;(S)/m — By (k(sm), k(sm) )/n
is faithfully flat. Thus, we conclude that P ®]L31(S) B;(S)/m lies in DIr"] (B7(S)/m), as desired. O

We also need the following general lemma.
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Lemma 5.4.2. Let (C,C%) be a pair consisting of an algebraically closed nonarchimedean field C and an
open bounded valuation subring C*t C C, let S := Spd(C, Ct) — Spd(Qyp, Z,) be a morphism, and let 8" — S
be a morphism of affinoid perfectoid spaces. Let A € {O,B;} and let a € A(S) be a non-zero element. Then
the image of a in A(S") is a nonzerodivisor.

Proof. We give a proof for A = By as the other case is similar (in fact, easier). First, Lemma 2.1.11 ensures that
we can replace S with S° := Spd(C, C°) and 5" with (S5')° := S’ x5 S° for the purposes of proving this lemma.
Therefore, we can assume that S = Spd(C, C°). Moreover, we can assume that S’ # &, as 0 is a nonzerodivisor
in the O-ring. Then Lemma 2.1.12 and Lemma 2.1.11 ensure that we can assume that S’ = Spa(K’, K'°)
for some perfectoid field K’ with a map C — K’. Let (C’,C’°) be the completed algebraic closure of
(K',K'’°). Then Corollary 2.5.2 ensures that the natural map Bj (Spa(K’,K’O)) — By (Spa(C’,C”o)) is
injective since Spa(C’, C’°) — Spa(K’, K'°) is a v-covering. So we can assume that S’ = Spa(C’, C’°). Since
Spa(C’,C"°) — Spa(C, C°) is a v-covering, Corollary 2.2.19 and Corollary 2.5.2 imply that B;(S) < B(5’)
is an injective map of domains. Therefore, the element a remains a nonzerodivisor in By (S’). 0

Before proving the main result of this section, we recall that we defined in Notation B.3.3 the oco-
category PcrfLT’T/](X;.A) for r,r’ € Z U {—00,00} and A € {O,B;}. By Lemma B.2.8, this is a full
oo-subcategory of PerfL_‘X”OC] (X;A) ~ Perf,(X;.A), and thus embeds naturally as a full co-subcategory of
D(X,; A). Furthermore, Theorem C.6.10 (resp. Theorem C.5.10) ensures that when X is an affinoid perfectoid
space, we have an equivalence PerfLT’TI] (X; A) =~ Perf ('] (A(X)), where the latter denotes perfect complexes
with tor-amplitude in [r,7']. Consequently, for an arbitrary diamond X, the oco-category PerfLT’T/](X ; A)
naturally forms a full co-subcategory of DIl (Xy;A), where plr.r'] (X,;A) denotes the oo-subcategory
consisting of objects concentrated in degrees [r,r'].

Now we are ready to prove the main result of this subsection.

Corollary 5.4.3. Let Y be a diamond over Spd(Q,,Zy), let f: X — Y be a smooth proper map of dimension
d, let A€ {B,0}, and let € € PerfLm"l}(X; A) for some r,r' € ZU{—00,00}. Then the following hold:

(1) the derived pushforward Rf, .E lies in PerfLr’T/Hd} (Y;A);

(2) if Y = S is an affinoid perfectoid space, then RT', (X, &) lies in Perflr'+2 (A(Y)).
Proof. Step 1. Reduce to the case of Part 2 with Y = Spd(C,C™) for an algebraically closed nonarchimedean

field C and an open bounded valuation subring CT C C and r = 0, r’ € Z. First, we note that Notation B.3.3,
Corollary 5.3.13, and Theorem C.6.10 (resp. Theorem C.5.10) imply that it suffices to to show that RT',(X, &) €

Perfl7'+2d (A(Y)) under the additional assumption that Y is a strictly totally disconnected perfectoid space.

In this case, we can use Corollary 5.3.13 once again together with Lemma 5.4.1 to reduce to the case when
Y = Spa(C,C) for an algebraically closed nonarchimedean field C' and an open bounded valuation subring
Ct C C. Now the observation that X is qcgs and Lemma B.2.12 imply that colimpy PerfL_"’"] (X;A) —
Perfl=°>(X; A) ~ Perf,(X;A) is an isomorphism. Thus, we can assume that & € PerfLr’T/] (X; A) for some
finite 7,7’ € Z. After an appropriate cohomological shift, we can moreover take r = 0.

Step 2. RTy(X, &) € Perf®*(A(Y)) for some k € Z. We already know that RI',(X,€) € Perf(A(Y))
by virtue of Corollary 5.3.13. If A = O, we note that A(Y) = C is a field. So since £ € PerfLO’Tl}(X;.A) C
DIO'I(X; A), it is therefore clear that RT, (X, &) € Perfl®* (A(Y)) = D([gf] (A(Y)) when A = O.

If A = By, then Corollary 2.2.19 guarantees that A(Y) is a principal ideal domain. Thus, in this case,
it suffices to show that RI',(X,¢) ®I}§,(Y) B;(Y)/(a) € D=°(B;(Y)) for any non-zero a € B;(Y). Now
Proposition 5.3.2 guarantees that

RT,(X;€) ®F, vy B1(Y)/(a) ~ RT,(X; € @, B;/"aB).

Hence, it suffices to prove that & ®I]§I B;/"aBy is in D2°(X,; A). This can be checked v-locally on X. So,
until the end of this step, we drop the assumption that X is smooth proper over Y and instead assume that X
is an affinoid perfectoid space and € = P for P € Perfl®"] (B7(X)) (see Lemma B.2.1 and Corollary C.6.12).
Then the question boils down to showing that

P ®g,x) B1(X)/"aB(X) lies in D=°(B/(X)).
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This follows immediately from Lemma 5.4.2 and the definition of Perf!®"’] (B1(X)).

Step 3. RT',(X,€) € Perfl0 +2d] (A(Y)). Assuming again that X is smooth proper over Y = Spd(C,C™")
of dimension d (so it is the diamondification of a smooth proper adic space over Spa(C*, C*%) of relative
dimension d), there is a finite clopen decomposition X = Uy<n<qX, such that X,, — Y = Spd(C,C") is
smooth proper of equidimension n. Therefore, we can replace X with X,, to assume that X — Y is of
equidimension n for some integer n < d.

In this case, Corollary 5.3.12 ensures that RT, (X, &) ~ RI', (X, EY (n)[2n])V. Since £ € PerfLO’T/](X; A), we
conclude that £Y(n)[2n] € Perfl="=2"=27l(X: A). Hence, Step 2 applied to Y (n)[2n] (shifted by r’ + 2n)
implies that R, (X; &Y (n)[2n]) € Perfl='~2n1l (A(Y)) for some t € Z. From this, we deduce

RT,(X,€) ~ R, (X, €Y (n)2n])" € Perfl=t7" 271 (4(Y)).

Invoking Step 2 once more, we conclude that RI', (X, &) € Perf [0,7"+2n] (A(Y)). Finally, the result follows
from the fact that n < d. O

As a formal consequence of Corollary 5.4.3, we get a similar result for cohomological amplitude in place of
the tor-amplitude.

Corollary 5.4.4. LetY be a diamond over Spd(Qy,Z,), let f: X — Y be a smooth proper map of dimension
d, let A € {B,0}, and let £ € Perf,(X; A)NDI1(X,; A) for some r,1' € ZU {—00,00}. Then Rf,.E lies
in Perf,(Y; A) N DI +2d(y, . A).

Proof. We only need to show that Rf, .£ lies in plrr'+2d] (Y,; A) as we already know that it is a perfect
complex (Corollary 5.3.13). Clearly, this complex lies in D="(Y,;.A), so we only need to show that it lies in

D<r'+2d(y, - A). Now we note that Perf,(X;.A) N D" (X,;A) C PerfL_OO’T/] (X;A). Thus, Corollary 5.4.3
implies that Rf, .£ lies in Perfl-oor'+2dl (V; A) € D"'+24(Y,; A). This finishes the proof. O

v
6. RELATIVE DUALITY

In this section, we establish the first main result of the paper: relative geometric duality for Q -coefficients.
More precisely, we prove a version of Poincaré duality for smooth proper morphisms and perfect complexes
of gp—modules. For this, we first develop a theory of (analytic) perfect complexes on the relative Fargues—
Fontaine curve and establish a duality theorem for such complexes with respect to smooth proper morphisms
of diamonds. A crucial input in this step is the duality for B-coefficients established in Corollary 5.3.15.
We then use the Riemann—Hilbert and solution functors to deduce the corresponding duality statement for
Q -coefficients. Finally, we show that a smooth proper morphism of dimension d has cohomological dimension

2d on the subcategory of perfect complexes of gp—modules.

6.1. The Fargues—Fontaine curve. In this subsection, we recall the definition of the relative (analytic)
Fargues-Fontaine curve FFg associated to a perfectoid space S over Spa(Qy,Z,), following [FS26, §II.1].
We then collect several fundamental properties of these curves. In particular, we express the co-category of
analytic perfect complexes on FFg in terms of the oo-categories of perfect complexes of B;-modules on the
v-site of S for I = [1,1] and I = [1,p]. This will be crucial in later subsections for defining and studying the
category Perf,,(FF x;O) for an arbitrary diamond X over Spd(Q,, Zj).

Throughout this subsection, we let S be a fixed affinoid perfectoid space over Spa(Q,, Z,). We also let
(Adic)an denote the category of analytic adic spaces endowed with the (big) analytic topology. While this
forms a site in the sense of [SP26, Tag 00VH], we caution that (Adic)an does not admit arbitrary finite limits.

For S as above, Definition 2.1.3 yields the relative Fargues—Fontaine punctured open disk Yg, equipped
with the Frobenius automorphism ¢: Y5 — Ys. By [FS26, Prop. I1.1.16], the action of % on Yy is free and
totally discontinuous. Consequently, the naive quotient FFg := Ys /%, formed in the category of topologically
locally v-ringed spaces (see [Zav24, Def. 4.1.2]'%), naturally inherits the structure of an analytic adic space.

1GStrictly speaking, [Zav24, Def. 4.1.2, Rmk. 4.1.3, and Lem. 2.1.2] ensure that X/G is a categorical quotient in the category
of topologically locally v-ringed spaces only when the group G is finite. However, the argument in loc. cit. never used that G is
finite and, thus, it applies to any group G.
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Definition 6.1.1. The relative Fargues—Fontaine curve FFg := Ys/Z is the quotient of Ys by the action of
Frobenius. We denote by 7g: Ys — FFg the projection morphism.

Since the action of p?Z is free and totally discontinuous, every point x € FFg admits an open neighborhood
U, such that the map wgl(Uz) — U, is isomorphic over U, to the projection U, x Z — U,. This leads to the
following conclusion:

Remark 6.1.2. The projection morphism 7g: Ys — FFg realizes FFg as the ¢Z-quotient of Yy formed in
the category Shv((Adic) AN; Set). Indeed, this claim is local on FFg in the analytic topology, so it suffices to
prove an analogous claim for the projection U x Z — U, which is evident.

The primary downside of Remark 6.1.2 is that Yg is not affinoid or even quasi-compact: this complicates
the use of descent along wg to compute the category of perfect complexes (or vector bundles) on FFg. To
remedy this, we present FFg as a gluing of two affinoid subsets by identifying a suitable “fundamental domain”
for the action of % on Yg. But before we do this, we need the following general lemma.

Lemma 6.1.3. Let X be an adic space over Spa(Zy,, Z,) which is either locally noetherian or sousperfectoid.
Let j: U < X be an open immersion and let m: X' — X be an étale map. Set U' =U xx X', Z = | X|\|U|,

—  — +
and Z' = | X'| U gt Z' = Z is bijective and the induced map (k(m(z")), k(m(z")) ) —

—
(k(:v’), k(z') ) is an isomorphism for any ' € Z'. Then the fiber square of analytic adic spaces

U’ i X/
U—l X
is a pushout square in Shv((Adic)an;Set) and in Shv((Adic)an; Ani).

While the assumptions on X should not be necessary, we included them to streamline the proof.

Proof. The proof of Lemma 3.3.11 apphes almost verbatim in this s1tuat10n We only need to address two

things: {U 4 X x5 X} and {X' & xr xx X' U xy U L X xx X } are coverings in the big
analytic topology.

For the first claim, it suffices to show that, for each x € Z, there is an open subspace x € V, C X
such that W’rl(vz): 7 1(V,) — V, admits a section. By assumption, there is 2’ € X’ such that 7(2') = .

Since 7 is étale, we know that 7 is an open map. Thus it suffices to find an open subspace 2’ € V! C X’
such that W’V,: V) — w(V]) is an isomorphism. This follows immediately from our assumption that
(k(w(2)), k(m(z')) ) — (k(z'),k(z") ) is an isomorphism and [FS26, Lem. IV.4.14] (note that d = 0 due to

étaleness of 7).!"

For the second claim, we first observe that X’ <£> X' xx X' and U xy U’ ST X x x X' are both open
immersions due to the assumption that 7 is étale and j is an open immersion. Therefore, it suffices to show
that A and j' xx j are jointly surjective, i.e., | X' xx X'\ U’ xy U’| lies inside |A|(|X’]). The assumption
40 2" — Z is bijective imply that [X' xx X'\ U" xy U'| ~
7' xz 7' ~|A|(Z') C |A|(|X']). This finishes the proof. O

To apply Lemma 6.1.3 to our setting, recall from Definition 2.1.5 that every closed interval I C (0, 00)
with rational endpoints determines an open affinoid subspace Ys ; C Yg, which we call the Fargues—Fontaine
annulus of radius I.

Notation 6.1.4. Let S be an affinoid perfectoid space over Spa(Q,, Zy,).

(1) (Inclusion map) We denote by incl: Y 1 1) = Y [1,,] the natural inclusion of relative Fargues—Fontaine
annuli.

7The statement of [FS26, Lem. IV.4.14] assumes that X is sousperfectoid, but the proof applies to any locally noetherian
adic space over Spa(Zp, Zp).
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(2) (Frobenius map) We denote by @: Yg 1.1 < Yg 1,5 the composition Yg 1 RN Yspp < Ys,1,p of
the Frobenius isomorphism followed by the natural inclusion.
With this notation, we are finally ready to prove the following lemma:

Lemma 6.1.5. Let S be an affinoid perfectoid space over Spa(Qp, Zy) and let FFg be the associated Fargues—
Fontaine curve. Then the following square

inclU @
Y, U Y > Vs
6.1.6 . i
( ) llduld 7Ts| l s’YS,[l,p]
Ys,[1,1]

Ys,11,1] FFg

is a pushout square in Shv((Adic)an;Set) and in Shv((Adic)an; Ani).

Proof. We only need to verify that Diagram (6.1.6) satisfies the assumptions of Lemma 6.1.3. First, we note
that FFg is sousperfectoid because Yg is sousperfectoid (see the proof of [F526, Prop. I1.1.1]) and the action
of ¢?% is free and totally discontinuous. Furthermore, this freeness and total discontinuity ensure that the
restriction Ws‘ysy[lyp] : Ys 1,5 — FFs is étale and induces an isomorphism on residue fields.

To verify the remaining properties, namely, that 7T5|ys,[1,1] is an open immersion, Diagram 6.1.6 is cartesian,
and 7slyy,, ,, is bijective away from Yg 1 1)U Ys () = Im(incl U @), it suffices to show that if y € Ys 1

and n € Z ~ {0} satisfy ¢"(y) € Yg 1,5, then either y € Yg 3y and n =1, or y € Yg [, ) and n = —1.

P

To see this, we choose p’ € (’);”(S) as in Notation 2.1.1. Suppose y € Yg ;) is a point such that
©"(y) € Y1, for some n > 0. Because ©([p°]) = [p°]? and ¢(p) = p, the point y must satisfy the following
inequalities:

PP < [’](®)] < [p(y)] and [p(y)” < [P) )" < [p(y)]-

Given n > 0, these inequalities hold if and only if n = 1 and |[p°](y)| = |p(y)|, which precisely means
y € Yg1,1). A symmetric argument shows that if n < 0 and ¢"(y) € Yg 1], then y € Yg, ) and n = —1.
This completes the proof. O

Corollary 6.1.7. Let S be an affinoid perfectoid space over Spa(Qp,Z,) and let FFg be the associated
incl

relative Fargues—Fontaine curve. Then the diagram (YS’[M] _ ; YS,[l,p]) — FFg is a coequalizer diagram
@

in Shv(Adican; Ani).
Proof. This follows immediately from Lemma 6.1.5 and (the dual version of) [Lur26, Tag 03HC]. O

Finally, we wish to use Corollary 6.1.7 to describe Perf,,(FFg; O) in terms of perfect complexes of By(S)-
modules for I = [1,1] and I = [1,p], which we can further relate to Perf,(S;B;) due to Theorem C.6.10.
Before we do this, we introduce the following notation:

Notation 6.1.8. Let S be an affinoid perfectoid space over Spa(Q,, Z,).
(1) (Restriction map) We denote by

res: B[LP](S) — B[l,l] (S)

incl

the map induced by the map Y 1,1] < Yg (1,5 (see Notation 6.1.4 1) and by res*: Perf(By; ,;(5)) —
Perf (B[l’u (S)) the induced pullback functor.
(2) (Frobenius map) We denote by

@: B p)(S) = By (9)

the map induced by the Frobenius morphism Yg 1 1) 4 Ys,[1,p], see Notation 6.1.4 2. We denote by
@*: Perf (B ) (S)) — Perf (B 1)(S)) the induced pullback functor.

Notation 6.1.9. Let X be a diamond over Spd(Q,,Z,).
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(1) (Restriction map) Since affinoid perfectoid spaces form a basis for the v-topology on X, Notation 6.1.8 1
defines a morphism of period sheaves
res: B[LP] — B[l,l]
on the v-site of X. We denote by — ®I]§[ Byy,1: Perf, (X; B[l,p]) — Perf, (X; B[Ll]) the induced
tensor product functor.
(2) (Frobenius map) Similarly, Notation 6.1.8 2 defines a morphism of period sheaves

1,p]-res

©: By = B

on the v-site of X. We denote by — ®§ s Bpy: Perf, (X;Bpp)) — Perf, (X;By,1)) the induced

[1,p]»
tensor product functor.
Corollary 6.1.10. There are equivalences
res™ ®Ié[1ypl’rcsB[1’1]
—_— _
Perf,,(FF_; 0) ~ eq(Perf(B[Lp](—)) _ Perf(B[Ll](—))) ~ eq(PerfU(—;B[Lp]) = Perfv(—;B[l,l]))
¢ By ¢ Bl

of functors Perfd?g’jp — Cat®.

We recall that Cat® ~ CAlg(Caty,) denotes the co-category of symmetric monoidal co-categories. Note
that [[IM24, Lem. B.2.4(i)] ensures that the forgetful functor Cat® — Caty, is conservative and commutes
with all limits. In particular, we note that a Catg—valued presheaf is a sheaf if and only if the associated
Cato-valued presheaf is a sheaf. We will freely use this observation in the proof.

Proof. The functor Perf,,(—;0): Adic®® — Cat® is an analytic sheaf of oo-categories. Thus, [Man22,
Lem. A.3.4] implies that Perf,,(—; Q) essentially uniquely extends to a limit-preserving functor

Perf,,(—; O): Shv(Adican; Ani)°P? — Cat®.
By construction, the functor Perf,, (FF_; Q) is equivalent to the composition of functors

Perfan(—;O
_—

Perfdi” T Shy(Adica, Ani)*? )\ Cat® .

Since Perf,,(—;0): Shv(Adican, Ani)°P — Cat® is a sheaf, it is a limit-preserving functor. Thus, Corol-
lary 6.1.7 implies that we have an equivalence of functors

incl*

Perfa,(FF_; 0) ~ eq(Perfan(Y_ (1)) _ ! Perfon (Y- 1,1)))-
@

Finally, since Yg |1 ;) and Yg 1 1) are affinoid adic spaces, [And21, Th. 1.4] and Theorem C.6.10 imply that

*

incl*

eq(Perfan (Y- [1,5)) 3 Perfan(Y_ 1,1))) = eq(Perf(Byy (=) 2 Perf(Byi,yy(-)))
@ ?

L
®B, resBI1,1]

—r
~ eq(PerfU(—;B[l’p]) Perfv(—;B[l’l])). O

L
®B[1yp]y@B[1=1]

6.2. Analytic perfect complexes on the Fargues—Fontaine curve. In this subsection, we define and
study the correct category Perf,,(FFx; Q) of “analytic perfect complexes on the relative Fargues—Fontaine
curve FFx” for any diamond X over Spd(Q,,Z,). Unlike the case of an affinoid perfectoid space X, we
do not have any actual adic space FFx, so we cannot directly define Perf,,(FFx; O) as perfect complexes
on a certain analytic site of FFx. In fact, the relative curve FFx exists only as a diamond, which is not
good enough to capture the category of analytic perfect complexes. Instead, we define Perf,,,(FFx; Q) via
the formula from Corollary 6.1.10. Alternatively, one could have defined Perf,,,(FF x;O) by resolving X via
perfectoids in the v-topology; we show that these two approaches give the same answer. However, we warn
the reader that Perf,, (FFg; Q) is not equivalent to PerfU(FFg; O) even when S is an affinoid perfectoid space
over Spa(Qp,Z,) (see Warning 6.2.3).
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Definition 6.2.1. We define the functor Perf,, (FF_; O): Diamc/)gp — CAlg(Cato) as the following equalizer

L
®B[1,p],resB[1v1]

Perf,, (FF_; 0) := eq(Perfv(—;B[l’p]) Perfv(—;B[lyl])) .

L
OBy, 5.3 B

] 3’
By construction, Perf,,, (FF_; O) comes equipped with a conservative symmetric monoidal functor
7" ¢ Perfo, (FF_; O) — Perf,(—; By ).

Definition 6.2.1 might initially seem counterintuitive, as we define analytic sheaves on the relative Fargues—
Fontaine curve in terms of v-sheaves on X. However, this notation is justified by Remark 6.2.2 below.
Conceptually, one can view Perf,,, (FF x; O) as complexes that behave as v-sheaves in the “X-direction” and
as analytic sheaves in the “Fargues—Fontaine direction” (see Remark 6.2.7 and Remark 6.2.8 for precise
statements).

Remark 6.2.2. Corollary 6.1.10 guarantees that, for an affinoid perfectoid space S over Spa(Q,, Z,), there
is a natural equivalence Perf,, (FFg0;O) ~ Perf,,(FFg;O). Here, Perf,,(FFg0;O) is the category from
Definition 6.2.1 and Perf,, (FFg; O) is the usual category of analytic perfect complexes on the adic space FFg
(see Definition 6.1.1). This equivalence justifies the notation Perf,,(FFx; Q) used in Definition 6.2.1.

For the purposes of Definition 6.2.1, the notation “Perf,,(FF x; O)” can simply be treated as an indivisible
formal symbol. While it is true that any diamond X over Spd(Q,,Z,) yields a diamond FF% = Spd Q, x
X /(% xid) equipped with a structure v-sheaf OFF% (via its projection to Spd(Qy, Z,) as in Definition 3.1.1),
evaluating v-complexes on this space will not recover the analytic category we just defined.

Warning 6.2.3. There is a natural functor Perf,,(FFx;0) — Perfv(FFg(; O) for any diamond X over
Spd(Qp,Z,). However, even when X is an affinoid perfectoid space over Spd(Q,, Z,), this functor fails to be
fully faithful or essentially surjective. This failure is visible on derived global sections: for X = Spd(C,, Oc, ),

we have RI,,, (FF x; O) ~ Q,[0], while RI‘v(FF?(; 0) ~ Q,[0] ® Qp[—1].
By construction, the oo-category Perf,,(FFx; Q) has a natural pullback functoriality.

Remark 6.2.4. By definition, the assignment X + Perf,,(FFx;0) € Cat® is functorial in Diam‘fgQ . In
P

other words, for any morphism of diamonds f: X’ — X over Spd(Qp,Z,), there is a specified symmetric
monoidal pullback functor fip: Perfa, (FFx;O) — Pert,, (FFx/; O) that fits into the following commutative
diagram:

<

DB, res Bl

Perf,,(FFx; O) S SN Perf,(X;Bp ;) Perf, (X;Bp,1)
®Il§ '(,;B[l,l]
[1,p]
(625) fop f':,[l,p] f::,[l,l]
i DB, ) res B
Perf o, (FFx/; O) ———— Perf,(X'; B ) Perf,(X'; By 1))

L
®B[1,p]";B[1’1]

Lemma 6.2.6. The functor Perf,,(FF_; O): Diam?gp — Cat® is a hypercomplete v-sheaf of co-categories.

Proof. Since hypercomplete v-sheaves are closed under limits, it suffices to show that Perf,(—; B; ;) and
Perf, (—; By1,1)) are hypercomplete v-sheaves of symmetric monoidal oo-categories. This follows immediately

from Lemma B.3.1 and the observation that Cat2 — Cate, is conservative and commutes with all limits (see
[HM24, Lem. B.2.4(i)]). O

Lemma 6.2.6 provides a systematic way to compute Perf,,(FF x; O) for any diamond X over Spd(Q,, Z))
in terms of affinoid perfectoid spaces mapping to X.
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Remark 6.2.7. As a direct consequence of Remark 6.2.2 and Lemma 6.2.6, for any diamond X over
Spd(Qp, Zy,), there is a canonical identification Perf,, (FFx; O) ~ limg_, x Perf.,(FFg:; O), where the limit
is taken over the category of affinoid perfectoid spaces equipped with a morphism S — X.

In fact Perf,,(FF_; O) is the essentially unique way to extend Perf,,(FF_; O): Perfdgi")p — CatZ to a
hypercomplete v-sheaf on Diam?gp, by the following remark:

Remark 6.2.8. Recall that affinoid perfectoid spaces over Spd(Q,, Z,,) form a basis of the v-site of Spd(Q,, Z,).

Therefore, [Aok23, Cor. A.7] ensures that Perf,,(FF_;O): Diam‘;l(’2 — Cateo is the (essentially) unique

extension of Perf,,(FF_;O): Perfdj‘g’:p — Cato to a hypercomplete sheaf on Diam q, .

While we could have used [Aok23, Cor. A.7] in order to define Perf,, (FFx;O), we find Definition 6.2.1
easier to work with for our purposes.
We end the section by recording the following construction:

Construction 6.2.9. Let X be a diamond over Spd(Q,,Z,). We define the functor % : Perf,,(FFx;O) —
Perf, (X;O) as the composition of functors
% 7®LB‘[1,p],9 ©
Perfo, (FFx; 0) 5 Perf, (X; B ) ——— 22— Perf,(X; 0),
where 7% is from Definition 6.2.1 and 6; ;] is from Construction 5.2.17.
When X = S is an affinoid perfectoid space with a map S — Spd(Q,Z,) corresponding to an untilt St of
S, Corollary C.5.12 and Remark 6.2.2 allow us to identify ¢% with a functor

Perf,, (FFg1;0) — Perf((’)(Su)).
In Section 6.4, we will also discuss the pushforward functoriality of Perf,,(FF x; O).

6.3. Riemann—Hilbert and solution functors. In this subsection, we discuss the Riemann—Hilbert and
solution functors relating Perf, (X; gp) to Perf,, (FF x; O) for any diamond X over Spd(Q,, Z,). To rigorously

define these functors, we introduce an auxiliary oco-category D'(FF x; O) that contains Perf,, (FFx; O) as a
full subcategory. While our definition of D’ is somewhat ad hoc, its primary advantage is presentability, which
allows us to construct the desired adjoints via the Adjoint Functor Theorem.

Throughout this subsection, we fix a diamond X over Spd(Q,,Z,). In what follows, we will freely use the
fact that the co-category D(X,;Br) is presentable for any small v-stack X and closed interval I C (0, c0)
with rational endpoints (see [Lurl7, Prop. 1.3.5.21]).

Definition 6.3.1. We define the functor D’(FF_; O): Diam’?

/Q, CAlg(Pr") as the equalizer

/ ®Ié[1-p]’resB[1’l]
D'(FF_;0) = eq(D(—v;B[Lp]) D(—U;B[Ll])) .
®B, Bl

By construction, the oco-category D'(FF_; O) comes equipped with a conservative symmetric monoidal functor
7% D'(FF_;0) = D((—)v; Bi1p))-

Let us first unpack this definition to see what kind of structure D'(FF x; O) admits.

Remark 6.3.2. Recall that CAlg(PrL) is the oo-category of presentably symmetric monoidal oco-categories.
Therefore, for each diamond X over Spd(Qp, Z,), the co-category D' (FF x; O) is presentable and is naturally
a symmetric monoidal category such that the tensor product functor, which we denote by

—®4 —: D'(FFx;0) x D'(FFx; 0) — D'(FFx; 0),
commutes with colimits in each variable. Furthermore, the CAlg(Pr")-functoriality of this construction ensures
that, for every morphism f: X’ — X in Diam /Q,» there is a specified symmetric monoidal colimit-preserving

pullback functor fip: D'(FFx;O) — D'(FFx/; O). This pullback functor fits into a diagram analogous to
(6.2.5).
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Remark 6.3.3. Since D'(FF x; Q) is a presentably symmetric monoidal category, it is a closed symmetric
monoidal category in the sense of [Lurl7, Def. 4.1.1.15]."% Thus, [Lurl7, Rmk. 4.2.1.31 and Ex. 4.2.1.32]
imply that we get an internal Hom functor on D'(FF x; O), which we denote by

R%”omppx (—, —)I D/(FF)(; O)Op X D/(FF)(; O) — D/(FF)(; O)
We also provide a more explicit description of objects of D'(FFx; O).

Remark 6.3.4. Since the forgetful functor CAlg(Pr") — Cat,, commutes with limits ([Lur09, Prop. 5.5.3.13],
[Lurl7, Cor. 3.2.2.5]), we can apply [Lur26, Tag 03H9] to explicitly describe the objects of D'(FFx;O).
Specifically, they can be identified with pairs (F,a), where F' € D(X,;Bp ;) and «a is an isomorphism

a: F®I]§[ 5B — F®I}§[1p By

1,p]»¥ ,p] T€s

Furthermore, the symmetric monoidal oo-category D' (FF x; O) recovers Perf,,(FF x; O) by passing to the
subcategory of dualizable objects.

Construction 6.3.5. [Lurl7, Prop. 4.3.1.11] and [SP26, Tag OFPV] ensure that the category of dualizable
objects in D'(FF x; O) is canonically identified with Perf,, (FF x; Q). In particular, we have a canonical fully
faithful functor

jFFX : Perfan(FFX; O) — 'D/(FF)(; O)
We now turn to the construction of the Riemann-Hilbert functor RHx : D(X,; gp) — D'(FFx; O) and its
right adjoint Soly : D'(FFx; O) — D(X,; gp). The definition of RH relies on the following universal property
of our auxiliary category:

Remark 6.3.6. For any C € CAlg(Pr"), the mapping space into the equalizer D'(FF x; ) is naturally
identified as:

BB, yresBIL1)

Mapgaig(prty (C, D' (FFx;0)) ~eq | Mapgajger) (C, D(Xw; Biip)) — = Mapgaig(ert) (€ D(Xw; B y))
OBy, 3Bl

By [Lur26, Tag 03HA| and [Lur26, Tag 03H9], this implies that constructing a colimit-preserving symmetric
monoidal functor D(Xv;gp) — D/'(FFx; ) is equivalent to specifying a symmetric monoidal, colimit-
preserving functor F': D(X,; 9,)) — D(Xy;Bp1p)) together with a natural equivalence

a: F(_) ®%[1,p]75 B[l,l] ; F(_) ®g[1)p],res B[l,l]'

To use this observation, we note that, for each closed interval I C (0, 00) with rational endpoints, there is
a canonical morphism ¢;: Zp — Aj coming from the fact that Ay is a p-complete sheaf of Z,-algebras (see
Lemma 3.1.11). In particular, it induces a canonical morphism ¢;: gp — By. This leads to the following
construction:

Construction 6.3.7. To define the functor RHy: D(Xv;gp) — D'(FFx;0) in CAlg(Pr"), we use the
equivalence from Remark 6.3.6 and specify the pair (F,«). First, we set the functor F' to be:

Fi= =4 ., Bug: DX Q) = DX Byyy).

Next, we define « as the natural isomorphism arising from the fact that the two distinct compositions mapping
gp to By 1) are identical; namely, both

(@, By " Byy) and (Q, % By, 5 Byy)
are equal to the canonical map ¢y q): gp — B 1

1814 justify that D’'(FF x; ) is closed, it suffices to show that FF @ —: D'(FFx; O) — D’(FF x; O) admits a right adjoint.
This follows from the fact that it commutes with colimits and [Lur09, Cor. 5.5.2.9]


https://kerodon.net/tag/03H9
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Variant 6.3.8. Because RHy: D(Xv;gp) — D/(FFx;0) is a symmetric monoidal functor, it preserves
dualizable objects. Consequently, by Construction 6.3.5 and [SP26, Tag 0FPV] applied to D(Xv;gp), it
restricts to a symmetric monoidal functor RHy : Perf, (X; gp) — Perf,, (FF x; O) that fits into the following
commutative diagram:

Perf,(X; Q) — M, Perf,, (FFy; O)

\[jx \[jFFX

D(X,;Q,) ————— D'(FFx;0),

where jx is the natural embedding.

Variant 6.3.9. We also denote by RH?{ : Perf, (X;Z,) — Perf,,(FFx;O) the composite functor

Perf,(X;Z,) — Perfv(X;Qp) Rix, Perf,, (FFx; O).

RHZP g
Remark 6.3.10. By construction, the composition Perf, (X; Z,) —— Perfa,(FFx; O) — Perf, (X; By )
is canonically identified with the functor — @y By ,): Perf,(X;Z,) — Perf,(X; By p)).

We now define the solution functor.

Construction 6.3.11. Because RHy : D(X,; gp) — D'(FF x; O) is a colimit-preserving symmetric monoidal
functor between presentable categories, the Adjoint Functor Theorem [Lur09, Cor. 5.5.2.9] and [HM24,
Lem. B.1.12(i)] guarantee the existence of a lax symmetric monoidal right adjoint:

Solx: D'(FFx;0) — D(Xv;gp).

By a slight abuse of notation, we also use Solx: Perf,,(FFx;O) — D(Xv;gp) to denote the restriction of
this adjoint to the subcategory Perf,,(FFx;O).

This functor admits an explicit description.

Remark 6.3.12. Using the identification from Remark 6.3.4 and [HM24, Lem. D.4.7], Solx : D/(FFx;O) —
D(Xv;gp) can be computed by

aoPp

res res —ao@
(F, Oé) = eq ( F *>*> F ®%[11p],res B[l,l] > =~ fib (F — ®g[1yp],res B[l’ll) ’

where res: F' — F®%[ B and ¢: F — F(X)If;[1 "
Corollary 6.1.10, and the fact that affinoid perfectoid spaces form a basis on X, the restricted functor
Solx : Perf,,(FFx;0) — D(X,; 9;7) can be informally described by the assignment

e 5 Bi,1) are the natural maps. Using Remark 6.2.7,

Perf,,(FFx;0) 3 P+ (S Rlan(FFg:, Pler,))
where S varies over all affinoid perfectoid spaces mapping to the diamond X.
For future reference, we record the following result.

Lemma 6.3.13. Let S be an affinoid perfectoid space over Spd(Qyp,Z,) and let € — &' be a surjection of
vector bundles on FFg. Then the following statements hold:

(i) the complex Sols(E) is concentrated in degrees 0 and 1;
(ii) the natural morphism H*(Sols(£)) — H'(Sols(E')) is a surjection in Shv(Sv;gp).

Proof. Under the equivalence from Corollary 6.1.10, a vector bundle on FFg corresponds to a finite projective
By ) (S)-module My p together with an isomorphism a: res* M 4 = ©* My p. Equivalently, it is given
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—~— —_~—

by a (finite locally free) By y-module My, together with an isomorphism a: M 4 @By, ,).res B ~
My g @B, .8 Byy,1)- Then Remark 6.3.12 ensures that

res —aog

Solg(&) ~ fib (M[l,p] — M) @By res B[m]) :

So it is evidently concentrated in degrees 0 and 1. This finishes the proof of (i).
Lastly, (ii) follows immediately from (i) by observing that ker(€ — £’) is a vector bundle since it is a kernel
of a surjective morphism of vector bundles. O

Construction 6.3.14. The lax symmetric monoidal structure on Solyx provides a functorial morphism
U: Solx (F1) ®Ié Solx (F2) — Solx (F1 ®% Fa) for any Fi,Fs € D'(FFx;O). Explicitly, this morphism is

P
adjoint to the morphism

)) €F ®6 €Fy

RHy (Solx (F7) @Lgp Solx (F2)) ~ RHx (Solx (F1)) ®% RHx (Solx (F» Fi ®4 Fa,

where ez, are the counits of the (RHx, Solx)-adjunction.

Now we study the basic properties of the RH and Sol functors. We start with the following preliminary
lemma:

res —@

Lemma 6.3.15. Let X be a diamond over Spd(Qy, Zy). Then the natural morphism 917 — fib(By1 p

By1,1)) is an isomorphism.

Proof. Tt suffices to show that

(6.3.16) 0= Q (S) = By (S) = Bpyy(S) = 0

is a short exact sequence for any strictly totally disconnected perfectoid space S over X. Let S* be the untilt
of S corresponding to the composite map S — Spd(Qp, Z,). Then Corollary 6.1.10 and Corollary C.6.12

res — @

imply that R, (FFg:,O) is isomorphic to fib(By ,)(S) — By 1(S)). Thus, [FS26, Prop. 11.2.5] and
Theorem C.7.20 (iii) imply that the natural map

res —@

RFU(S’QP) ~ gp(S) — ﬁb(B[Lp](S) E— B[l,l](S)) ~ Rfan(FFSn,O)
is an isomorphism. Thus, (6.3.16) is indeed exact. O

Proposition 6.3.17. Let X be a diamond over Spd(Qp,Z,) and let P € Perf,(X;Q ). Then the unit of the

adjunction canp: P — Solx (RHx (P)) is an isomorphism.

Proof. Remark 6.3.12 implies that it suffices to show that the natural morphism

id @ res — id Qo
——"P ®L9p Bj11))

P — ﬁb(P ®L9p B[l,p]

id®res —id ®p
_—

is an isomorphism. Since P is dualizable, we conclude that fib(P ®§ By P ®§ By ~

P ®Ié fib(Bpy x5 =9, Byy,17)- Then the result follows immediately from Lemma 6.3.15. O
—P
Finally, we finish the subsection with the theorem of Anschiitz—Le Bras, which is indispensable for our

proof of the geometric duality. Before we formulate it, we note that for any Fy, Fo € D'(FF x; O), there is a
natural morphism

SO]X (R%omppx (]:1, ]:2)) — Rjiﬂomp(xv;gp) (SO]X (.7:1), SO]X (.7:2))

adjoint to the composition

Sol(ev
Solx (R A omer . (F1, Fa)) ©g Solx (F1) Y, Soly (R ompy (Fi, Fa) @ F1) “2% Soly (F),

where U is the cup-product map from Construction 6.3.14.
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Theorem 6.3.18. (Anschitz-Le Bras [ALB25, Cor. 3.11]) Let X be a diamond over Spd(Qy, Zy,). Then the
functor

(6.3.19) Solx : Perf,,(FFx;0) — D(Xy;gp)
is fully faithful. In particular, for any Fi, Fo € Perfa, (FFx; O), the natural morphism

Solx (R#ompr, (F1,F2)) = R ompx, Q) (Solx (F1), Solx (F2))

is an isomorphism.

Warning 6.3.20. We note a discrepancy in the formulation of [ALB25, Cor. 3.11]. There, Anschiitz—Le
Bras define a functor R7, that sends a complex P € Perf,,(FFx; O) to the v-sheaf (informally) given by the
assignment

aff,o
Perf)y P58+ RE,(FFgs; Plrry, ).

In contrast, our functor Solx sends P to the v-sheaf:

Perfjf;;op 5 8+ R (FFgs; Pler, ).

As demonstrated by Warning 6.2.3, these two evaluations are different. However, their argument uses analytic
Fargues—Fontaine cohomology and, in fact, works with Solx not with Rr,.

6.4. Pushforward functor. In this subsection, we define the (derived) pushforward functor for D'(FF x; O)
and show that it preserves Perf,, for smooth proper morphisms. We also prove that the solution functor
commutes with pushforward.

For the next definition, we fix a morphism f: X’ — X of diamonds over Spd(Q,, Z,). This induces a colimit-
preserving pullback functor fip: D'(FFx;O) — D'(FFx/; O), see Remark 6.3.2. Since both D/(FF x; O) and
D'(FFx/; O) are presentable, the Adjoint Functor Theorem [Lur09, Cor. 5.5.2.9] implies that fip admits a
right adjoint functor.

Definition 6.4.1. The derived pushforward functor Rfrr «: D'(FFx/; O) — D'(FFx; O) is the right adjoint
to the pullback functor fig.

Warning 6.4.2. We prefer to use the R frr . notation for this functor to be compatible with other pushforwards
used in this paper. However, we emphasize that this functor is not a right derived functor.

First, we verify that the formation of R frr . commutes with the solution functor.
Lemma 6.4.3. Let f: X' — X be a morphism of diamonds over Spd(Q,,Z,). Then the diagrams

SOIX/

D(X,:Q) M D/(FFx: 0) D' (FFyx; 0) “% D(X):Q)
lf;‘ lf;F and lRfFF,* lRf
D(X1;Q,) B, D(FF s O) D'(FFy;0) 9%, D(X.; Q)

commute. In other words, there are canonical isomorphisms of functors
ay: RHx/ofy = fipoRHx and a}: Soly oR frr «(—) = Rfy« 0 Solx/(—).

Proof. First, we note that the commutativity of the right diagram follows from the commutativity of the left
diagram by passing to right adjoints. Therefore, it suffices to show that the left diagram commutes. Using
the last sentence of Remark 6.3.2 and the definition of the RH-functor (see Construction 6.3.7), the question
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follows from the commutativity of the following diagram:

L
B
®§p,b[1’p]3[1,p] OB, ) resBl11]
D(Xu;gp) D(XU;B[l,p]) D(XU;B[Ll])
51,5y ¢ B0
fo £ 2
G 98 B
/ ©Q, .11, Blrrl , By, pres (11] )
D(Xyégp) D(X,;Bpp) D(X!;Bp.)),
@51 5 2Bl

which follows immediately from the fact that the derived oco-category D is functorial in ringed topoi and the
observation that resoi; ) = (1,1 = P o L1 p)- O

Now we wish to show that R frr . preserves dualizable objects when f is smooth and proper. We do this in
two steps: we first construct a right adjoint on the level of Perf,, and then show that it must be compatible

Lemma 6.4.4. Let f: X' — X be a smooth proper morphism of diamonds over Spd(Qp,Z,). Then the
functor fig: Perfa, (FFx; O) — Perfa, (FFx/; O) admits a right adjoint functor Rflfgf‘:: Perf., (FFx/; O) —
Perf.,(FFx; O). Furthermore, the following diagram commutes:

T OB ypres B
Perf ., (FF x/; O) N Perf,(X'; By p)) Perf, (X";Bi1))
®Iﬁ[1‘p] 7B
(6.4.5) RfFE Rfu, R fu,
™ OBy ppres B
Perf,,(FFx; O) X Perf, (X; B ) Perf,(X;Bp 1)

L
®B[1‘p],5B[111]

Proof. Corollary 5.3.13 implies that the functors f;: Perf,(X;B;) — Perf,(X’;B;) admit right adjoints
Rfy«: Perf,(X';B) — Perf,(X;Bj) for any closed interval I C (0, c0) with rational endpoints. Furthermore,
Corollary 5.3.13 ensures the natural base change morphisms (i.e., Beck—Chevalley morphisms)

Rfvy*(i) ®I]§[11p],rcs B[l,l] - Rfv,*(i ®I]§[11p],rcs B[l,l])’

Rfv,*(*) ®I]§J;[Lp]7$ B[l,l] - Rfv,*(* ®I]§[1,p],¢ B[l,l])v
are isomorphisms. Therefore, [HM24, Lem. D.2.14] implies that the functor fip: Perf,,(FFx;0) —
Perf,, (FFx/; O) admits a right adjoint making Diagram (6.4.5) commute. O

Finally, we wish to compare R f}%‘?i to the other pushforward functor R frg . from Definition 6.4.1.

Lemma 6.4.6. Let f: X' — X be a smooth proper morphism of diamonds over Spd(Qp,Z,). Then the
diagram

JFFX/

Perf o, (FFx/; O) D'(FFx:;0)
(6.4.7) J{R fRert JRfFF,*
Perf,, (FFx; O) T D'(FFx;0)

commutes, i.e., there is a natural equivalence of functors By: jrr, © RfEEE — Rfrr . © JFFy, - In particular,

Rfrr«: D'(FFx;O) — D'(FFx; O) sends dualizable objects to dualizable objects.

Proof. First, we note that the last sentence of the lemma follows immediately from the commutativity of
Diagram (6.4.7) and the observation that Perf,,(FF_; Q) is exactly the subcategory of dualizable objects in
D'(FF_; O) (see the first sentence of Construction 6.3.5).
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Now we show that Diagram (6.4.7) commutes. Since jrp, and jpr,, are fully faithful and both R fblfl'%ri and
R frr,« are defined as right adjoints to the corresponding pullback functors, it suffices to show that R frr «
sends Perf,,,(FFx/; O) to Perf,, (FF x; O). Informally, this obviously follows from Corollary 5.3.13 since the
pullbacks f¥: Perf,(X;By) — Perf,(X’;By) for each I C (0,00) admit right adjoints which commute with
the pullbacks in the diagram defining Perf,,(FFx; Q). The rest of the argument is devoted to spelling out
this argument in a rigorous way.

In order to do this, let Z be the co-category associated with the category e :; e . Furthermore, let
Fx: T — Caty be the functor associated with the diagram

®g[1,p],resB[1v1]
D(Xy; Bpp)) D(Xy; Bpiy))
8 B

(1,p]>%

and Ex = [;(Fx) — I be the associated cocartesian fibration (see [Lur26, Tag 026J] and [Lur26, Tag 026K]).
We define Fx:: T — Caty and Ex» — Z in the analogous way. The pullback functoriality gives us a natural
transformation of functors f*: Fiy = Fx which translates into an Z-morphism &£¢-: Ex — Ex/ sending
cocartesian edges to cocartesian edges (see [CN22, Th. 8.16]).

Analogously, we define 5§erf C Ex be a cocartesian subfibration over Z corresponding to Perf,,(FF x; O)
and EXST C Ex/ corresponding to Perf,, (FF'y; O) respectively. Since the v-pullback preserves B-perfect
complexes, the functor £y« restricts to a functor £« : ELert — gherf,

By virtue of [Lur26, Tag 02TK], we can identify D' (FF x; O) ~ lim Fx with the co-category Fun%ja”rt (Z,&x)
of cocartesian section of Ex — Z. Similarly, we identify Perf,,(FFx; Q) ~ Fun?zC at(z, exet), D' (FFx/; O) ~
Fun%Cart (Z,Ex/), and Perf, (FFx/; O) ~ Fun%ca]rt (Z, &85 ).

Since £y« preserves cocartesian section, it induces functors ;- : Fun/czc art(, Egerf)) — Fun?zc art (T, Sgerf))
which coincide with fip: D'(FFx;0) — D'(FFx/; O) and ffip: Perf,n(FFx; O) — Perfa, (FFx/; O) under
the identifications from above. Similarly, it also induces a functor &, 7+ Fun,z(Z, Eg’erf)) — Fun,7(Z, Egerf))
on the oco-categories of all sections.

The functor R frr . corresponds to a functor G': Fun/CIC YT Exr) — Fun(/jIC a(T, Ex) which is right adjoint
to Ef«. Our goal is to show that G sends elements of Fun?IC (7, £85) to Fun/CIC art (7, £%er). The problem is
that it is quite complicated to compute G explicitly because it is not clear whether the termwise right adjoint
to £+ preserves cocartesian sections.

To avoid this issue, we use [HIY17, Def. 4.1 and Prop. 5.1] to ensure that the functor gf* : Fun,z(Z,&x) —
Fun,7(Z,Ex+) admits a right adjoint G: Fun,7(Z,Ex+) — Fun,z(Z, £x) which is term-wise given by the right
adjoint to f*. Therefore, it suffices to show that G sends elements of Fun/CICart (Z,E55) to Fun(/jzCart (Z,E8erh).
Indeed, using the fact that gf* SO (Z.ex) &+, this would imply that G(c) = G(c) for any ¢ €

/z :
Fun(r " (Z, EX5F) and, thus, we would have G(c) € Fun7*"*(Z,£X™) for any such c.
In other words, we need to show that for any P € Fun?IC art(7, £8s) ~ Perf,, (FF x/; O), the corresponding

section G(P) is cocartesian (i.e., sends edges of Z to cocartesian edges of Ex). If we unravel what this means
and use [Lur26, Tag 01TB], we see that this is equivalent to showing that, for any P; € Perf,(X’; By) for
I =[1,1] or I =[1,p], the object Rf, .Pr lies in Perf,(X;B;) and the natural transformations of functors

Rfvy*(i) ®I]§[1,p],res B[l,l] — Rfvy*(i ®I]§[1,p],res B[l,l]) and Rfvy*(i) ®I]§[1’p],$B[1,l] - Rfv,*(i ®If3[1’p],[5B[1,1])

are equivalences of functors Perf,(X’"; By ) — D(Xy; By 1)). Both results follow immediately from Corol-
lary 5.3.13. This finally finishes the proof. 0

As a first application of these results, we show that the pushforward on the Fargues—Fontaine curve is
compatible with the pushforward on the v-site with respect to the ¢’ -functor from Construction 6.2.9.
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Corollary 6.4.8. Let f: X' — X be a smooth proper morphism of diamonds over Spd(Q,,Z,). Then the
diagram

Perfun(FFx/: 0) — = 5 Perf, (X'; )
(649) lRfFF,* lRfv,*

Perf o, (FFx; 0) ———=— Perf,(X;0)

commutes, i.e., there is a canonical isomorphism of functors 1% o Rfrp .« — Rfy « 0 t5.

Proof. The result follows immediately from Lemma 6.4.6, Lemma 6.4.4, and Corollary 5.3.14 applied to
I=1[1,pl. O
As another immediate application of Lemma 6.4.6, we show that v-cohomology of gp—local systems are
always Banach—Colmez spaces. For this, we recall the precise definition of relative and absolute Banach—Colmez
spaces.
Definition 6.4.10. The oo-category of relative Banach—Colmez spaces on X is the full co-subcategory
D(gzzg(Xv; gp) C D(Xy; gp) of objects which v-locally on X lie in the smallest idempotent complete stable
oo-subcategory generated by gp and Ox.

Remark 6.4.11. [ALB25, Rmk. 3.12] ensures that Df;;}g(xv;gp) is equal to the essential image of the

solution functor Solx : Perf,,(FFx;0) — ’D(Xv;gp).

Now assume that X = Spd(C, O¢) for an algebraically closed nonarchimedean field C' of mixed characteristic
(0,p).
Definition 6.4.12. The category of Banach—Colmez spaces on Spd(C, O¢) is the minimal weak Serre sub-
category #%(C) C Shv(Spd(C, Oc)v;gp) containing Qp and Ox. We denote by Dgg%(Spd(C’, Oc)u;gp) C
D(Spd(C, O¢)w; gp) the full subcategory consisting of bounded objects whose cohomology sheaves lie in
PBE(C).

Remark 6.4.13. A priori, the notation Dgzg(Spd(C, (’)C)v;gp) from Definition 6.4.10 conflicts with the

notation Db%%(Xv;gp) from Definition 6.4.12 when X = Spd(C,O¢). However, there is no real conflict
since these two categories coincide. Namely, Remark 6.4.11 ensures that it suffices to show the essential
image of Solspa(c,00): Perfan(FFc; O) — D(Spd(C, Oc)v;gp) coincides with D%..(Spd(C, Oc)v;gp) in the
sense of Definition 6.4.12. Recall that [LB18, §5.2, Cor. 6.10, Th. 7.1] construct a “perverse” t-structure

on Perf,, (FF¢; O) which is bounded and such that Sol is t-exact with respect to the perverse t-structure
on Perf,, (FF¢; O) and the usual ¢-structure on D(Spd(C, (’)C)U;Qp) and, furthermore, Sol identifies the

heart of the perverse t-structure with #%(C'). Combining this with the fact that Sol is fully faithful (see
Theorem 6.3.18), we conclude that the essential image of Sol: Perf,, (FF¢; O) — D(Spd(C, O¢)y; gp) is equal
to D%%(Spd(C, (’)C)v;gp).
Theorem 6.4.14. Let f: X — Y be a smooth proper morphism of diamonds over Spd(Qy,Z,) and let
& € Perf, (X;gp). Then Rf, € lies in D%?Zg(yv;gp), In particular, if Q, C C is an algebraically closed
nonarchimedean field and Y = Spd(C, O¢), then R'f, .E € BE(C) for any i € Z.
Proof. We start by showing the first claim of the theorem. For this, Proposition 6.3.17 ensures that, for
P :=RHx(E) € Perf,n(FFx; O), we have Solx (P) ~ £. Then Lemma 6.4.3 implies that

Rfy+€ ~ Rf, .« Solx (P) ~ Soly (RfFF,*P).

Therefore, Remark 6.4.11 ensures that it suffices to show that R frp P lies in Perf,, (FFy; Q). This follows
automatically from Lemma 6.4.6.

If Y = Spd(C, O¢), the fact that R’ f,, € lie in € (C) for any i € Z follows immediately from the previous
discussion and Remark 6.4.13. O
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As another application of Lemma 6.4.6, we prove the Fargues—Fontaine version of the primitive comparison
theorem.

Corollary 6.4.15 (Primitive Comparison Theorem). Let f: X' — X be a smooth proper morphism of
diamonds over Spd(Qp, Z,). Then the following diagram

RHZZ
Perf,(X';Z,) — Perfa,(FFx/;0)
J{Rfv,*(—) J{RfFF,*(—)
Zp

Perf,(X;Z,) 2 Perf,,(FFy;O)

commutes, i.e. there is a canonical isomorphism of functors 7y RH)Z(P (Rfm*(—)) = RfFF (RH?{?(—)).

Remark 5.3.9 guarantees that Rf, .(—) preserves perfect complexes of Z -modules.

Proof. We first define the transformation 7: RHx (Rfv,«(—)) = Rfrr,« (RHx/(—)) as functors D(X{);gp) —
D'(FFx; O). Namely, this is the transformation adjoint to the composition

RHy/(ef)

a_loRf,,,,*
fip o RHx oRf, . ———— RHx-of} o Rf, . RHx,

where o is the isomorphism from Lemma 6.4.3 and €y is the counit of the (f},Rf, «)-adjunction.
Combining this transformation with the natural functor Perf, (X', Z,) — D(X}; gp), we get the desired

transformation vy : RH)Z(” (Rfvs(=)) = Rfrp (RH?{?(—)).

Now we show that vs is an isomorphism. After unraveling all the definitions (see Definition 6.2.1,
Lemma 6.4.4, and Construction 6.3.7), the question boils down to showing that the natural base change
morphism

(RfoP)©5 Br = Rfo.(P g Br)
is an isomorphism for P € Perf,(X’;Z,) and I = [1,1] or I = [1,p]. This follows immediately from
Lemma 3.6.7. U

6.5. Geometric Duality. The main goal of this subsection is to prove a geometric duality statement for a
smooth proper morphism of diamonds over Spd(Q,, Z,). We start with the definition of the trace morphism.
Definition 6.5.1. Let f: X’ — X be a smooth proper of equidimension d morphism of diamonds over
Spd(Qp, Zy), and let € € Perf,,(FF x/; O) with the evaluation map eve: €Y @ & — Opp .

(1) The trace map of f is the morphism

o RHZP (t:77)
57 : Rfpr .« Orr , (d)[2d] = RHY (Rf, .2, (d)[2d]) — ' RHZ(Z,) ~ Opr,

where the first isomorphism comes from Corollary 6.4.15 and try comes from Definition 4.3.8.
(2) The evaluation map e(f,€): Rfrr«(EY(d)[2d]) ©% Rfrr,«(E) = Opp, is the composition

Rfrr,«(eve(d)[2d i
e(£,€): Refrr. (€Y (d)[2d) @5 R frr . (€) 2 Rfer.. (£ (d)2d)wke) SLrVeDBD, g Opp, (d)[2d] 2 Opp,.
(3) The duality morphism

PDTT(€): Rfpr . (€¥(d)[2d]) = R#ompr  (Rfrp .+, Opry )
is the map adjoint to e(f, ) under the tensor-Hom adjunction.

Lemma 6.5.2. Let f: X' — X be a smooth proper of equidimension d morphism of diamonds over
Spd(Qy, Z,). Then the following diagram commutes:

Tx (trl;F)

ﬂ';{ (RfFF,*OFFX/ (d) [QdD ﬂ';( (OFFX)

l? |
trB[l,p]

Rfu. By (d)[2d] ! B,
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e e B .
where % comes from Definition 6.2.1, tr?F comes from Definition 6.5.1, try P comes from Definition J.3.8,

and the vertical isomorphisms come from Lemma 6././.
Proof. First, Remark 6.3.10 implies that 7% o RH?{’ ~ — ®E By Perf,(X;Z,) — Perf,(X; B ).

Therefore, after unravelling Definition 6.5.1 and Definition 4.3.8, the result follows from the following sequence
of equalities

mx (bry") = 7 (RHY (tr?p)) = tszcp ®EPB[1,p] = tr?“’p] : 0

Before we prove the geometric duality on the Fargues—Fontaine curve, we need to record the following
general result.

Lemma 6.5.3. Let F: C — D be a symmetric monoidal functor between closed symmetric monoidal oco-
categories with internal Hom functors Hom. and Homp,. Let C € C be a dualizable object and let C' € C be
an arbitrary object. Then the natural map FHom,(C,C") — Homy (F(C), F(C")) is an isomorphism.

Proof. Tt suffices to show that the morphism is an isomorphism on the level of underlying homotopy categories.
In this case, the result follows immediately from [FHMO03, Prop. 3.2]. O

Now we are ready to prove the duality on the Fargues—Fontaine curve.

Theorem 6.5.4. Let f: X' — X be a smooth proper of equidimension d morphism of diamonds over
Spd(Qp, Z,) and let € € Perf,,(FFx/; O). Then the duality morphism

PDI;F (E) : RfFF,* (5\/ (d) [2d]) — R%OWFFX (RfFF)*g, OFFX)
is an isomorphism.

Proof. By construction, the functor 7% : Perf.,(FFx;O) — Perf,(X;By; ) is symmetric monoidal and
conservative. Therefore, it suffices to show that ﬂ}(PDI;F(é’)) is an isomorphism. Then Lemma 6.5.2,
Lemma 6.5.3, and Lemma 6.4.4 imply that it suffices to show that the morphism

PD; 1 (1%:(E)) : R, (5% €Y (d)[2d]) = RA0m (R fou (w5, €), B )

is an isomorphism, where PD?“”“] (7% (€)) is the (sheafy) duality morphism from Construction 5.3.10.
Therefore, the result follows immediately from Corollary 5.3.15. O

Now we wish to also get a version of the geometric duality for gp—local systems.

Definition 6.5.5. Let f: X’ — X be a smooth proper of equidimension d morphism of diamonds over
Spd(Qp, Z,), and let £ € Perf, (X, Qp) with the evaluation map eve: £Y @ & — gp.

(1) The trace map of f is the morphism trj?": Rfy’*gp(d) [2d] — gp defined in Definition 4.3.8 (3).
(2) The evaluation map e(f,€): Rfy«(EY(d)[2d]) ®Ié Rfp € — Qp is the composition
Q, =

(£,€): Rfore(€V (@A) fy Rfvef S Rius (€V(d)2d) 0y &) 02D, Ry, Q (d)]2d] =, Q,
(3) The duality morphism
PDP"(€): R, (€Y(d)[2d]) = R omp(xq ) (Rfusé.Q,)
is the map adjoint to e(f, &) under the tensor-Hom adjunction.

Our first goal is to show that compatibility of this trace map with the trace on the Fargues—Fontaine curve.
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Lemma 6.5.6. Let f: X' — X be a smooth proper of equidimension d morphism of diamonds over
Spd(Qp, Z,). Then the following diagram

Qp
trf
Rf,.Q (d)[2d] Q,
ZlRfu,*(Caﬂgp(d)[zd])
Rfv’* (SOIX/ (OFFX/ (d) [2dD) | eang,
zl(a’f)’l
Solx (trl;F)
Solx (R frr,«Orr ., (d)[2d]) Solx (Opr, )

is commutative. Here, oz} is the isomorphism from Lemma 6.4.3, while cang and cang (d)f2d are the
isomorphisms from Proposition 6.5.17.

Proof. Recall that trjlfF = RH)Z(’J (trjzpp) while tr?” = tr]Zcp [%] Furthermore, Proposition 6.3.17 implies that we
have a canonical identification of functors

_ ®12p gp L> Solx oRHip : Perf, (X;2,) — D(Xv;gp).
Hence, the result follows from the following sequence of identifications:

Z, Z, Zy 1 p
Solx(trEF) = Solx o RHY" (tr}") = tr [5] = try O

Let f: X’ — X be a smooth proper of equidimension d morphism of diamonds over Spd(Q,,Z,) and let
& € Perf, (X'; gp) be a perfect complex.

Theorem 6.5.7 (Geometric duality). Let f: X' — X be a smooth proper of equidimension d morphism of
diamonds over Spd(Qp, Z,) and let £ € Perfv(X’;gp) be a perfect complex. Then the duality morphism

PD(€): Rfy (€V(d)[2d]) = RAomp(x,.q )(Rfuné Q)

is an isomorphism.

Proof. First, Proposition 6.3.17 implies that there exists P € Perf,,,(FF x/; O) such that Solx,(P) ~ £. Then
the combination of Theorem 6.3.18, Lemma 6.4.3, and Lemma 6.5.6 implies that PD?"(S) = Sle(PD?F (P)).

Therefore, it suffices to show that PD?F (P) is an isomorphism. This follows automatically from Theorem 6.5.4.
O

6.6. Cohomological dimension. The main goal of this section is to show that for a smooth proper of
dimension d morphism f: X — Y of diamonds over Spd(Q,, Z,), the derived pushforward has cohomological
dimension 2d when restricted to perfect gp—complexes.

To that end, we first study the case where Y = Spa(C, O¢) for an algebraically closed nonarchimedean
field of mixed characteristic (0,p). We begin by collecting some basic properties of Banach—Colmez spaces

over Spa(C, O¢).

Lemma 6.6.1. Let C be an algebraically closed nonarchimedean field of mized characteristic (0,p) and let
V € #B€(C). Then the following statements hold:

(i) the complex R om )(V, gp) is concentrated in degrees 0 and 1;

D(Spd(C,00)0:Q

—P

(il) V =~ 92 for some n € Zxq if and only if dimg, V (Spa(C,O¢)) < oo.
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Proof. Recall that, by [LB18, Prop. 7.11] and [Col02, p. 45], V fits into a diagram of exact sequences

0
d
Q,
(6.6.2) . Q e o’ N

é
:

First, we address (i). Note that R,}fomp(spa(aoc)u;g )(g ,gp) o~ gp[O]. Therefore, Diagram (6.6.2)

reduces the question to the case when V' = V' is an extension of Gg” by Qd/. For this, it suffices to
separately treat the cases of V = gp and V = G,. The former case was alr;Ldy discussed above, so we
only need to deal with V' = G,. This case follows immediately from [ALB25, Th. 3.8] which implies that
R‘%ﬂomD(Spa(c,oc)vsgp) (Ga, Q) = Ga[-1].

Now we deal with (ii). The “only if” direction of the claim is evident. Therefore, we only need to show that
V~ QZ if dimg, V' (Spa(C, O¢)) < co. Using Diagram (6.6.2) and the fact that RI", (Spa(C, Oc)mgp) ~
Q,[0], we see that dimg, V'(Spa(C,O¢)) < oo as well. Using that RI", (Spa(C, (’)C),gp) ~ Q,[0] once again,
we deduce that H0 (Spa(C Oc), d”) ~ C4" is a finite-dimensional Qp—vector space. This is possible only if
d’ = 0. Hence, V' ~ Qp so we conclude that V ~ coker(Q — Q ) QZ ~4 as desired. O

Remark 6.6.3. Lemma 6.6.1 (ii) implies that a Banach—Colmez space V' is isomorphic to 0 if and only if
V(Spa(C’, Oc)) = 0; the forward direction is trivial, while the converse holds because the lemma first forces
V to be of the form 9;, then the condition forces n = 0.

Lemma 6.6.4. Let C be an algebraically closed nonarchimedean field of mived characteristic (0, p), let X* be
a qegs rigid-analytic space over C, let X = (X*)© be the associated diamond, and let L be a gp-local system

on X. Then dimq, H)(X,L) < cc.

Proof. A combination of Lemma 3.5.1, Corollary 3.5.6, and [Sch26a, Lem. 15.6] ensures that we can find
an étale covering X’* — X* such that L admits a p-torsionfree Z,-lattice L™ on X’ := (X"*)®. Without
loss of generality, we can assume that X’ is qcgs as well. Since X’ — X is a v-covering, we conclude that
HY(X,L) — HY(X',L|x/) is injective. Thus, it suffices to prove the claim for X’. In other words, we can
assume that L admits a p-torsionfree Z -lattice LT.

In this case, it suffices to show that H (X, LT) is a finitely generated Z,-module. Now the fact that we can
check derived completeness v-locally and Corollary C.7.9 implies that LY is derived p-adically complete. Then
[SP26, Tag 091U] and [SP26, Tag 0BLX]| imply that H?(X,L*) is derived p-adically complete. Furthermore,
it is p-torsionfree since LT is p-torsionfree. Hence, [SP26, Tag 09BA] ensures that it suffices to show that
H(X,L*)/p is finite. Since the natural map H(X,L*)/p — H%(X,L* /p) is injective, we reduce the question
to showing that H%(X, LT /p) is finite.

Now note that L™ /p is an F,-local system. Thus, we can find a finite étale covering X" — X* such
that L /p ~ F over X’ := (X'#)®. Once again, the natural morphism H(X,L*/p) — HJ (X', L* /p|x/) is
injective, so we can assume that L*/p ~ F. In this case, we have HY (X, Lt /p) ~ (F,)#™ ()" which is
finite due to [Zav23b, Cor. 2.3]. O


https://stacks.math.columbia.edu/tag/091U
https://stacks.math.columbia.edu/tag/0BLX
https://stacks.math.columbia.edu/tag/09BA
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Lemma 6.6.5. Let C be an algebraically closed nonarchimedean field of mized characteristic (0,p), let
f:+ X = Spd(C,O¢) be a smooth proper morphism of diamonds, and let V be a gp—local system on X. Then

fo sV 9: for some n.

Proof. This follows immediately from the combination of Lemma 6.6.4, Theorem 6.4.14, and Lemma 6.6.1 (ii).
O

Theorem 6.6.6. Let C be an algebraically closed nonarchimedean field of mized characteristic (0,p), let
f: X = Spd(C,O¢) be a smooth proper of dimension d morphism of diamonds, and let £ € Perfv(X;gp) N

DI(X,;Q,). Then Rf,.& € DIy Y (Spa(C, 0¢)0: Q).

Proof. We already know that Rf, & lies in DZ%; (Spau(C’7 Oc)w; gp) due to Theorem 6.4.14, so we only need to
show that this complex is concentrated in degrees [r, 7’ +2d]. Corollary 3.5.7, Corollary 3.5.6, and Lemma 3.5.3
imply that it suffices to consider the case when £ = L[0] is a gp—local system concentrated in degree 0. In

this case, we need to show that Rf, .L is concentrated in degrees [0,2d]. Since Rf, . sends D=0 to D=0, the
question is equivalent to showing that Rf, .L(d)[2d] is concentrated in non-positive degrees.

Furthermore, since X is a finite disjoint union of smooth proper clopen subdiamonds of equidimension
d for d < d, we can assume that X is of equidimension d. In this case, Theorem 6.5.7 implies that

R fu«(L(d)[2d]) ~ RAom_ (84(C.00)@) (Rfv,«(LY), gp), where

LV = R%O’I’)’LD(XI);QP)(L,QP) ~ %Omgp (L,Qp)

is concentrated in degree 0. Now Theorem 6.4.14 implies that Rf, (L") lies in Dgg (SpaL(C7 OC)U’QP) for
some integer ¢ > 0 and, furthermore, Lemma 6.6.5 ensures that f, (L") ~ QZ for some integer n.
Then Lemma 6.6.1 (i), the observation that Ro#om gp,gp) ~ Q [0], and the spectral

D(8pa(C.00).:Q, ) ( =

sequence associated with the Postnikov filtration on Rf, (L") imply that

Rfy«(L(d)2d]) ~ R om Rfu+(LY),Q,) € D= (Spa(C, Oc)u; Q).

D(Spd(C,00),:Q, ) (

This finishes the proof. O

Now we deal with the relative situation. We start with the following lemma.

Lemma 6.6.7. Let S be an affinoid perfectoid space over Spd(Qp, Zy) and let £ be a vector bundle on FFg.
Then there are positive integers n,m > 0 and a short exact sequence

0=-&E—=-0nN)"—>0—=0
such that Q is a vector bundle on FFg.

Proof. First, [FS26, Th. I1.2.6] implies that there exist integer n,m > 0 and a surjection O(—n)"™ Z» £V,
Note that P = ker ¢ is also a vector bundle as a kernel of a surjective map of vector bundles. Then after
dualizing ¢, we get a short exact sequence 0 — £ — O(n)™ — Q — 0, where Q ~ PV is a vector bundle. [

Lemma 6.6.8. Let S be an affinoid perfectoid space over Spd(Q,,Z,) and let u: € — &' be a morphism
of vector bundles on FFg. Suppose that, for any algebraically closed nonarchimedean field C' of mixed
characteristic (0,p) and any morphism s: Spd(C,O¢) — S over Spd(Qy, Z,), the natural morphism

(6.6.9) s*H' (Sols(€)) — s*H' (Sols(£))
is surjective. Then H'(Solg(£)) — H'(Sols(E")) is surjective as well.

Proof. Throughout this proof, we will freely use the fact that s*H'(Sols(£)) ~ H'(Solspa(c,00)(ElFre))-
This follows from the explicit description of the solution functor in Remark 6.3.12.
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First, we choose a short exact sequence 0 — € - O(n)™ — Q — 0 asin Lemma 6.6.7. Let F := O(n)"®gE&’

be the pushout of O(n)™ along the map u: &€ — &’. In other words, F ~ coker(& RELN On)™®¢&'). As a
pushout, it fits into the following exact sequence:

08 —=>F—=>0—-0

Since both £ and Q are vector bundles, F must also be a vector bundle. On the other hand, since
i: &€ = O(n)™ is injective, the sheaf F fits into another exact sequence

0525 0m)ma e — F—0.

Now note that Remark 6.3.12 and [FFS26, Prop. I1.2.5(iii)] imply that #'(Sols(O(n)™)) = 0 since n > 0.
Furthermore, Lemma 6.3.13 (i) implies that H#?(Sols(£)) = 0. Thus, we conclude that the map

H' (Sols(€)) — H' (Sols(£"))
is surjective if and only if H! (Sols(f)) = 0. In particular, the surjectivity of (6.6.9) implies that
S*Hl (Sols(]:)) ~ Hl (SOISpd(C,Oc)(]:|FFc)) =0.

The classification of vector bundles on FF¢ shows that Fler, ~ @xeqON)™. For A < 0, [FS26,
Prop. 11.2.5(i)] implies that H'(Solspa(c,00)(O(N)))[—1] is isomorphic to Solspa(c,00)(O(N)). In partic-
ular, it is never equal to zero (for the lack of a better reference, this follows from Theorem 6.3.18), hence
Flrre =~ ©reqso,O(N)™ for any morphism s: Spd(C,O¢) — S, where C is an algebraically closed nonar-
chimedean field of mixed characteristic (0, p).

This implies that all fiberwise Harder—Narasimhan slopes of F are non-negative. Now we wish to show
that this already implies that H! (Sols (.7:)) = 0. Using Remark 6.3.12; we see that this sheaf is equal to the
v-sheafification of the presheaf

(8" = 8) = H,, (FFs/, Fler,, )
Therefore, [FFS26, Prop. I1.3.4(ii)] implies that ! (Sols(F)) = 0. a

For the next definition, we fix a diamond X over Spd(Q,,Z,) and r,r" € Z U {—o0, c0}.

Definition 6.6.10. The oo-category Perfglfl] (FFx; O) of perfect complexes of tor-amplitude [r,r'] is the full
oo-subcategory of Perf,,(FF x; O) spanned by those objects P for which 7% P € PerfLT’T ](X; B

First, we show that this recovers the usual definition of tor-amplitude on a ringed site (see [SP26, Tag
08CG]) when X = S is an affinoid perfectoid space. We start with the following very general lemma.

Lemma 6.6.11. Let S = Spa(R,R") be an affinoid adic space and let r,v' € Z U {—o00,00}. Then
(=): Perf(R) — Perf(S; O) induces an equivalence (—): Perf[r’r/](R) — Perfl"’] (S;0).

Here, Perf[r’rl](S ; O) denotes the co-category of perfect complexes with tor-amplitude in [r,7’] in the sense
of [SP26, Tag 08CG].

Proof. First, [And21, Th. 1.4] and Proposition B.3.2 imply that (A—/): Perf(R) — Perf(S; O) is an equivalence.
Hence, we only need to show that M has tor-amplitude in [r,r’] if and only if M has tor-amplitude in [r,7].

If M has tor-amplitude in [r, '], then [SP26, Tag 0658] ensures that M is quasi-isomorphic to a finite
complex of finite projective modules K*® such that K = 0 for i ¢ [r,7’]. Then M ~ K* is a finite complex of
vector bundles such that K% = 0 for i ¢ [r,r/]. Thus, M has tor-amplitude in [r,7'].

Now suppose that M has tor-amplitude in [r,7/]. Then [SP26, Tag 068V] ensures that it suffices to show
that M ®@% k(m) is concentrated in degrees [r, ] for any maximal ideal m C R. Choose a point s € S such that
supp(s) = m; cf. [Hub94, Lem. 1.4]. Then [SP26, Tag 09U9] implies that M, ~ M ®% Og € Perf[r’rl]((’)&s).
This implies that M ®%k(s) lies in DIl (k(s)) for any s € S. Then Lemma 5.4.1 implies that M € Perfl""’] (R)
and finishes the proof. O


https://stacks.math.columbia.edu/tag/08CG
https://stacks.math.columbia.edu/tag/08CG
https://stacks.math.columbia.edu/tag/08CG
https://stacks.math.columbia.edu/tag/0658
https://stacks.math.columbia.edu/tag/068V
https://stacks.math.columbia.edu/tag/09U9
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Lemma 6.6.12. Let S be an affinoid perfectoid space over Spd(Qp,Z,), let P € Perf,,(FFg; 0), and let
r,r’ € ZU{—oc0,00}. Then P lies in Perfgl;r/] (FFs; O) if and only if P has tor-amplitude in [r,r'] in the
sense of [SP26, Tag 08CG.

In other words, Lemma 6.6.12 ensures that the two potentially different meanings of Perf [T’T/](FFS; 0)
coincide.

Proof. First, Notation B.3.3 and Theorem C.6.10 imply that Perfq[f’r/](S; B ) ~ Perfl""’] (B1,4)(5)). Thus,
Perf[vT’T’](S’; B y)) ~ Perf[r’r/](Ys’[Lp}; O) by virtue of Lemma 6.6.11.

Note that the object 7P € Perf(Yy 1 p; O) ~ Perf,(S; By p)) can be identified with the pullback of P
along the map Yy 1 ;) — FFg. Thus, the surjectivity of this map together with [SP26, Tag 09U9, Tag 068V
imply that 7§P € Perf["’T'/](YS,[ljp]; 0) ~ Perfﬂ""/](S; Byy,p)) if and only if P has tor-amplitude in [r,7’] in the
sense of [SP26, Tag 08CG. O

As a corollary of these lemmas, we deduce the following result.

Corollary 6.6.13. Let S be an affinoid perfectoid space over Spd(Qy,Zy), let r,r' € Z, and let P €
Perfgr;r/] (FFs;O). Then P is isomorphic to a finite complex of vector bundles K*® such that K* ~ 0 when
i ¢ [r,r].

Proof. First, [ALB25, Prop. 2.6] implies that P ~ L®, where L* is a finite complex of vector bundles. Since
P e Perf[;r’lrl](FFS; 0), we conclude that P ~ 72"7<"[* = K*. By construction, we have K’ ~ 0 when
i ¢ [r,r']. Thus, we are only left to show that each K is a vector bundle. For this, the proof of [SP26, Tag
08CT] applies almost verbatim, having established Lemma 6.6.12. O

Finally, we are ready to prove the main theorem of this subsection.

Theorem 6.6.14. Let f: X — Y be a smooth proper of dimension d morphism of diamonds over Spd(Qy, Zy)
and let € € PerfLT’rl] (X;gp) for some r,r’ € ZU{—00,00}. Then Rf, € lies in ’D;’%Hd] (Yv;gp).

Proof. First, Theorem 6.4.14 already implies that Rf, .£ € D;;%(Yv; gp). Thus, we only need to show that

Rfy +& is concentrated in degrees [r,r’ + 2d).

This question is v-local on Y, so we can assume that Y is a strictly totally disconnected perfectoid space.
In this case, the diamond X is qcgs. Thus, we can assume that r,7’ € Z. Now Proposition 6.3.17 and
Lemma 6.4.3 imply that

Rfu,*g >~ Rfv,* (SOIX (RHX 5)) ~ SOly (RfFFV*(RHX 5))

By Definition 6.6.10 and Construction 6.3.7, we have RHx £ € Perfg’;;r/] (FFx; O). Hence, Definition 6.6.10,
Lemma 6.4.4, Lemma 6.4.6, and Corollary 5.4.3 ensure that

Rfrp.«(RHy &) € Perfl" +24(FFy: 0).

By virtue of Corollary 6.6.13, we can then find a representative K*® ~ R frp »(RHy &) such that each K' is a
vector bundle on FFy and K®~ 0 when i ¢ [r,r" + 2d].

Lemma 6.3.13 already implies that Rf, .£ ~ Soly (R frr « RHx &) =~ Soly (K*) is concentrated in degrees
[r, 7" +2d + 1]. Thus, we only need to show that " +24+1(Soly (K*)) = 0. Now using Lemma 6.3.13 (i) and
the spectral sequence associated with the naive filtration on K*® (see [SP26, Tag 012N]), we conclude that

H"' 24+ (Soly (K*)) =~ coker (Hl (Soly K" *+24=1) — #1(Soly K?“’“‘d)).

Therefore, the question reduces to showing that the natural map H!(Soly Kr,+2d_1) — H*(Soly K’“,“‘Qd) is
surjective. Theorem 6.6.6 implies this map is surjective after a pullback along any morphism s: Spd(C, O¢) —
Y for an algebraically closed field C' of mixed characteristic (0,p). Thus, Lemma 6.6.8 ensures that it is
surjective on the nose. This finishes the proof. O


https://stacks.math.columbia.edu/tag/08CG
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https://stacks.math.columbia.edu/tag/08CI
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Corollary 6.6.15. Let f: X — Y be a smooth proper of dimension d morphism of diamonds over
Spd(Qyp. Zy) and let € € PerfU(X;gp) N D[W'}(XU;QP) for some ;7" € Z U {—00,00}. Then Rf,.E

lies in Dy (v, Q).

Proof. This follows formally from Theorem 6.6.14 similar to how Corollary 5.4.4 follows from Corollary 5.4.3.

7. ABSOLUTE DUALITY

In this section, we analyze the results of Section 5 and Section 6 in the case when the base is a point.
In this situation, one can make two improvements: the finiteness and duality isomorphism, appropriately
formulated, still hold for possibly singular proper rigid-analytic spaces, and one gets actual finiteness and an
honest duality isomorphism in the arithmetic setting when the base Spa(K, Ok) is a p-adic local field K. Our
proofs of these improvements adapt the strategies of [LRZ24, § 7] and [Li24], respectively.

Throughout the section, we fix a nonarchimedean extension K of Q, (which will be a p-adic local field
starting in Section 7.4). The étale, quasi-pro-étale or v-cohomology of a proper rigid-analytic space X over K
is understood to be that of the associated diamond X (keeping in mind [Sch26a, Lem. 15.6]), though we will
again drop the (—)¢ from the notation when talking about these cohomologies.

7.1. Dualizing complexes: Z,-coefficients. We begin by recalling the dualizing complex in this setting.

Construction 7.1.1 ([BH22, Pf. of Th. 3.36, Rmk. 3. 37]) Let X be a rigid-analytic space over K and let
n > 0 be an integer. Denote by A, : (Xff, Z/n) ( P Z/n) o~ (Xét, Z/n) the natural morphism of ringed
sites.

(1) For each affinoid open U = Spa(A, A°), there is an essentially unique potential dualizing complex wi/ " e

D+ ((Spec A)er; Z/n), together with pinnings RT'z(Spec A, w’/™) & Z/n(5(x))[26(x)] for each geometric
point Z — Spec A lying over a point z € Spec A, which are compatible with immediate specializations,

where 6(x) denotes the canonical dimension function §(z) = dim {z} (see [[LO14, Th. XVIL5.1.1] and

[BH22, Prop. 3.18]); for every m | n, there is an essentially unique isomorphism w’, Z/n ®Z/n Z/m ~ wi/m

thanks to the essential uniqueness of wi/m and RI';(Spec A, wi/" ®"“Z/m) ~ Rl (Spec A4, wA/ )@Y Z/m.
(2) Using BBDG gluing and the fact that R%ﬂom(wi/ ",wi/ ") ~ Z/n is concentrated in nonnegative degrees,
[BH22, Th. 3.21] glues the analytifications (wi/”)an € DF(Spa(A, A°)s; Z/n) to an essentially unique
dualizing complex w)z(/ " € DY (Xg; Z/n); using the essential uniqueness of the gluing and the compatibility

of —®" Z/m with pullback along affinoid opens V' C U, we can again find essentially unique isomorphisms
w2/

n®z/nZ/meX for any m | n.
(3) Finally, since R Hom<"(wy’ Z/v Z/p ) ~ 0 and \i: DY (X3 Z/p") — DY (X,;Z/p") is fully faithful
[Sch26a, Prop. 14.10], the collectlon of objects )\*wX/p € D (X,;Z/p") and isomorphisms \jwYy’ /v ®Z/p

Z/p® ~ Xw / P" for r > s determines an essentially unique object

wir e 1i;nD+(XU;Z/p )~ D (Xv:2,) C D" (X, Z,),

p—comp

called the (Z,-)dualizing complex of X; the equivalence above comes from [B%lu, Lem. 3.5.7] and

Lemma 3.3.10. By construction, the object wX is derived p-adically complete and wX ®L Z/p ~ A¥w z/pr,

)\* Z/p .

Z
so wy” ~ Rlim,

Example 7.1.2. Assume that X is a smooth rigid- analytic space over Spa(K,Ok) of equidimension d.
Then there is a canonical isomorphism ai 2 Z,(d)[2d) = w)z( this follows from the existence of analogous
isomorphisms a)z(/pr : Z/p"(d)[2d] = wz/p [BH22, Th. 3.21.(1)]; as the aX/p are constructed from essentially
unique algebraic isomorphisms that are compatible with pinnings, they are compatible for varying r and hence
give rise to ay”.
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More generally, if f: X — Y is a smooth morphism of equidimension d between rigid-analytic spaces over
Spa(K, Ok ), there is a canonical isomorphism

Z, . e Zp ~ Zy
of" frwy(d)[2d] — Wy,
which is induced in the same way from isomorphisms aJZc/pT C 0P (d)[2d]) = W% as in [LRZ24, Cor. 7.1.2).

To every proper morphism f: X — Y of rigid-analytic spaces over K and every integer n > 0, [LRZ24,
Th. 7.4.1, Th. 7.3.14] attaches a proper trace map ﬁ?/n: Rfét,*w)z(/n — wlz//" which is essentially unique for
the properties listed in [LRZ24, Th. 7.4.1]. Our next goal is to construct similar morphisms for Z,-dualizing
complexes. To do so, we first need to compare the étale and v-pushforwards of the Z/n-dualizing complex
w)z(/ " of a proper rigid-analytic space X. While w)z(/ " is in general not perfect, it follows directly from the
construction in [BH22, Th. 3.21] that it is still contained in the full subcategory D;?(X; Z/n) C Dt (X¢t;Z/n)
of locally bounded complexes with Zariski-constructible cohomology sheaves in the sense of [BH22, Def. 3.1].
Thus, its pushforwards can be compared using the following lemma.

Lemma 7.1.3. Let f: X — Y be a proper morphism of rigid-analytic spaces over Spa(K,Ok). Letn >0

be an integer and F € Dég) (X;Z/n). Then the natural base change map cg r: NsR fsr + F = Rfp «XN5F is an
isomorphism.

Proof. Since the statement is local on Y, we may assume that Y (and hence X) are quasi-compact. In this
case, F € Db.(X;Z/n) is globally bounded. Since the full subcategory of those objects F € Db (X;Z/n) for
which ¢y r is an isomorphism is thick, we may assume that F = g «Z/m for a finite morphism g: W — X and
an integer m | n; cf. [BH22, Prop. 3.6]. Moreover, by virtue of [Hub96, Prop. 2.6.3] and [Sch26a, Lem. 15.6],
we have F ~ Rgg;, +Z/m. On the other hand, the base change map c is compatible with compositions in f,
ie., the diagram

N R fepuF —2F 5 Rfy uAEF = Ry oA Rger o Z/m

ll lRf'u,*cg,Z/'m,

MR(fog)etZ/m ———— R(f 0 g)v s AyZ/m

Cfog,Z/m

commutes. Therefore, it suffices to prove that the right vertical and bottom horizontal maps are isomorphisms,
reducing us to the case F = Z/m. Now the assertion follows from [Sch26a, Cor. 16.7] and Proposition 3.4.7.

Definition 7.1.4. Let f: X — Y be a proper morphism of rigid-analytic spaces over Spa(K,Ok). The
mod-n trace of f is the morphism in DF (Y;Z/n) C D (Y,; Z/n)

7/ z/ Cp W2/ 7/ )\*ﬁ?/n z)
n n X n v n
T Ry iy " 2 MR far iy " = Njwlp

induced by the trace ﬁ?/n from [LRZ24, Th. 7.4.1, Th. 7.3.14] under the identification from Lemma 7.1.3.
Now we get to the construction of trace morphisms for Z,-dualizing complexes.
Lemma 7.1.5. Let f: X — Y be a proper morphism of rigid-analytic spaces over Spa(K,Ok). Then there
s an essentially unique map Tszc": Rfv,*w)zf — w,z/” such that the diagram
Rfs ' @ Z/p" = Rfy Npwd"
T ®Lﬂl JTY? =

z . Z/p"
wy” ®2PM S

in DY(Y,;Z/p") commutes for all r.
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Note that since R Hom<°(Rf, *wX ®L Z/p", A\yw Z/p ) ~ RHom~(\*Rfs. *wX/p Arw Z/p ) ~ 0 (see
[LRZ24, Th. 7.3.14], [Sch26a, Prop. 14. 10] Constructlon 7.1.1, and Lemma 7.1.3), the commutativity in the
derived oo-category D+ (Y,;Z/p") of the diagram in Lemma 7.1.5 is a property, not extra data.

Proof. For any m | n, the traces Tr]Zc/n and TrJZc/m

Th. 7.4.7]. Applying A}, we see that the diagram

are compatible via the commutative diagram of [LRZ24,

Z/n®z/nZ/m Z/n

A\ n % n ATy " @YZ/m N n
Rfo Nwd " @), Z/m . 0 Zfm —— Nwe!™ @b Z/m
12 ¢, zm 12 AT 2
X

)\* Z/m

Rfv *)\* Z/m /\;k;Rfét,*w?(/m

~

commutes, where the leftward horizontal arrows come from Lemma 7.1.3 and the vertical isomorphisms are
the ones from Construction 7.1.1. Moreover, the commutativity is witnessed in an essentially unique way

because RAZom<0 (R f, w2 " ANiw?/™) ~ 0 for all n > 0 by [LRZ24, Th. 7.3. 14] (and again Lemma 7.1.3

) ”U

and the full faithfulness of A} [S(hQ()d, Prop. 14.10]). Hence, the collection of Tr’ Z/P" Jetermines an essentially
unique map

z z . z/pr Rlim 7" Z/p z
Trf”: Rfp sy =~ Rh}_anq,,*)\:w R N Rhm Asw =wy”

in D*(Y,;Z,) which fits into the desired diagram. O

Lemma 7.1.6. The trace morphisms Tr%” defined in Lemma 7.1.5 have the following properties:
(i) (Compatibility with smooth proper traces) For any smooth proper morphism f: X —'Y of equidimension
d between rigid-analytic spaces over K, the p-adic trace maps trJZcp from Definition 4.3.8 (2), the
isomorphism ozjzc” from Example 7.1.2, and the completed projection formula map fit into a commutative
diagram
Rfy.af?

Rfo (frwlr (d)2d]) ——t s Rf, 0

e lﬁ

Z,,’\L id v tr
wir By RfouZy(d)[2d) ———— .

(ii) (Compatibility with compositions) For any two proper morphisms f: X — Y and g: Y — Z of
rigid-analytic spaces over K, we have Trf(ff ~ Trgp oRgy « Tr)Zc”,

Proof. The idea of the proof is to reduce to the case of Z/p"-sheaves, where these claims follow from [LRZ24,
Th. 7.4.1 (2), Prop. 7.3.2 (i)] and [LRZ24, Th. 7.4.1 (3)], respectively. We spell out the details for (i), with
the proof of (ii) being analogous.

Step 1. The natural map Hom(wé”@é Rfv7*Zp(d)[2d],w)Z,”) — lim, Hom (wy/ Z/v" ®Z/p Rfet,«Z/p"(d )[Qd],w}z,/pr)
8 an isomorphism. Since w%,p is derived p-complete, Lemma 7.1.3 and [Sch26a, Prop. 14.10] imply that
R Homg, (wi” @y Rfs.Z,(d)[2d],w}) ~ Rlim R Homg, (i @y Rf,.Z,(d)[2d],w}"")
~ Rlim R Homg /- (w}Z,/pT ®7,r Rfct+Z/p"(d)[2d],w o ).
Now note that [LRZ24, Cor. 7.1.2] and the projection formula (see [Hub96, Th. 5.5.9 (ii)]) ensure that
w)z// p ®Ii Jpr Rfe«Z/p"(d)[2d] ~ R fét7*W§/ P" Thus, we get the following short exact sequence:
0— li7Inn TExt™! (Rfét,*w)zg/pr,wg/pr) — Hom(w%p®;prU7*Zp(d) [2d], w ) — hm HOHl(Rfet *wi/ T,wﬁ/pr) -0

In particular, it suffices to show that RHom(Rféww)Z(/pr,wxz,/pr) lies in D=9(Z/p") for any integer r > 1.

This follows directly from [LRZ24, Th. 7.3.14].
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Step 2. End of the proof. Step 1 implies that we can check that the diagram commutes after applying
— @Y Z/p" for all r € Z~. In this case, the claim follows from [LRZ24, Th. 7.4.1 (2), Prop. 7.3.2 (i)]. O

The next lemma will allow us later to reduce certain statements for w?» to smooth proper rigid-analytic
spaces. Recall that a morphism 7: X’ — X of rigid-analytic spaces over Spa(K,O) is called a regular
admissible modification if 7 is proper, X’ is smooth over Spa(K, Ok), and there exists a Zariski-dense open
subspace U C X such that 771(U) C X' is dense and the restriction W’W,I(U) : 7~ Y(U) — U is an isomorphism.
Lemma 7.1.7. Let X be a quasi-compact reduced rigid-analytic space over Spa(K,Ok).

(i) There exists a cartesian diagram of rigid-analytic spaces over Spa(K, Ok)

i

7z i
(7.1.8) J’T’ h
Z

~

—
3

!

with the following properties:
(a) 7 is a regular admissible modification;
(b) dim Z,dim Z' < dim X ; and
(c) applying the diamondification functor (—)¢ to (7.1.8) yields a pushout diagram in v-sheaves on
Perf/ Spd(K,0k) -
(i) The following square in D¥(X,,Z,) is bicartesian:

Rm.*(Tr.Z/’J)
Rh, wir — L YA R Zp
vy~ Ny Wy

Ri, . (Trf%’)l lTrfp

z
. Z Tr;” Z
Riy sy ——————— wy’

Proof. (i). Since X is reduced, the smooth locus U C X is Zariski-dense and open, and by Temkin’s resolution
of singularities, we can find a regular admissible modification 7: X’ — X which is an isomorphism over U; see
e.g. [LRZ24, Prop. 7.3.9]. Let i: Z := X \ U — X be the complement, endowed with the canonical reduced
adic subspace structure. Set Z’ := Z x x X’. This defines a diagram of the form (7.1.8) satisfying properties (a)
and (b). Under the diamondification functor (—)¢, (7.1.8) remains a fiber square of small v-sheaves (see e.g.
[Zav25a, Prop. 6.1.6]), |7°| is an isomorphism outside |U¢| ([Sch26a, Lem. 15.6]), i® is a monomorphism
(cf. [SP26, Tag 08LR]), and 7¢ and i are proper due to Lemma 4.3.2. Therefore, Lemma 3.3.11 yields
property (c).

(ii). Choose a modification square (7.1.8) as in the proof of (i). By the compatibility of traces with
compositions (Lemma 7.1.6 (ii)), we have

Z Z v . Z
Tr7zrf’ oRm, « (Tri,”) ~ Tr, " ~Tr;” oszy*(Trw,p).

This supplies the homotopy witnessing the commutativity of the displayed square, which is again necessarily
unique because RH0m<0(th7*w§§’,w)z(p) ~ 0.

In what follows, we will use repeatedly that a square in a stable co-category is bicartesian if and only if it
is cartesian if and only if it is cocartesian [Lurl7, Prop. 1.1.3.4]. Since all terms in the square are derived
p-complete and the fully faithful inclusion D;_Comp(Xv;Zp) C D*(X,;Z,) is a right adjoint (its left adjoint
is given by derived p-completion) and hence preserves limits, it therefore suffices to prove that the square
is cartesian in Df_ . (Xy;Z,). On the other hand, Dy .., (Xuv; Z,) ~ lim, D (X,; Z/p") is again stable
[Lurl7, Th. 1.1.4.4]; as small colimits in a limit of oo-categories can be detected pointwise [Lur26, Tag 06B4],
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it then suffices to show that the squares

Z/n
R, Tr
Z/n ”’*( ! Z/n
Rhy 02! e (037) Ry ]
Ri,. (Trf,/")l J/Trz/n

z
Z/ " Z/n

. n
Riy " ———————— w¥

are cocartesian in DT (X,;Z/n) for all n € Z.

Recall from [LRZ24] that in the (triangulated) homotopy category of D (X, Z/n), [LRZ24, Lem. 7.3.12]
and the identity Rilﬁf/n = ﬁfl/n (this corresponds to the identification Tr,, Zim Rmet,« (Tr /n) = ﬁiz/n o
Rigg (ﬁf,/ n) under the adjunction between 4, and Ri') gives a distinguished triangle

o (tre (T2 i (75

z z —2Z/n
n .
Rhet w Wz RTrét,*wX/ 2] Rlét,*wz

Z/n
n Try EBTri/ Z/

" s Rhe w2 [1].

The pullback under X} combined with Lemma 7.1.3 applied to the proper morphisms h, 7 and % shows that
the induced sequence of maps

Z/n (Rﬂ’v,*(TriZ,/n) R'L,,*(Trz,/n)) Z/n Trz/"@Tr /n Z/

Z/n
Rhy,«wy R, *wX{ @ Riy «wy

" s Rhy w21

again forms a distinguished triangle in the homotopy category of D™ (X,;Z/n). But now [Lurl7, Th. 1.1.2.14]
and Verdier’s axiom (TR3) yield the desired isomorphism

Z/n . Z/n Z/n . Z/n ~ Z/n
Rﬂ'vv*wx{ |_| Rlv,*wz/ ~ (Rﬂ'vv*wx{ ® Rzu*wz/ ) |_| 00— wX/
th,*w;/" th,*wz,/n

in Dt (X,;Z/n), finishing the proof. O

7.2. Dualizing complexes: B-coefficients. Next, we give O- and Bj-versions of the dualizing complex and
the trace morphism. To do so, we need a version of the relative primitive comparison theorem that applies to
dualizing complexes. Lemma 3.6.7 proves a comparison for all perfect Z,-complexes. Similarly to what we

mentioned above for w)z( the dualizing complexes w)z(” are in general not perfect, but are still contained

in the full subcategory Déc)(X ;Z,) C D" (X,; Zy) of locally bounded complexes with Zariski-constructible
cohomology sheaves, this time in the sense of [BH22, Def. 3.32]. A derived p-complete object F € DT (X,;Z,)

lies in Dy (X; Zy) if its reduction F ®% F, lies in DY (Xer; Fy) C D (X, F,) (in the previous sense). We
=P
refer to [BH22] for details.

Lemma 7.2.1. Let f: X — Y be a proper morphism of rigid-analytic spaces over Spa(K,Ok) and F €
DY (X:Z,). Let Ac {0, A} and B := A[ﬂ, Then the natural morphism in DV (Y,; A)
(Rfo o F)Bg A — Rf,.(Foz A)
is an almost isomorphism with respect to A9° if A= Ay and with respect to O5° if A= O%. In particular,
~L
(Rf.-F)Eg, A)[E] — R (FoZ A)[2])
is an isomorphism in DT (Y,; B).

Proof. Since the statement is local on Y, we may assume that ¥ (and hence X) are quasi-compact. In
this case, the complex F € D’ (X; Z,) is globally bounded. Similarly, the complex f@;p/l is globally
bounded below; since it is p-complete, it suffices to check boundedness after reducing modulo p, where it
becomes isomorphic to F/p ®11; A/p € D*(X,;F,). Since f is qcgs and F @; A is bounded below, we have

Rfy « ((f@z A)[ ) ~Rfo. ((.7:®Z A)) [1] so the second assertion follows immediately from the first one
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by inverting p. Moreover, it suffices to prove the first assertion after derived reduction mod p because both
source and target are derived p-complete. In other words, we need to show that the natural morphism

(7.2.2) B+(G): (Rfv,*g)@pA ~ (RfosG) ®F A/p — Rfos(G®F A/p) ~Rfo (g@pv“)

is an almost isomorphism for any G € DY (X; F)).

Using that the full subcategory of G € D5 (X;F,,) for which 3(G) is an almost isomorphism is a thick
subcategory, we can now make the same reduction as in the proof of Lemma 7.1.3 to assume that G € DL (X; F,)
is of the form G = AJRges, + F,, for a finite morphism g: W — X. The perfectness of F,, € D+ (W,; Zy) combined
again with [Sch26a, Cor. 16.7] and Proposition 3.4.7 guarantees that G = AyRget «F, = Rg, «F,,.

On the other hand, the comparison morphisms from (7.2.2) are compatible with compositions in f, i.e.,

:Bf(Rgv,pr) Rfv,*(ﬂg(Ep))
MEARhAeY A S5

(R(f o g)v,*Ep)@);pA Rfv,* ((Rgv,*Ep)@);pA) R(f o g)v,* (EP(/X\);IJA)

is given by Bfoy(F,). However, Lemma 3.6.7 shows that both §,(F,,) and Bf.4(F,) are almost isomorphisms.
As a consequence, 3f(Rg, «F,) must be an almost isomorphism as well, finishing the proof. O
Definition 7.2.3. Let X be a rigid-analytic space over Spa(K, Ok). Let A € {Z,, O, A} and B := A[%].
(1) The (B-)dualizing complex of X is W% = (w)z(p@)z A) [ﬂ € D(X,; B).
(2) The (B-) Verdier duality functor for X is Dx (=) := R#om(—,w¥): D(X,; B)P — D(X,; B).
Example 7.2.4. Assume that X is a smooth rigid-analytic space over Spa(K, Ok) of equidimension d. Then
the canonical isomorphism ai” from Example 7.1.2 induces a canonical isomorphism
~L 2P @lid
o B(d)[2d] ~ (Z,,(d) 2d)®g A)[;] — (

5 w)Z(P@;pA) [%] =uE.

More generally, for any smooth morphism f: X — Y of equidimension d between rigid-analytic spaces over
Spa(K, Ok), the isomorphism ajch from Example 7.1.2 induces a canonical isomorphism in D(X,; B)

of: (frwr @y A)[L]()2d) ~ (fiwpr (d)2d)8g A)[2] “’”N;@(i (wordy A)[2] =wk.

p p

In order to give the O- and B-versions of the trace map, we need to recall the following notation.

Notation 7.2.5 (cf. [LRZ24, Not. 7.5.1]). Let f: X — Y be a morphism of rigid-analytic spaces over K and
let B € {QP,O,BI}. We denote by

Evy: Rfy R om(—, —) — RAom(R fyu(—),Rfye(—))

the natural evaluation transformation of functors of co-categories D(X,; B)°P x D(X,; B) — D(Y,; B) which
corresponds under the tensor-hom adjunction to the functor of co-categories given on objects £,&’ € D(X,; B)
by the composition

RfyRAom(E,E") @ Ry 1(E) = Rfy (R om(E,E) @ €) — Rfy . (E)

of the cup product map (coming from the lax symmetric monoidal structure of Rf.) and the evaluation map
for internal homs; cf. e.g. [SP26, Tag 0B6D].
Further, we denote by

Adj;: Rfy RA0m(£1(=), =) —Ls RAom (R e f1(—)s Rpa(—)) —2 RA0m(—, Rfyu(—))

the natural adjunction transformation of functors of co-categories D(Y,; B)°P x D(X,; B) — D(Y,; B) given
by Ev¢ and composition with the unit of the adjunction between f; and Rf, ..

Remark 7.2.6. The natural adjunction transformation Adj; from Notation 7.2.5 is in fact a natural
isomorphism. Using the full faithfulness of the Yoneda embedding ([Lur26, Tag 03NJ]) and the fact that it
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can be tested on objects whether a natural transformation is a natural isomorphism ([Lur26, Tag 01DK]),
this reduces to the calculation that for any £, F € D(Y,;B) and &' € D(X,; B)

Map(f, Rfv,*ijom(f;‘(é‘), 8’)) ~ Map(f;‘(f),Ri%ﬂom(fi(é‘), 5’)) ~ Map(f:j(]:) QL f;(é’),g')
~ Map(f(F @ €),€') ~ Map(F @ £, Rf, .(£))
~ Map(F, R om (&, Rfy«(E))
thanks to tensor-hom adjunction and the strict symmetric monoidality of f.

Remark 7.2.7. One can see exactly as in [LRZ24, Rmk. 7.5.2] that given any two morphisms f: X — Y and
g: Y — Z of rigid-analytic spaces over K, we have Evyoy = Evg oRg, «(Evy) and Adj,,; = Adj, oRg, «(Adj).

Definition 7.2.8. Let f: X — Y be a proper morphism of rigid-analytic spaces over Spa(K,Ok), let
Aec{Z, 0" A} and B := A[%], and let £ € D(X,; B).
(1) The B-trace of f is the morphism in DT (Y,; B)
V4 L. 1
~ Z,\ oL (Trfp © ld) [7] Z, L
Trf: Rfy i < (Rfoawy )®Zp“4) [%] — P (wy ®ZPA) [%] =B,
Here, we invert the first arrow, which is an equivalence due to Lemma 7.2.1, and use the p-adic trace map
from Lemma 7.1.5 for the second arrow.

(2) The duality morphism for & is the composition in D(Y,; B)

PD(E): Rfy. (Dx(€)) = RfuRFom (€,w8) 25 R om (R fyn€, Riv )

B
Trf o—

—— RA#om(Rf, €, ws) = Dy (Rfy,.€)
of the evaluation map from Notation 7.2.5 and composition with the B-trace of f.

Next, we explain the analog of Lemma 7.1.6 for Tr? .

Lemma 7.2.9. The trace morphisms 8 from Definition 7.2.8 have the following properties:
(i) (Compatibility with smooth proper traces) For any smooth proper morphism f: X —'Y of equidimension
d between rigid-analytic spaces over K, the A-trace maps tlr;c4 from Definition 4.3.8 (/), the isomorphism
aff from Example 7.2./, and the completed projection formula map fit into a commutative diagram

Rfon (128 A)[L)(@Rd) —22 RY, 08

B
PFJ J/Trf

7. ~L id®Ltr’A
(wEr B R ) [ (@)2d) — Ty 8,
(ii) (Compatibility with compositions) For any two proper morphisms f: X — Y and g: Y — Z of
rigid-analytic spaces over K, we have TrgBOf ~ TrgB oRgy « Tr?.

Proof. (i). The primitive comparison maps give rise to the following diagram:

Rfon((frwfr By A)[2](d)[24) Mot . Ryl
e 2
(B (i (@) [2) B, A) 3] ol s g gk g |

P ‘ ~

L id @ trft T ®id ;.
PFy (W}Z/p ®Z Rf'u,*A) [l] (d) [Qd] ‘( U‘)Y
[ = ! ? /

id@tr” ®id (w}%p@;pA) [%]

(i By, (Rfo.Z,(d)[2d) 87 A)[2]
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We want to show that the back side of the diagram commutes. The front side commutes by Lemma 7.1.6 (i).
The right side commutes by the definition of Tlrjlfg in Definition 7.2.8 and the bottom side by the definition of
tr;c4 in Definition 4.3.8. The left side and top side commute by the naturality of the primitive comparison map.
Lastly, the red map is an isomorphism by the relative primitive comparison theorem Lemma 3.6.7. Taken
together, this shows that the back side of the diagram must commute as well.

(ii). The natural primitive comparison maps also give rise to the following commutative diagram:

N (Rgo.» Tr2P)®id A Tr2? @ id ~
(R(g o flo-wi)Bg A)[2] — L (Rgu e} By, A)[2] 2L Wiy A)[L]
| [
~ Rgo.« (Tr2? ®id) R
R (Rfoy B A)[2]) ——L Ry (@ Bg, A) [2])
J/z Rgu,« T8 H ™5
R(go f)v,*wégc - Rgv,*W}B’ - wg

Since Rfm*w)z(p is Zariski-constructible [BH22, Th. 3.36 (3)], all vertical arrows are isomorphisms by
Lemma 7.2.1. The composition of top horizontal arrows is given by Trgch ¢ ®1id thanks to Lemma 7.1.6 (ii).

Keeping in mind Definition 7.2.8, the composition of bottom horizontal arrows must therefore be Tr?Q 5o U

7.3. Geometric duality for proper rigid-analytic spaces. With all definitions and compatibilities in
place, we get to the first main result of this section: finiteness and duality statements for (possibly singular)
proper rigid-analytic spaces over K, at least in the absolute case. Our approach is based on the strategy in
[LRZ24, § 7].

Theorem 7.3.1. Let f: X — Spa(K,Ok) be a proper rigid-analytic space, let A € {Zp,OJr,AI} and
B:= A[}], and let € € Perf,(X;B). Then Rf, . lies in D(%%(Spd([(, Ok)viQ,) C D (Spd(K, Ok)v; Q)
if A =2, and in Perf,(Spd(K,Ok); B) C D*(Spd(K,Ok).; B) if A € {OF, Ar}. Moreover, the duality
morphism

PD;(€): Rfo«(Dx(E)) — Dspa(ic,0x)(Rfo <)
is an isomorphism in DT (Spd(K, Ok )u; B).

Proof. We proceed by induction on d := dim X € Z>o U {—oo}. If d = —00, we have X = &, so there is
nothing to show. For the induction step, we assume that d > 0 and that the statement has been proven in
dimensions < d. Let X,eq € X be the maximal reduced closed subspace. Under the isomorphism X© ~ Xr%d,
the dualizing complexes wfg and wﬁred are identified because the induced equivalence of étale sites identifies
w)Z(/n and w)z(/:: (cf. [LRZ24, Lem. 7.2.4]). Therefore, we may assume that X is reduced.

Lemma 7.1.7 (i) now provides the pushout square of diamonds

(2)° == (X')°
Ak
70 i X©

in which X’ is smooth proper and Z,Z’ are proper with dim Z,dim Z’ < d. Applying the exact functor
R.om(Z[—], B) to this diagram of v-sheaves on Perf , x-, we obtain the following pullback square in DT (X,; B):

B—— Rm,.B

| !

Ri, B — Rh, B
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Tensoring with &£, using the projection formula Proposition 5.3.2 and applying Rf, ., this yields the following
pullback squares in DV (Spd(K, Ok)y; B), in which the 7-maps are given by the units of the adjunctions
between 7, and R, «, ), and Ri, ., and h}, and RhA, 4:

Rfo «Nr

E—" 5 Rm,.7mE Rfp € R(f o m)y i€
(7.3.2) mi lRﬂU’*m, and Rfu’*ml lR(fOW)v,*Tli’
Riy i€ — 7 Rp  hEE R(f 0 i)y, it S0l Rifo ), JhEE

By the induction hypothesis, both R(f 0 %), .i5E and R(f o h), ki€ lie in Dglg(Spd(K, OK)U;QP) C
DT (Spd(K, OK)U;QP) (if A= Z,) resp. in Perf, (Spd(K, Ok ); B) C D¥(Spd(K, Ok).; B) (if A€ {OF,Ar}).
Moreover, R(f o m), 7€ lies in D%%(Spd([(, OK)U;QP) resp. Perf, (Spd(K, Ok); B) by Theorem 6.4.14 resp.

Corollary 5.3.13. Since both categories are stable and hence closed under finite limits, the first assertion
follows.

For the proof that PDf(€) is an isomorphism, consider the following diagram in D* (Spd(K, Ok )y; B), in
which we have set squares of different depths in different colors to improve readability:

(7.3.3)
RZom(R(f o h)v . hisE, B) RAZom(R(f o 7)y.miE, B)
'l'r?o,h o— ’l‘r?mr o—
N / B R(fom)y,« Tr5 o—oR(fom)p, «mis N / B
RZom(R(f o h)vhis€, R(f 0 h)y W) RAZom(R(f o 1)y o€, R(f 0 )y« /)
EVfo;/ ‘ EVf;w,/
R(f o h)p R om(h}E,w5)) R(f o m)v R om (€, wk,)

)
R fy,« Adjy, Rfy,« Adj,
s ‘ s Rfy. . Tr5 0—0R fu 1

Rf, R om(E, Rhy wh) Rf, . RAom (&, R, k)

(Tr5 o—)oR(fom)y,+ Adj,

Ry, . Trh o—

|
R(f0i)y,« TrS, 0—0R(f0i)uy 1y

l RAom(R(f © i)y «iyE, B) R om(Rfy &, B)
(Tr%, 0—)oR(foi)u,~ Adj
. 3 . ok /!-1‘!.5501 Og Rf Tr /;; o—oR i /gl? o
Riy,. TrB, o— Hom(R(f 0 1)y 028, R(f 0 1)y w5) — RA#om (R fu &, R w)
%-:v,m TrB o— /EV‘/,
R(f 0 i) R om (i€, w5) CEPEETR — Rf, R om(E,wf)

& R Ay, =
Rfif,*Rﬁom(gyRiu,*wg) Rfv,*Rﬁfom(é',w)B()

(TrB 0o—)oR f,,. Adj,

TrB o

We now explain how to construct homotopies witnessing the commutativity of (7.3.3).

Blue and red square. In order to construct the cube connecting the blue and red square, we first use the
compatibility of Adj and Tr® under compositions (Remark 7.2.7 and Lemma 7.2.9 (ii)) and the naturality of
Adj to find 2-simplices witnessing the commutativity of the following diagram:

(7.3.4)

B o—
R(f o h)y R om(hsE,wh) (fo w)vy*Rg%”om(W;E,RiL*wg,) wen, R(f o T)p,.RFom (1€, w5))
J{R(foz‘)v,* Adjs lRfu,* Adj J{R.f'u,* Adj
j Ty, % r.B, o—
R(f 0 1)y JRA0m (%8R!, ) — L2 mp RAom (€, Rhyaw)) —— T2 Rf, R om(E, Ry )

J{Trf, o— lRiW Tr5, o0— J{T&f o—

il r,B o—
R(f o)y RAom(it€, wE) — 222 Rp RAom(E, Riywh) o R, .RAom (€, W)

R(foﬂ—)'u,* Adj, R,
e 4

The outer rectangle of (7.3.4) is the blue square. Now precompose the functors A x Al — D+ (Spa(K, OK)w; B)
corresponding to
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e the upper left square of (7.3.4) with the map of simplicial sets A! x A! x Al — Al x A! given on
vertices by {0,1}% 2 (i, j, k) — (max(i, k), max(j, k));
e the upper right square of (7.3.4) with the map of simplicial sets A* x Al x Al — Al x A given on
vertices by {0,1}3 3 (i, 7, k) — (i, max(j, k));
e the lower left square of (7.3.4) with the map of simplicial sets Al x Al x Al — Al x Al given on
vertices by {0,1}3 > (4,4, k) — (max(i, k),j);
e the lower right square of (7.3.4) with the map of simplicial sets A x Al x Al — Al x Al given on
vertices by {0,1}3 3 (4, 4, k) — (4, 5).
The composition of these cubes yields the desired cube connecting the blue and the red square.
Blue and green square. In order to construct the cube connecting the blue and green square, note that by
Notation 7.2.5, we have Adj = Evo(— on). Therefore, we can also expand the blue square as follows:

(7.3.5)
R(f o h)vRAom(h3E, w?) R(f o)y RHom(Ri,, ,hiE, Ri;y*wg,) R(f om)y,Rtom(miE, wi,)

J{R(fm?)u,* Ev,/ J{Rfu,* Evn J{Rfv,* Evn

v« BV Ry« Tr&, o0—0oRmy My
R,(foi)vy*R,%"om(Rﬂ" h*E,R,ﬂ';y*wg,) Rfv. B Rfvﬁ*R}fom(th?*hZS,R,hv_*wg,) - ! Rfv‘,*ijom(Rﬁv,*ﬁS,R,ﬂv,*wg,)

v,x'

lﬂ-f, 0—0n,/ ley,,* Tr2, 0—0Riy, w1ps l’I‘rf 0—0nn

R(fo i),,jv*Rfom(if,S,wg) % Rfuy*ijom(Riv_y*i;S,Rivy*wg) Rfuy*ijom(&w)B()

R(fom)y,« Evy/ TriB, o—omn;s
AR AN

Tr? o—omn;

Thanks to Remark 7.2.7 and (7.3.2), we can find homotopies which, together with the already chosen homotopy
from Lemma 7.2.9 (ii), witness the commutativity of (7.3.5). In fact, by virtue of the identity Adj = Evo(—on),
we can construct the homotopy for the top left square in (7.3.4) from the ones chosen for the top left and
bottom right square in (7.3.5), making the two diagrams compatible. Exactly the same maps of simplicial sets
Al x Al x Al — Al x Al as before produce a cube connecting the blue square with the commutative square

Ry« Tr5 o—oRmy w1y

Rf, R om(Rh, L€, Rhy sw5)) Rf, R om (R, w3 €, Ry )
(736) lRiv,* Trf, 0—0Ry My lTrf 0—0Mnnx

B o_on;
Rfy RA0m(Riy i€, Riy 2w oo Rf, RAom(E,w8),

whose 2-simplices can be constructed from the same homotopies as before.

Now note that the evaluation transformation Ev; from Notation 7.2.5 amounts to a morphism in the
oo-category Fun(D(X,; B)°P x D(X,; B), D(Y,; B)). Via the map of simplicial sets A' x Al — D(X,; B)°P x
D(X,; B) classifying the (opposite of the) left square in (7.3.2) and the square

Ry« TriE}
Rhy, oo ———2 Ry, w5,

Riy, s Trf,l l’nf

B
Riv,*wg — W
from before, we obtain a morphism in the co-category Fun(A1 x AL, D(Yy; B)) Unwinding definitions, this
yields a cube Al x Al x At — D(Y,; B) whose front side is the square (7.3.6) and whose back side is the green
square in (7.3.3); cf. [Lur26, Tag 01DG, Tag 01DH]. Composing this cube with the one from the previous
paragraph, we obtain the desired cube connecting the blue and green square.

Green and orange square. Using the same homotopy from (7.3.2) as before to witness the commutativity of
the orange square as well as the equivalences wgpa( K0K) =~ B from Example 7.2.4, we can obtain the cube
connecting the green and the orange square similarly to the previous two cases. We leave the details to the
careful reader.

Red and orange square. Note that the maps Adj(f) from the blue to the red square are equivalences by
Remark 7.2.6. Their inverses still fit into a commutative cube, with the necessary homotopies guaranteed
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by [Lur26, Tag 01DK]. Composing these homotopies with the ones connecting the blue to the green and the
green to the orange square produces homotopies witnessing the commutativity of the outer box.
End of argument. The red square (with the chosen homotopy coming from Lemma 7.2.9 (ii)) is a pushout

square by Lemma 7.1.7 (ii), Lemma 7.2.1, and the exactness of the functor Rfvy*R%ﬂom(f, H@IQPA) [%])
Likewise, we saw above that the orange square (with the chosen homotopy coming from (7.3.2)) is a pushout
square. By virtue of [Lur26, Tag 02XP], the map PD¢(&) from the bottom right front to the bottom right
back corner is then a pushout of the other maps from the front to the back corners. In particular, in order to
finish the proof, it suffices to see that those three maps are equivalences.

The induction hypothesis guarantees that PD yop, (h5E) = (Tr?oh o—)oEvop and PD o (i5€) = (Tr?oi o—)o
Evy.; are equivalences, and thus so are the maps from the top and bottom left front to the top and bottom
left back corner. Lastly, the map from the top right front to the top right back corner is the composition of
Rfy « Adj;1 with the purple map in the diagram'’

R(f 0 7)o RAom (2, B(dy) 20 ]) — 27— RA#om(R(f 0 )y umi&, R(f 0 1)y Bld ) [2dx]) s
' Tiom O
ZJ{R(forr)u,*(a?(/ o—) ZJ{R(fow)u,*(ai/)o— e RAZom(R(f o)y «myE, B)
r o /
R(f o)y RA0m(mIE, w5) e RAm(R(f 7)o mi € R(f 0 ) i), om0

which commutes thanks to Lemma 7.2.9 (i) and the isomorphism wszga( K,0K) =~ Z,. The construction of the
evaluation transformation in [SP26, Tag 0B6D] via the tensor-hom adjunction shows that the composition
(tr?oﬂ o—) o Evyor in the top is precisely the duality morphism from Definition 6.5.5 (3) (if A = Z,) and
in Construction 5.3.10 (3) (if A € {OT,A;}). Thus, is is an equivalence thanks to Theorem 6.5.7 resp.
Corollary 5.3.15. This finishes the proof. O

By a similar argument, we get the following compatibility in the interval I:

Theorem 7.3.7. Let X be a proper rigid-analytic space over Spa(K, Ok ), with structure morphism f. Let
J C I C(0,00) be an inclusion of closed intervals with rational endpoints and let € € Perf,(X;By). Then the
natural maps

Rf’li,*g ®g1,res BJ - Rflh*(g ®E1,res BJ) and Rflh*g ®%1,4p BI/P - Rf’li,*(g ®%[,Lp Bl/p)
are isomorphisms.
Proof. We only give a proof for the first isomorphism, as the proof for the second isomorphism follows from
the same argument. As in the proof of Theorem 7.3.1, we may assume that X is reduced and, using induction,

that the statement has been shown in dimensions < dim X. Following the notation there, we have a map
from the red to the orange pushout square in the next diagram:

Rfv,*(g ®%1,res BJ) R(foﬂ-)w*(ﬂ-:g ®%1,res BJ)
/ /
Rfv,*(g) ®%I,rcs BJ R(f © 77)71,*(77—;5) ®%I,rcs BJ
R(f © l)v,*(lzg ®%1,res BJ) R(f © h)v,*<h:5 ®%1,res BJ)

_— _—

R(f 04)y,«(i3€) ®11§1,res By ———————— R(foh)u(hy€) ®Il§1,res B,

Since f o m is smooth proper, the purple map in the top right corner is an isomorphism by Corollary 5.3.13.
The purple maps in the two bottom corners are both isomorphisms by the induction hypothesis. Therefore,
the purple map in the top left corner must also be an isomorphism. O

Over a perfectoid field, Theorem 7.3.1 and Theorem 7.3.7 now admit the following absolute variants:

19In this diagram, we denote by dy,: |X’| = Zx¢ the locally constant function which sends each point € X’ to the
dimension of the connected component of X’ containing z.
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Corollary 7.3.8. Let K be a perfectoid field extension of Qp and X be a proper rigid-analytic space over

Spa(K,Ok). Let A€ {OF, A} and B := A[%], and let £ € Perf,(X;B). Set B := B(K) and By := B;(K).

(i) The condensed derived global sections object RT, (X, &) € Dp(B) is dualizable with dual RL, (X, Dx(€)).
In particular, RL,(X,E) ~ R, (X, &) lies in Perf(B) C Dp(B) and the natural duality map

RI,(X,Dx(€)) = RHomp (RI',(X, &), B)
in D(B) is an isomorphism.

(ii) Suppose that A = A and B = By. Then for any inclusion J C I C (0,00) of closed intervals with
rational endpoints, the natural maps

RIW (X, E) @B, res Bs — RLL(X,E @B, 10 Bs) and RIL(X,€) ®}p, , Brj, — RIL(X, € @5, , Biyp)
are isomorphisms.

Proof. We begin with preliminary comments on the correspondence of various notions of perfect complexes
for perfectoid fields: Consider the factorization
RL, (Spd(K,0k),—)
R, (Spd(K, Ok ), —): D(Spd(K, O )y; B) —-———"% D(spross; B D(B)
through the derived condensed global sections functor R, (Spd (K, O ), —), which was defined as the derived
pushforward along the morphism of site Spd(K, Ok ), — #progt from Definition 3.2.1. Since the full oco-
subcategory Perf (*proét; Q) C D(*proét; Q) consists of those objects which are proétale locally isomorphic to
a strictly perfect complex, every proétale covering S — x splits, and RI'(sprost, B) = B, the second functor is
essentially surjective and fully faithful, hence induces an equivalence RT (*proct, —) : Perf (#prost; B) — Perf(B)
with inverse (—). On the other hand, since K is perfectoid, Corollary C.5.12 and Corollary C.6.12 show

) RI (*prost,—)

that RT, (Spd(K, Ok ), —) induces an equivalence Perf(Spd(K, Ok ),; B) = Perf(B) with inverse (—). As a
consequence, RI', (Spd(K, Ok ), —) also induces an equivalence Perf(Spd(K, OK)v; B) = Perf(*proét;ﬁ). By
[And21, Cor. 5.51.1], all three categories of perfect complexes further identify with the dualizable objects in
Da(B).

1\(Tov)v denote by f: X — Spa(K,Ok) the structure map. We know from Theorem 7.3.1 that Rf, .&
lies in Perf, (Spd(K, Ok); B) and has dual Rf, .(Dx(£)). Applying RI',(Spd(K, Ok), —), the preliminary
comments from the previous paragraph (combined with the identification w? pfa( K,0r) = B; from Example 7.2.4)
guarantee that RI', (X, &) = R, (Spa(K, Ok ), Rf, «E) is still perfect with natural duality isomorphism

) RT', (Spa(K,OK),PD¢(£))

RT, (X, Dx(£)) ~ RT, (Spa(K, Ok ), Rf, .Dx (€)

RI, (Spa(K, Ok), Dspa(k,0x) (Rfv+€)) ~ RHompspa(k,0x)0B) (Rfv,+E, B)
~ RHomp (RFU(X, &), RT',(Spa(K, OK),B)) ~ RHomp (RFU(X, 5),B)
and that moreover Rl (X, ) ~ RT, (X, €) is discrete. This makes R[, (X, &) into a dualizable object of
Dp(B) with dual RL, (X, Dx(£)), yielding (i).
For assertion (ii), we show that the first natural map is an isomorphism, the proof for the second map
being entirely analogous. The natural transformation (—) o res = reso(—) between the two compositions of
functors in the diagram

Perf(B;) — s Perf, (Spd(K, O ): By)
\Lres o \Lres

Perf(By) — L+ Perf, (Spd(K, O ): By)

is an isomorphism because Perf(B;) is generated by B; and the transformation is an isomorphism on
By. In particular, applying (—) to RT',(X, ) ®Ié1,res B; — RI,(X, & ®If31’res B) yields the natural map

Rfy & ®11§1,res B; — Rf,«(€ ®11§1,res B;), which is an isomorphism by Theorem 7.3.7. Since (—) is an
equivalence by the first paragraph, this shows that the first natural map is an isomorphism as well, as
desired. g
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Similarly, we also obtain the compatibility with 8: B; — O as well as the Kiinneth formula.

Theorem 7.3.9. Let f: X — Spa(K,Ok) be a proper rigid-analytic space, let I C (0,00) be a closed interval
with rational endpoints such that 1 € I, and let £ € Perf,(X;By). Then the natural map

Rfo € @F, 5, O = Rfu.(E®F, 4, O)

is an isomorphism.
Assume furthermore that K is a perfectoid field extension of Q,, then the natural map

RT,(X,€) @, 5, K — RI,(X, €@, 4, O)
is an isomorphism.

We refer to Construction 5.2.17 for the construction of the ;-homomoprhism

Proof. For the first statement, we argue exactly as the proof of Theorem 7.3.7: We just need to replace
Corollary 5.3.13 with Corollary 5.3.14. The second statement follows from the first, by the exact same
argument as in the second paragraph of the proof of Corollary 7.3.8. g

Theorem 7.3.10. Let f: X — Spa(K,Ok) and f': X' — Spa(K,Ok) be proper rigid-analytic spaces, let
h: X xxg X' — Spa(K,Ok) be the fiber product morphism, let B € {B, O}, let £ € Perf,(X;B), and let
&' € Perf,(X'; B). Then the Kiinneth morphism

Rfo.€ @5 RS, E — Rhy (ER"E)

is an isomorphism.
Assume furthermore that K is a perfectoid field extension of Qp. Then the Kinneth morphism

RT,(X,€) ®ps) RO (X', &) = RLL(X xx X', ER" )
s an 1somorphism as well.
Proof. For the first statement, we argue similarly to the proof of Theorem 7.3.7: we just need to replace
Corollary 5.3.13 with Corollary 5.3.16. The second statement follows from the first, by the same argument as

in the second paragraph of the proof of Corollary 7.3.8 combined with the fact that RT,(—) is a (strictly)
symmetric monoidal equivalence in this case. O

Now we give analogs of Lemma 6.4.4 and Lemma 6.4.6 for (possibly singular) proper rigid-analytic spaces.

Lemma 7.3.11. Let f: X — Spa(K,Ok) be a proper rigid-analytic space. Then the pullback func-
tor fpp: Perfan(FFspa(k,0x); O) — Perfan(FFx;O) from Remark 6.2./ admits a right adjoint functor
nglfifi: Perf.n(FFx; O) — Perfan(FFspa(k,0,); O) fitting into commutative diagrams

®8 resB[1,1]
T [1,p]”
Perf,,(FFx; O) X Perfv(X;B[Lp]) Perf@(X;B[Ll])

L
®B[1)p],¢B[1,1]

RffeE Rfy s Rfy s

®B, . resB11]
[1,p]”
PerfU(Spd(K, OK); B[LP]) L—> Perfv(Spd(K, OK); B[l,l])
®B[1,p

«
TSpd(K,0 k)

Perfan(FFSpd(K7OK); 0)
],QB[I,I]

and

JFF

Perf,,(FFx; 0) D'(FFx; 0)

J{Rflfpe*r,f* J/RfFF,*
Perfan (FFspa(x,0x); O) D'(FFgpa(k,0x); O)-

In particular, R fep . : D'(FFx; O) = D' (FFspack,0x); O) sends dualizable objects to dualizable objects.

jFFSpd(K,OK)
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Proof. For the existence of nglﬁiffk: Perf.,(FFx; O) — Perfan(FFspq(k,0,); O) and the commutativity of
the first diagram, we can use the same proof as for Lemma 6.4.4 because the f: Perf,(Spd(K,Ok); B) —
Perf, (X;By) still admit right adjoints Rf, .: Perf,(X;B;) — Perf,(Spd(K, Ok); Br) by Theorem 7.3.1 and
the relevant base change maps are still isomorphisms by Theorem 7.3.7. For the commutativity of the second
diagram and the last statement, the proof of Lemma 6.4.6 applies verbatim, after once more replacing the
reference to Corollary 5.3.13 in the last paragraph by Theorem 7.3.7. 0

As an immediate application of Lemma 7.3.11, we show that the proper pushforward on the Fargues—
Fontaine curve is compatible with the proper pushforward on the v-site with respect to the ¢’ -functor from
Construction 6.2.9.

Corollary 7.3.12. Let f: X — Spa(K,Ok) be a proper rigid-analytic space. Then the diagram

*

L

Perf,, (FFx; O) = Perf, (X;0)
(7.3.13) lRfFF,* lRfv,*
Perf o (FFspagi.0x); ) ———=——s Perf, (Spd(K, Ok ); O)

commutes, i.e., there is a canonical isomorphism of functors 1%, o Rfpp « — Rfy« 0 Ll
Proof. The result follows immediately from Lemma 7.3.11 and Theorem 7.3.9 applied to I = [1, p]. O

With the help of Lemma 7.3.11, we can describe the cohomology of any local system L on a proper
rigid-analytic space X over K via a perfect complex:
Construction 7.3.14. Let f: X — Spa(K,Ok) be a proper rigid-analytic space and £ € Perfv(X79p).
Then RHx (€) € Perf,, (FF x; O) (Variant 6.3.8) and we define the cohomology complex of £ as

Hx(E) = Rfrr.« (RHX (5)) € Perfan (FFspacr,04); O);

here, the containment in Perf,,(FFspq(x,0,); O) follows from Lemma 7.3.11. This perfect complex recovers
the cohomology of £ because

Solspd(x,0x) (Hx (€)) = Solspak,0x) (RHspa(x,0,) (Rfv,(€))) = Rfo,«(€)
by virtue of Lemma 6.4.3 and Proposition 6.3.17. When L is a gp—local system on X, we also set Hx (L) :=
Hx (L[0]).
Lastly, we give the analog of Corollary 5.4.4 and Corollary 6.6.15 for singular proper rigid-analytic spaces.

Corollary 7.3.15. Let f: X — Spa(K,Ok) be a proper rigid-analytic space of dimension d, let A €

{Z,,0%, A1} and B := A[%], and let £ € Perf,(X; B) N DIr'1(X,;: B) (resp. € € Pert"" /(X B)) for some

r,r’ € ZU{—00,00}. Then Rf, . lies in Dg;+2d] (Spd(K, OK)W;QP) if A = Z, and in Perf, (Spd(K, Ok); B)N
D' +2d(Spd(K, Ok )y; B) (resp. £ € Perfg"’r/”d] (Spd(K,Ok)v; B)) if A {OF A}

Proof. We give a proof for the case of £ € Perf,(X; B) N DI""'1(X,; B), the case of £ € PerfLr’rl}(X; B) being
analogous.

Thanks to Theorem 7.3.1, we already know that Rf, .& lies in Dge (Spd(K, OK)U;QP) if A=1Z, and in
Perf, (Spd(K, Ok ); B) if A € {OF, A;}. Thus, we only need to show that Rf, .& € DI +2d(Spd(K, Ok).,; B).
For this, we may assume as in the proof of Theorem 7.3.1 that X is reduced and that the statement has been

proven in dimensions < d.
By Lemma 7.1.7, we can find the modification square from (7.1.8)

v
7

7 5 X

LN

7 —= X
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in which 7 is a regular admissible modification and dim Z,dim Z’ < dim X. As in (7.3.2) in the proof of
Theorem 7.3.1, this yields a fiber sequence

((—1)'Rfv,mmev,*m) R(fom)w,«n;r ®R(fO1) v, x Ny

Rfuef R(f 0 m)oemi€ @ R(f 0 1)y 03E R(f o h)y-h}E.

Since dim Z, dim Z’ < d, we have R(f 0 i)y .i*E, R(f 0 h)y i€ € DI +24-2(Spd(K, Ok )y; B). On the
other hand, Corollary 5.4.4 and Corollary 6.6.15 show that R(f o), .7 € DIF'+2d(Spd(K, Ok ),; B). This
yields the desired cohomological bounds. O

Remark 7.3.16. When K is perfectoid and B € {O, A}, Corollary 7.3.15 also implies that RT', (X, &) €
Perf(B) N D" +24(B). The proof of this absolute version is again analogous to the proof of Corollary 7.3.8.

We can now summarize the main properties of the Hx (£) construction.

Theorem 7.3.17. Let f: X — Spa(K,Ok) be a proper rigid-analytic space of dimension d and let £ €
Perfll" ](ngp) for some v, € ZU{—o00,00}. Then the following statements hold:

(i) there is a functorial isomorphism Sol(Hx (€)) =~ Rfy .E;
(ii) there is a functorial isomorphism i Hx (€) ~ Rfv. (€ ®Ié 0);
(iil) if X is smooth of equidimension d, there is a functorial duality isomorphism Hx (€)Y =~ Hx(EV(d)[2d]);
(iv) the complex Hx (€) lies in Perfll;+2d (FFspack,0x); O);
) if (X', &) is another such pair, then there is a natural Kinneth formula isomorphism

v
(v
Hx (E) % Hx () = Hxx ox (EREN.

When K is a perfectoid field, the second part of Construction 6.2.9 allows us to interpret (ii) as an
equivalence 1% Hx (€) ~ R, (X, € ©g O).

Proof. Part (i) follows from Lemma 6.4.3 and Proposition 6.3.17. Part (ii) follows from Corollary 7.3.12.
Part (iii) follows from Theorem 6.5.4. Part (iv) follows from Lemma 7.3.11 and Corollary 7.3.15. Finally,
Part (v) follows from Theorem 7.3.10. 0

7.4. Arithmetic duality. From now on, we assume that K is a finite extension of Q,. In this subsection,
we prove honest finiteness and duality for the absolute cohomology of gp—local systems on proper rigid
spaces over K in this arithmetic setting. We proceed again in two steps. First, we establish duality on
the Fargues—Fontaine curve for the Galois equivariant perfect complexes representing v-cohomology of the
given Qp-local system. This is done by Galois descent from the already established geometric duality on
the Fargues—Fontaine curve; the descent itself uses Fontaine’s theory of almost C,-representations (see
[Fon03, Fon20]). Then, to deduce the final form of arithmetic duality we again evoke [ALB25, Cor. 3.11]. The
geometric duality from Theorem 6.5.7 paired with the Tate duality for almost C,p-representations proved by
Fontaine in [Fon03] allows us to prove arithmetic duality in the absolute case. Our arguments follow closely
those used by Zhenghui Li in [Li24].
Let C := C,, and let Gk = Gal(K/K) be the Galois group of K. We denote by

RI(Gk,—) = RHomg; 1(Z,-): D(Z[Gk]) — D(Z)

the condensed group cohomology of G’ (see [Bos21, Appendix B]). We denote RI'(G i, —) == RHomg¢  |(Z, —)
its underlying complex of abelian groups.
We begin by defining the arithmetic trace map and the associated duality morphisms.

Definition 7.4.1. Let f: X — Spa(K,Ok) be a smooth proper rigid-analytic space of equidimension d and
let € € PerfU(X;gp). Write fo: Xo — Spa(C, O¢) for the base change of f.



110 SHIZHANG LI, WIESLAWA NIZIOL, EMANUEL REINECKE, AND BOGDAN ZAVYALOV

(1) The trace map tr?p from Definition 4.3.8 (3) induces a G g-equivariant geometric trace map

'3 R, (Xe, Q (d)[2d]) ~ RL, (spd(a Oc), Rfcu-Q, (d) [2d])

RL, (Spd(C.0¢),tr)

RE@(Spd(C7 OC)?Q ) = Q .

=p —=p
We define the arithmetic trace map

try: RFU(X,gp(d +1)[2d+2]) — Q,
as the composite

R, (X,Q (d+1)[2d +2]) ~RT (GK, RL, (X, Q, (d)[2d)) (1)[2])

—P

RI (G, e, (1)[2))

RT(Gx,Q,(1)[2]) 5 Q.

Here, the first isomorphism comes from Proposition 5.1.6, applied to the pro-étale G i-torsor X¢ — X,
and trg is the usual Galois trace map from Tate local duality.
(2) We define the duality map

PDx(€): RT,(X,&EY(d+ 1)[2d + 2]) — RI,(X, €)Y
as the composite

R, (X,£Y(d + 1)[2d + 2]) — RHomq, (Rl“v(X, £),RT, (X, Q,(d+ 1)[2d + 2]))

X7, RHomg, (RU,(X, €),Q,) = RIL(X, €)Y,

The first arrow is the evaluation map from Notation 7.2.5 combined with the identification £Y(d + 1)[2d +
2] ~ RHomg, (e,gp(d +1)[2d + 2]).

Now we are ready to prove arithmetic duality for smooth proper rigid-analytic spaces. We will then
generalize this result to all proper rigid-analytic spaces.

Theorem 7.4.2 (Arithmetic duality). Let f: X — Spa(K,Ok) be a smooth proper rigid-analytic space of
equidimension d and let £ € Perfv(X;gp). Then the duality morphism

PDx(€): RI,(X,&EY(d+ 1)[2d + 2]) — RI,(X, &)Y
is an isomorphism.

Proof. Digression. Before turning to the proof, we recall some facts about the evaluation morphisms that will
be used below. The solution functor Sol¢ : Perf,, (FF¢; O) — D((Spd C)v;gp) is lax symmetric monoidal.
Hence, for any P, P’ € Perf,, (FF¢; O), there is a functorial evaluation morphism

Evsol(P,P): Solc(R#Zompp. (P, P')) — 13{4“%”()77173((SpdC)U;Q )(SOIC(P),SOIC(P')).

By Theorem 6.3.18, this morphism is an isomorphism.
Similarly, derived condensed global sections carry a natural evaluation morphism

Evir, (P,P'): RL, (Spd C,RAomp(spacya ) (P, P')) — R ompq ) (RL, (Spd C, P), RL, (Spd C, P'))

for any P, P’ € D((Spd C)v;gp). Unlike Evg,, this morphism need not be an isomorphism.
Using the solution functor, we define the condensed global-sections functor on the Fargues—Fontaine curve

RIL,.(FFc, —): Perfan (FF; O) — D(Q )

to be the composite

) RL, (Spd C,—)
e

Perfn(FFc; 0) 22 D((Spd €),; Q, D(Q,)-
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Since both functors in this composite are lax symmetric monoidal, so is RI'

I (FFc, —). It therefore carries a
canonical evaluation morphism

Evir,, (P,P'): RL,, (FFc, R omer. (P, P')) — RA ompq )(REan(FFC,P),REan(FFC,P’)).

Finally, Proposition 6.3.17, Lemma 6.4.3, and Construction 7.3.14 provide, for every P € PerfU(Xc;gp), a
canonical equivalence

cf(P): Rfc,wsP = Sole (Hx. (P)).

Step 1. Reduction to equivariant duality on the Farques—Fontaine curve. Consider the following diagram:

of (E8(d)[2d])

RI (G, RL, (Xe, E4(d)[2d]) (1)[2]) = RT (G, RL, (Spd C, Rfew«E(d)[2d]) (1)[2]) RI (G, RL,, (FFc, Hx, (E4(d)[2d))) (1)[2])

‘ zlpnj?g (Ec) ® zlPDﬁg (€c)
RI, (X, &Y(d + 1)[2d + 2]) RI'(Gk,RL, (Spd C, (Rfc,uEc)Y)(1)[2]) m RI(Gk,RL,, (FFc, Hxo (Ec)Y)(1)[2])
(743) lp[)x(g) ® lEvRL,(Rfc,,m*Sc,Qp) ® lEvRLm (Hxe(Ec),0)
R[, (X, &) RI(Gg,RL, (Spd O, Rfc ) (1)[2]) T RI(Gx, RL,, (FFo, Hxo (E0)) " (1)[2])
| p s Jo
RT (G, R, (X¢, E0)) " === RT(Gx,RL, (Spd C, Rfc,v.E0)) e RT (G, RL,, (FFo, Hxc (E0)))

The labels in the diagram only indicate the morphisms from which the corresponding arrows are induced.
We refer to Definition 6.5.5 (3) for the definition of PD%’ and to Definition 6.5.1 (3) for that of PDI;S. The
morphism PDg is the Tate duality morphism. More precisely, for V € D(gp [GKk]), we define PDg (V) to be
the composite
RT(Gx, V¥(1)[2]) =5 RHomp(q,) (RT (G, V), RD(Gk, Q (1)[2]) ) °= RHomp(q,) (RT(Gx, V), Q)
where Ev is the evaluation morphism and try is the Galois trace from Tate’s duality.

We claim that Diagram (7.4.3) commutes. Region (1) commutes by the definition of PDx (). The
commutativity of Square (2) follows from the compatibility

Sole (PDEY (€0)) = PDR (€0,

established in the proof of Theorem 6.5.7. Square (3) commutes by Remark 7.2.7 and the identity
RI,, (FFc,—) = RL, (Spd C, Solc(f)). Finally, Square (4) commutes by the naturality of the Tate du-
ality morphism PDg.

Since all the horizontal arrows are isomorphisms, it suffices to prove that the composite down the rightmost
column of Diagram (7.4.3),

PDg oEvir, (Hx.(Ec),0) o PDEE (E0),

is an isomorphism. By Theorem 6.5.4, the morphism PD?E (Ec) is an isomorphism. It therefore remains to
prove that
PDK ] EVREan (HXO (gc'), O)
is an isomorphism.
Now we consider the oo-category P(Gk) of Gi-equivariant perfect complexes on FF¢ (see [Li24, Sec.
4.1.4] for the definition and basic properties). For brevity, set

RFP(GK)(P) = RHOIHP(GK)(O7 P)
for P € P(Gk). By [Li24, Rmk. 4.19], there is a canonical isomorphism

RTp(q,0) (P) = RHomp g, (O, P) =5 RT (G, RL,,,(FFc, P))
for every P € P(Gk). The category P(Gg) also carries a natural duality morphism. We have a trace map

(7@ Rl p(10 (O()]) = R (G, REw (R, O1)RD) 5 I (G, Q, (1) ) Q.
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Together with the lax symmetric monoidal structure on RI'p(g ), this trace induces a duality morphism

Ev tr x)©°—
PDp(a,0)(P): RTpa,0) (PY(1)[2]) 5 R Hompq,) (RTp(c.0 (P) Rl p(c0) (O(D[2]) ) —— X5 RTp(g,(P) .
By construction, these morphisms fit into the following commutative diagram:
(7.4.4) RT (G, RL,, (FFe, Hxo (60)") (D)) ¢ RTp( 0 (Hxo () (1)[2])

JEVRFB,, (Hxq(Ec),0)

R (GK, RL,, (FFc, Hx, (50))V(1)[2]) D )

J{PDK

\
R (GK, RL,, (FFo, Hxo (50))) S RTpge (Hxo(E0))

Thus, we reduce the question to showing that PDp (g, )(P) is an isomorphism for any P € P(Gk).

Step 2. Finish the proof. We show that PDp(g,)(P) is an isomorphism by reducing this to the duality
theorem in almost C,-representations developed in [Fon03].

For this, we recall that Fontaine defined the derived category D(.# (Gk)) of G g-equivariant coherent sheaves
on the algebraic Fargues-Fontaine curve FF?}g . There is an evident analytification functor D*(.# (G)) —
P(Gk), which is an equivalence. Indeed, the calculations of Ext groups in the two categories [Li24, Rmk. 4.19
and Eqn. (4.12)] show that it is fully faithful, while the GAGA theorem [FS26, Th. I1.2.6 and Prop. 11.2.7]
shows that it is essentially surjective.

We may therefore work instead with D°(.#(G)). Let D°(C(Gk)) denote Fontaine’s bounded derived
category of almost C,,-representations, defined in [Fon03]. By [Li24, Th. 4.23], derived global sections, together
with the analytification equivalence above, induce an equivalence

RI(FFc, —): P(Gk) ~ D*(#(Gk)) = D°(C(Gk))-

Now, similarly to the case of P(Gk), we set

RI¢(G ) (V) = RHomps(c(G ) (Qp, V)
for any V € D*(C(G)). By [Fon03, Prop. 6.7(iii)], there is an isomorphism

RFC(GK) (Qp(l)[ﬂ) = chont (GK7 Qp(l)[2])

Tate’s trace therefore defines a trace map

tre(ar) : RUe(are) (Qp(1)[2]) = Rlcont (G, Qp(1)[2]) 5 Q.
This trace, in turn, defines a duality morphism
PDe(c)(V): RTc(ay) (VY (1)[2]) — RT¢(ar) (V)Y

for every V € D*(C(Gk)).
Under the equivalence RI'(FF¢, —), the trace transported from P(Gg) and the trace tre(g,) are two
morphisms

RFC(GK)(QP(l)[QD — Qp.
Both factor through Hg(GK)(Qp(l))[O], and each induces an isomorphism

H%(GK)(QP(I)) = Hgont(GK7 Qp(l)) l> QP

So they must differ by a nonzero scalar ¢ € Q5.
Now the equivalence

RI(FFc, —): P(Gx) — D°(C(Gk))
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is compatible with the duals and it intertwines their trace maps up to the nonzero scalar c¢. Therefore, it
suffices to prove that
PDe(eio)(V): REe(o) (VY (1)[2]) — Rle(gi (V)

is an isomorphism for every V € DY(C(G)). For this, we can first assume that V € C(Gk) by a simple
induction argument. Then we can check that PD¢ (g ) (V') is an isomorphism on each individual Ext group,
where it has been proven in [Fon03, Prop. 6.11]. This finishes the proof. O
Corollary 7.4.5. Let f: X — Spa(K,Ok) be a smooth proper rigid-analytic space of dimension d and let
€ € Perf,(X;Q ) N DI"1(X,;Q ). Then RT, (X, €) lies in plrr 2t .

coh

Proof. First, we note that X admits a clopen decomposition X = U, <¢X, such that X,, is smooth proper of
equidimension n < d. Hence, without loss of generality, we can assume that X = X is of equidimension d.
Then Theorem 7.4.2 implies that RT', (X, £) ~ R, (X, £)VY. This formally implies that R[', (X, E) € Deon(Qyp)-
We also clearly have that R, (X, &) € D>T'(Qp), so it suffices to show that RI',(X,E) € D" +2d+2(Q,).
Corollary 3.5.7 ensures that £ € Perf” ]( Q ), so &Y € PerfL_T/’_T] (X;gp). In particular, we have

&V e DX, gp). Hence, the desired cohomological bound follows formally from the observation that
RI,(X, &)Y ~ RI,(X,EY(d+1)[2d + 2])

lies in DZ_T/_Qd_Q(Qp). O

Remark 7.4.6. (1) The functional analytic arguments in the proof of Theorem 7.4.2 are subtle and are the

reason why this proof is longer than one would (naively) expect. This is due to the fact that it is not

clear how to make the category C(G ) of Fontaine compatible with the condensed formalism (see also

[Li24, Rmk. 4.22]). In particular, it seems unlikely to us that the arrows in the second and third rows of

diagram 7.4.3 are isomorphisms.
(2) One can also deduce Theorem 7.4.2 from [ALBM24]; cf. [ALBM24, Rmk. 6.2.3].

The arithmetic duality from Theorem 7.4.2 can be generalized to singular varieties. For this, we first need
to make some preliminary definitions.

Definition 7.4.7. Let X be a rigid-analytic space over Spa(K, Ok).

(1) The arithmetic dualizing complex of X is w¥ = wy”(1)[2], where wy” is the Q,-dualizing complex from
Definition 7.2.3.
(2) The arithmetic Verdier duality functor for X is D% (—) := R#om(—,w¥): D(Xv;gp)‘)p — D(Xv;gp).

Definition 7.4.8. Let f: X — Spa(K, Ok) be a proper rigid-analytic space and let £ € Perf,, (X;gp). Write
fo: Xo — Spa(C, O¢) for the base change of f.

(1) The trace morphism TrQ" from Definition 7.2.8 induces a G g-equivariant geometric trace map

™Y : RI, (Xo,wd) ~ R, (Spd(C’, Oc), R fc7v,*w§2>

RL, (Spd(C,0¢), 1)

RT, (Spd(C7 00)7919) ~ gp.
We define the arithmetic trace map
Try: RFU(X,w}r) — Qp
as the composite
R, (X,w¥) ~ RI, (X, 0 (1)[2]) ~ RF(GK,RLU (Xc,w§g)(1)[2])
RI(Gr, TrSP (1)]2 .
(G508, 0, 02) 5 q,

Here the first isomorphism comes from Proposition 5.1.6, applied to the pro-étale G g-torsor X¢ — X,
and trg is the usual Galois trace map from Tate local duahty.
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(2) We define the duality map
PDx(€): RT,(X,D¥(£)) — RIL,(X, &)Y

as the composite

PDx(€): R[,(X,D¥(£)) = R, (X, R om(E,w¥)) By, RHom(RT, (X, &), RI, (X, w¥))
X7, RHom (R, (X, €),Q,) = RT,(X, &)V,
The first arrow above is the evaluation map from Notation 7.2.5.
Finally, we are ready to prove the general version of the arithmetic duality theorem.

Corollary 7.4.9 (Arithmetic duality: singular varieties). Let X be a proper rigid analytic space over K of
dimension d and let & € Perf, (X;Qp) N DUl (nggp) for some r,1r' € ZU{—00,00}. Then the following
statements hold:

(1) the complex R, (X, E) lies in D[T’T/+2d+2](Qp);

coh

(2) the duality mirphism PDx (€): R, (X, D¥(£)) — RIL(X, &)Y is an isomorphism.

Proof. We proceed by induction on d := dim X € Z>o U {—o0}. If d = —o0, we have X = &, so there is
nothing to show. For the induction step, we assume that d > 0 and that the statement has been proven in

dimensions < d. Let X,eq € X be the maximal reduced closed subspace. Under the isomorphism X O~ Xr%d,

the dualizing complexes wX = wg" and wf _ = w)cg’) are identified because the induced equivalence of étale

sites identifies w)z( and wX " . (cf. [LRZ24, Lem. 7.2.4]). Therefore, we may assume that X is reduced.
Lemma 7.1.7 (i) now prov1des the following pushout square of diamonds:

-/
?

—>(X

l\l

X©
such that X’ is smooth proper with dim X’ < d and Z, Z’' are proper with dim Z, dim Z’ < d.

Now we first address Part 1. Arguing as in the proof of Theorem 7.3.1, we get a cocartesian square

RI,(X,E) — RIL(X',75€)

J |

Rl (Z,i5E) —— RLL(Z', hiE).
This leads to an exact triangle
RIL(X,€) = RO (X', m2€) ®RL,(Z,i5E) — RL(Z', REE).
Using the induction hypothesis applies to Z and Z’ and Corollary 7.4.5 applied to X', we immediately conclude
that RT, (X, €) lies in D77 T22(Q,).

coh
Now we establish the duality claim by a similar reduction. Again, arguing as in the proof of Theorem 7.3.1,

we get a commutative diagram (i.e., a functor A’ x Al x Al = D(Q,))

RT, (2, h3€)" RT, (X', 7:€)"
PDZ/(hvg)/H PDX/(m—,,E)/H
R, (Z', D% (hi€)) — RL, (X', DX/ (7€)

RT,(Z,iE)" RI,(X,€)"
prZ(Qs) /PDX(S)
RT, (7, D% (i%€)) —— R, (X, DY(E))
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such that the red and orange squares are cocartesian. Thus, in order to show that PDx (&) is an isomorphism,
it suffices to show that PDz(i3&), PDz/ (hi€), and PDx/ (7€) are. The cases of PDz(i€) and PDz/ (h}E)
follow from the induction hypothesis, while the case of PDx/ (7€) follows from Theorem 7.4.2. This finishes
the proof. O
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A. LIMITS IN COMPACTLY GENERATED 00-CATEGORIES

In this appendix, we collect certain facts about limits in compactly generated oco-categories. All facts in
this appendix are certainly well-known to the experts, but they seem difficult to extract from the existing
literature. For this reason, we decided to include proofs of these facts.

A.1. General facts. In this subsection, we collect some facts about commutation of certain limits and
colimits in compactly generated oo-categories.

Definition A.1.1. An co-category C is compactly generated by cotruncated objects if C is compactly generated
and every compact object of C is cotruncated (i.e., truncated in C°P in the sense of [Lur26, Tag 05EC]).

Examples A.1.2. Fix an integer n > 0. Then

(1) the oo-category Anic,, of n-truncated anima is compactly generated by the cotruncated object x;

(2) the oo-category Cat, 1y of (n, 1)-categories is compactly generated by the cotruncated object Al

(3) for any ring A, the co-category DZ~"(A) is compactly generated by the cotruncated objects A[—i]
for i > —n.

Lemma A.1.3. Let C be a compactly generated oo-category and let I be a finite simplicial set. Then
lim;: Fun(I,C) — C commutes with filtered colimits. If, in addition, C is compactly generated by cotruncated
objects, the same conclusion holds for I = A.

Proof. For the first statement: Since C is compactly generated, it suffices to show that lim; commutes with
filtered colimits after postcomposing lim;: Fun(I,C) — C with Map. (¢, —): C — Ani for every compact object
¢ € C. Therefore, it suffices to prove the result when C = Ani. In this case, the result follows from [Lur09,
Prop. 5.3.3.3].

Now suppose that C is compactly generated by cotruncated objects and I = A. In such situation, it suffices
to prove the claim after postcomposing with Map. (¢, —) for every compact cotruncated ¢ € C. In this case,
Mape (¢, —) factors through Anic,, for some n, so it suffices to prove the claim when C = Ani<,, for some
integer n > 0. Then [HP25, Prop. A.1] implies that lima = lima_, ,,, so the limit becomes finite and follows
from the previous case. O

A.2. Limits of categories. In this subsection, we include some results which are specific to limits in Cate.

Lemma A.2.1. Let f*: C* — D* be a morphism of cosimplicial objects in Cato,. Suppose that fO: C° — DO is
an equivalence and that f: C™ — D™ is fully faithful for any integer n > 0. Then lima f®: lima C®* — lima D*®
s an equivalence.

Proof. For brevity, we denote by f: C — D the morphism lima f®: lima C®* — lima D®. Since limits preserve
fully faithful functors, we conclude that f is fully faithful. So we only need to show that it is essentially
surjective. In other words, it suffices to prove that the fiber product C xp A® is non-empty for any morphism
A° — D. The morphism A? — D defines an essentially unique morphism A’ — D* where A is the
constant cosimplicial object. Since limits commute with limits, we deduce the question to showing that
lima (C” X pn AO) is non-empty for any A° — D*. Our assumption on f* implies that C° xpo A ~ A and
that C™ xpn A? — AY is fully faithful for any n > 0. In particular, C" xpn A is either empty or isomorphic to
AY for any n > 0. Now we note that the coface maps define morphisms A® ~ C% xpo A? = C"™ xpn A® for any
n > 0. In particular, we conclude that C™ xp» AY cannot be empty, so all these categories are isomorphic to
A%, Since A is the final object in Cat,, we conclude that all coface and codegeneracy maps are isomorphisms.
Therefore, the combination of [Lur26, Tag 02XX], [Lur26, Tag 02QP], and [Lur26, Tag 02QL] implies that
lima (C” X pn AO) is isomorphic to A® as well. In particular, it is non-empty. This finishes the proof. O

Corollary A.2.2. Let f*: C* — D* be a morphism of cosimplicial objects in Cat,. Suppose that f: C™" — D"
1s fully faithful for any integer n > 0. Then lima f®: lima C* — lima D* is fully faithful and d € lima D*®
lies in the essential image of lima f® if and only if its projection d° € DO lies in the essential image of
0.0 — DO,

Proof. Tt suffices to show that the natural morphism lima C* — C° Xpo lima D® ~ lima (QO X po D’) is an
equivalence. This follows immediately from Lemma A.2.1. O


https://kerodon.net/tag/05EC
https://kerodon.net/tag/02XX
https://kerodon.net/tag/02QP
https://kerodon.net/tag/02QL

POINCARE DUALITY FOR PRO-ETALE Qp-LOCAL SYSTEMS 117

Lemma A.2.3. Let F: I — Fun(A, Cato,) be a filtered diagram of cosimplicial objects in Cato,. Suppose
that the morphism F(i)" — F(i')" is fully faithful for any i — ¢’ in I and every n € A. Then the natural
morphism
colim lim F(7)® < lim colim F'(7)*
i€l A A el
is an equivalence.

Proof. Since limits and filtered colimits preserve fully faithful morphisms, we conclude that « is fully faithful.
Therefore, it suffices to show that it is essentially surjective. According to Corollary A.2.2, an object in
lima colim;er F(7)® comes from lima F(ig)® for some i € I if and only if its image in colim;e; F(i)° comes
from F(ip)°. By definition, every object in colim;c; F(i)° must come from F(ig)? for some ig € I, hence we
see that « is essentially surjective. O

B. ¥-VALUED SHEAVES

Let C be an oo-site in the sense of [Man22, Def. A.3.2] and let ¥ be a compactly generated co-category.
Then [Lurl8, §1.3.1, App. A.3| and [Man22, App. A.3| define the co-categories of ¥ -valued sheaves Shv(C; ¥)
and ¥-valued hypercomplete sheaves Shv™™P (C;¥). In this appendix, we collect some standard facts about
Shv(C; ) which seem to be somewhat difficult to extract from the existing literature.

For the rest of this appendix, we fix an co-site C and a compactly generated oco-category ¥.

B.1. General facts. First, we provide some basic results about sheafification of ¥ -valued presheaves. Then
we show that any ¥ -valued sheaf is automatically hypercomplete if ¥ is compactly generated by cotruncated
objects.

Recall that [Man22, Lem. A.3.7] implies that the inclusion Shv(C;¥) — PShv(C; ¥') admits a left adjoint
Ly : PShv(C;¥) — Shv(C; ¥).

Lemma B.1.1. Let f: ¥ — ¥ be a functor between compactly generated oo-categories, let fi: PShv(C;¥) —
PShv(C; ¥") be the induced functor, and let F € PShv(C;¥). If f commutes with filtered colimits, then
L«;/r(f*F) — Ly (f*(L«;/F)) is an isomorphism. If, in addition, f also commutes with all limits, then
Ly (fF) = fo(Ly F) is an isomorphism.

Proof. The first claim follows automatically from [Lurl8, Lem. 1.3.4.4]. Now we prove the second claim. Since
Shv(C; ¥) C PShv(C; ¥) is a reflective subcategory (see the proof of [Man22, Lem. A.3.7]), it suffices to show
that f.(Ly F) is already a sheaf. This follows directly from [Man22, Def. A.3.3] and the fact that f preserves
limits. U

Example B.1.2. Fix an integer n > 0. Then

(1) the inclusion Ani<,, < Ani commutes with all limits and filtered colimits (see [Lur26, Tag 05E2] and
[Lur26, Tag 0631]);

(2) the inclusion Cat, 1) < Cats, commutes with all limits and filtered colimits (see [Lur26, Tag 05RZ]
and [Lur26, Tag 0627]);

(3) the functor (—)=: Cats — Ani commutes with limits and filtered colimits (see [Lur26, Tag 02ST]
and the proof of [Lur26, Tag 0627]);

(4) the functor Fun(A!, —): Cat,, — Cats, commutes with limits and filtered colimits. Indeed, it
commutes with limits because it is right adjoint to A! x (—) and it commutes with filtered colimits
due to the proof of [Lur26, Tag 0627]);

(5) the inclusion D=~"(A) — D(A) commutes with all limits and filtered colimits.

Corollary B.1.3. Let ¥ be a compactly generated co-category. Then the sheafification functor L: PShv(C;¥) —
Shv(C; ) commutes with finite limits.

Proof. Since Map (v, —) commutes with both limits and filtered colimits for a compact object v € ¥,
Lemma B.1.1 implies that Map,, (v, —) commutes with L for any such v € ¥. Since ¥ is compactly generated
by compact objects, we can reduce the question to the case ¥ = Ani. In this case, the result follows from
[Lur09, Cor. 6.2.1.6 and Prop. 6.2.2.7]. O


https://kerodon.net/tag/05E2
https://kerodon.net/tag/0631
https://kerodon.net/tag/05RZ
https://kerodon.net/tag/062Z
https://kerodon.net/tag/02ST
https://kerodon.net/tag/062Z
https://kerodon.net/tag/062Z

118 SHIZHANG LI, WIESLAWA NIZIOL, EMANUEL REINECKE, AND BOGDAN ZAVYALOV

Now we show the promised hypercompletness statement.

Lemma B.1.4. Let ¥ be an oo-category compactly generated by cotruncated objects and let F € Shv(C; V).
Then F' is a hypercomplete ¥ -valued sheaf.

Proof. Since ¥ is compactly generated by co-truncated objects, [Man22, Def. A.3.5] implies that it suffices to
show that F, := Map (v, —) o F': C°? — Ani is a hypercomplete sheaf for any cotruncated compact object
v € ¥. Since Map (v, —) commutes with limits, [Man22, Def. A.3.3] implies that F;, is a sheaf. Furthermore,
we note that F, takes values in Ani<,, for some n since v is cotruncated. Therefore, we can assume that
¥ = Anic,,. Then the result follows from [Lur09, Lem. 6.5.2.9]. O

Finally, we consider the following example:

Lemma B.1.5. Let C be an explicit covering site such that C is an ordinary category and let F': C°P — Modz
be an (ordinary) sheaf of abelian groups and let a: F(—) — RI'(—, F) be the natural functor of D(Z)-valued
presheaves on C. Then « realizes the target as the sheafification of the source.

Proof. Denote by @ the cofiber of a. Then it suffices to show that LQ ~ 0. Furthermore, Example B.1.2 5
and Lemma B.1.1 implies that we can consider all sheaves involved as D=%(Z)-valued sheaves. Therefore,
Lemma B.1.4 implies that LQ is automatically hypercomplete. Using [Lurl8, Prop. 1.3.3.3(3)], one sees that
it suffices to show that the (usual) sheafification of the presheaf of abelian groups

(UecC)—H (QU))

is zero for any i € Z. By construction, we have H’ (Q(U)) =0fori <0and U € C. To see that the sheafification
of U — H (Q(U)) is equal to zero for i > 0, it suffices to show that each class z € H' (RO(U,F)) = H'(U, F)
is annihilated after some covering {U; — U};cr. This follows directly from the construction of cohomology
groups. O

<0

Now we recall that there is a functor Ti?i: D(Z) — Ani defined as the composition D(Z) —— D(Z)=" ~
Ani(Ab) — Ani, where the second equivalence is [CS24, Ex. 5.1.6(2)]. This functor commutes with limits and
filtered colimits. Therefore, Lemma B.1.5 and Lemma B.1.1 immediately imply the following result.

Variant B.1.6. Let C and F be as in Lemma B.1.5. Then a: Tfr?i (F(—)[n]) — Tfr?i (RT(—, F)[n]) realizes
the target as the sheafification of the source for any integer n.

B.2. Sheaves of co-categories. In this subsection, we collect some facts specific to sheaves of co-categories.
Throughout this section, we fix an oco-site C such that C is an ordinary category.

First, we discuss the objects in the sheafification of a presheaf of co-categories. We start with presheaves of
anima.

Lemma B.2.1. Let F € PShv(C; Ani) and let 0: F — LF be the sheafification morphism. Then 0 is locally
surjective, i.e., for every U € C and every section s € wo(LF(U)), there is a covering {U; — U};er and
sections t; € mo(F(U;)) such that 0(t;) = s|u, .

Proof. Tt suffices to show that my o F' — 79 o LF becomes an isomorphism after sheafification. Now note that
mo: Ani — Set commutes with colimits since it is a left adjoint. Therefore, the result follows immediately
from Lemma B.1.1. O

Lemma B.2.2. Let F' € PShv(C;Catoo) and let 0: F — LF be the sheafification morphism. Then 6 is locally
essentially surjective, i.e., for every U € C and every section s € h(LF(U)), there is a covering {U; — Ulicr
and sections t; € h(F(U;)) such that 0(t;) ~ s|y,.

Proof. Example B.1.2 3 and Lemma B.1.1 imply that (LF)= ~ L(F~). This immediately reduces the question
to showing that F'= — L(F=) is locally surjective. This follows from Lemma B.2.1. O

Now we wish to get some control over the mapping spaces in LF'. For this, we introduce the following
notation.
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Definition B.2.3. Let I € PShv(C;Caty). The pre-sheaf of maps Fun(A!, F): C°? — Cat,, is the
composition of F' with Fun(A!, —): Caty, — Cate.

Let U € C and let s,t € F(U) corresponding to the morphisms * = Flc,, and x iN Fle,, in

PShv(C/y; Cats). The mapping space presheaf MapF(s, t): C(/)g — Ani is the fiber product

MapF(s,t) =k XS,F\C/U M(A17F|C/U) XF|C/U¢ *
We note that [Lur26, Tag 01JC| ensures that Map (s, ?) indeed takes value in Ani.
More informally, the presheaf MapF(s,t) sends V' € Cyy to Map gy (slv,t|v).

Remark B.2.4. Since Fun(A!, —) commutes with limits, we see that Fun(A®, F) is a sheaf of co-categories
if F'is so. Likewise, we see that MapF(s, t) is a sheaf of anima on Cys if F|C/U is a sheaf of oco-categories.

Corollary B.2.5. Let F' € PShv(C; Cate,), let U € C, and let s,t € F(U). Then the natural morphism
Map.(s,t) — Map (s,

realizes Map_ , (s,t) as the sheafification of Map (s, t).

Proof. This follows directly from Lemma B.1.1, Example B.1.2 4, and Corollary B.1.3. O

Definition B.2.6. A morphism «: F' — G in PShv(C; Caty) is fully faithful it «(U): F(U) — G(U) is fully

faithful for any U € C.

Remark B.2.7. Corollary A.2.2 implies that if a: FF — G is fully faithful and locally essentially surjective
morphism of sheaves of co-categories, then « is an isomorphism.

We show that sheafification preserves fully faithful functors.

Lemma B.2.8. Let a: F' — G be a fully faithful morphism in PShv(C; Cateo). Then La: LE — LG is fully
faithful as well.

Proof. Tt suffices to show that, for every U € C and any two sections s,¢ € (LF)(U), the natural morphism
Map, ,.(s,t) = Map, ,(La(s), La(t))
is an isomorphism. Since the source and the target are sheaves on C,y, it suffices to show locally on C.

Therefore, Lemma B.2.2 implies that we can assume that s,t lie in the essential image of 0g: F — LF. Then
Corollary B.2.5 implies that it suffices to show that

c: L(MF(S,IS)) — L(MG(Q(S),O&U)))

is an isomorphism. The assumption that « is fully faithful implies that the map MapF(s, t) — MapG(a(s), a(t))

is already an isomorphism. In particular, it remains an isomorphism after applying the sheafification functor
L. O

Corollary B.2.9. Let F € PShv(C; Cats), let G € Shv(C; Cats,), and let a: F — G be a morphism such

that « is locally essentially surjective and, for each U € C and s,t € wo(F(U)~), the natural morphism
Map (s, t) = Map , (a(s), a(t))

realizes the target as the sheafification of the source. Then a realizes G as the sheafification of F.

Proof. Let 8: F — LF be the sheafification. Then its universal property implies that there is essentially
unique La: LF — G such that La o 8 ~ a. We wish to show that Lo is an equivalence.

Remark B.2.7 implies that it suffices to show that L« is locally essentially surjective and fully faithful.
Clearly, it is locally essentially surjective since « is so. Therefore, it suffices to show that L« is fully faithful:
Namely for any U € C and any two sections s',t' € (LF)(U), the natural morphism

(B.2.10) Map, .(s',t') — Map_, (La(s'), La(t))
is an equivalence. This can be checked locally, so Lemma B.2.2 implies that we can assume that s and ¢ come

from s,t € F(U). Then the result follows from Corollary B.2.5 as both sides of (B.2.10) are identified with
the sheafification of Map (s, ?). O
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Corollary B.2.11. Let F' € PShv(C; Cato ), let G € Shv(C; Cateo ), and let a: F — G be a fully faithful and
locally essentially surjective morphism. Then a realizes G as the sheafification of F.

For future reference, we also include the following result.

Lemma B.2.12. Let (C,S) be an explicit covering site in the sense of [Man22, Def. A.3.12]|, let F: [ —
Shv(C; Catsy) be a filtered diagram of sheaves of co-categories. Suppose that F; — Fy is fully faithful for
any i — i’ in I. Then G = colim? F; — colim; F; is an isomorphism, where colim} is the presheaf colimit.
Furthermore, if each F; is a hypercomplete sheaf, then G is a hypercomplete sheaf.

Proof. Tt suffices to show that G is a sheaf (resp. hypersheaf). We note that [Lurl8, Prop. A.3.3.1] (resp.
[Man22, Prop. A.3.16]) implies that we only need to show that G: C°P — Caty, preserves finite products and
satisfies descent with respect to Cech covers (resp. hypercovers) U, — X. The first condition follows from
Lemma A.1.3, while the second condition follows easily from Lemma A.2.3. O

B.3. Perfect complexes. Throughout this subsection, we fix a classical (1-categorical) site C with a sheaf of
(ordinary) rings A. The main goal is to study the presheaf

Perfe(—;.A): C°P — Cato
which sends U € C to Perf(C,; Aly) (see Notation).
Lemma B.3.1. The presheaf Perfc(—; . A) is a hypercomplete sheaf of co-categories.

Proof. By construction, we have Perfc(—; A) C D(—;.A). First, we note that [Lurl8, Cor. 2.1.2.3], [Lurl8,
Rmk. 2.1.0.5] applied to 2" = Shv™¥P(C; Ani), and [Man22, Lem. A.3.6] imply that D(—;.A) is a hypercomplete
sheaf. In order to conclude that Perfc(—;.A) is a hypercomplete sheaf, it suffices to note that we can test that
an object I' € D(C/y; Alv) lies in Perf(C,y; Aly) after any covering U’ — U. O

Now we consider another Cat.-valued presheaf
Perf (A(—)): C°P — Catoo

which sends U € C to Perf(A(U)). It comes with the natural morphism

(=): Perf(A(—)) — Perfe(—; A)
which sends P € Perf(A(U)) to P € Perf(C 5 Alp).

Proposition B.3.2. The functor (f;/): Perf(.A(—)) — Perfe(—; A) realizes the target as the sheafification of
the source.

Proof. By definition, we see that (A—/) is locally essentially surjective. Thus, by Corollary B.2.9; it suffices to
show that, for any U € C and P, @ € Perf(A(U)), the natural morphism

@Perf(fl(f)) (P’ Q) - 4Mappel~fc( A) (P7 Q)

realizes the target as the sheafification of the source. A simple inductive argument reduces the question to the

situation P = A(U) and @ = A(U)[n] for some integer n. In this case, the result follows immediately from
Variant B.1.6. O

Notation B.3.3. Fix a ringed site (C,.A), elements r, s € Z U {—00, 00} with r < s. The sheaf
Perf[cr’s](—;A): C° — Cato
is defined as the sheafification of the presheaf Perfl"*! (A(-)).

We note that Proposition B.3.2 implies that Perfc(—; A) ~ Perf[c_oo’oo](—; A).
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C. v-DESCENT FOR PERFECT COMPLEXES

The main goal of this section is to show that the presheaves Perf(O(—)): Perfd®™°P — Cat,, and
Perf (B 1(—)) : Perfdani’oID — Cat, are sheaves with respect to the v-topology. If one only considers affinoid
perfectoid spaces that admit a map to a totally disconnected perfectoid space, this result was shown in
[ALB25] using the descent results from [Man22]. Our approach does not use any descent results from [Man22]
and works for all affinoid perfectoid spaces.

Along the way, we also show that the functors Perfg(—; OF /@), Perfg(—; OT1), and Perfe(—; Ag) satisfy
v-descent as well. These results do not seem to appear in the existing literature.

C.1. Preliminary results. We collect some basic facts about v-sheaves on affinoid perfectoid spaces. In
particular, we show that a finitary étale sheaf is automatically a v-sheaf (see Definition C.1.1). As étale
descent is usually automatic for most functors we are interested in, this result provides us with a very
convenient way to verify v-descent for certain étale sheaves. For example, we will use it to show that the
functor Perfe(—; O /w) is a v-sheaf.

However, we should warn the readers that many interesting functors, e.g. Perf ((9(7)), are not finitary.
Therefore, this result would not be directly applicable. However all v-descent results established in this paper
will eventually be reduced to the fact that a finitary étale sheaf is automatically a v-sheaf.

Throughout this subsection, we fix an adic space S and an oco-category ¥ with all small colimits. We note
that we do not require S to be an analytic adic space. In particular, we allow S = Spa(Z,, Z,), in which case
we have Perfd?fé = Perfd®",

Definition C.1.1. A ¥-valued presheaf F': Perfd?g@p — ¥ is finitary if the natural map colimzer F/(X;) —
F(X) is an isomorphism for any cofiltered limit X = lim; X; in Perfdj“fsf.

We recall that, for an affinoid perfectoid space X, the affinoid pro-étale site ngfoét comes equipped with

the projection morphism Aprost : ngiét — thff .

Lemma C.1.2. Let X be an affinoid perfectoid space, let ¥ be an oco-category compactly generated by
cotruncated objects and let F' € ShV(thﬂ; V') be a ¥ -valued étale sheaf on thﬁ. Then for any U =lim; U; — X
affinoid pro-étale morphism, the natural morphism

colim F(U5) = (Agroa F)(U)

proét
is an isomorphism.
Proof. The proof is similar to the proof of [Sch26a, Prop. 8.5]; the only difference is that we need to use

Lemma A.1.3 instead of the fact that filtered colimits commute with finite limits in Sets. O

a

Corollary C.1.3. Let ¥ be an oo-category compactly generated by cotruncated objects and let F': Perfd/
YV be a finitary ¥ -valued étale sheaf. Then F is a ¥ -valued pro-étale sheaf.

ff,op
g =

Proof. Tt suffices to show that, for every X € Perfd®®, the presheaf F | atr . is a pro-étale sheaf. Lemma C.1.2
proé

*
proét

implies that A (F|X§tff) ~ F| yar - In particular, F| xat . is indeed a pro-étale sheaf. O
é pros pros

Lemma C.1.4. Let ¥ be an co-category compactly generated by cotruncated objects. For T € {an, ét, proét, v},
let F' € Sth(Perfd%; V) be a ¥ -valued T-sheaf. Suppose that S is a perfectoid space and that there is a
T-covering 8" — S such that F|Perfd7ff 1s finitary. Then F is finitary as well.

S/

Proof. We fix a cofiltered limit X = lim; X; in Perfd‘?‘g and denote by Y ~ lim; Y; its pullback along the map
S’ — S. Then the claim follows from the following sequence of isomorphisms:

colim F(X;) = colim (L F(v;*/%) ) = lim ((colim F(v,HV/%0) ) = tim (P(v*1/%) ) = F(X),
Iop Iop A A Iop A

K2

where the first and the fourth isomorphisms use that F' is 7-sheaf, the second isomorphism uses Lemma A.1.3,
and the third isomorphism uses the assumption that F |Perfd'«/1fsf/ is finitary. O
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The next three results are the key results of this subsection.

Theorem C.1.5. Let ¥ be an co-category compactly generated by cotruncated objects and let F': Perfdjg’()p —

Y be a finitary ¥ -valued étale sheaf. Then F' is a ¥ -valued hypercomplete v-sheaf.

Proof. Lemma B.1.4 implies that it suffices to show that F' is a v-sheaf. Now we note that since F' is an
étale sheaf, we have F'(U;crX;) ~ [ F(X;) for a finite set I and X; € Perfdjg’()p indexed by i € I. Therefore,
[Lurl8, Prop. A.3.3.1] implies that it suffices to show that, for any v-covering X — Y, the natural morphism

F(Y) = lim (F(X°+1/Y))

is an isomorphism. In other words, we have to show that any v-covering f: X — Y is of universal F-descent
in the sense of [LZ17, Def. 3.1.1]. Then Corollary C.1.3 implies that F is a pro-étale sheaf, i.e., any pro-étale
surjection X — Y is of universal F-descent. Therefore, [LZ17, Lem. 3.1.2] guarantees that we can check
that a v-covering X — Y is of universal F-descent pro-étale locally on Y. So, by [Sch26a, Lem. 7.18], we
are reduced to the case when Y is a strictly totally disconnected perfectoid space. In this situation, [Zav25a,
Lem. 6.4.4] implies that we can write f as a cofiltered limit X = lim; X; 7 ¥ such that each fi admits a
section. Therefore, [LZ17, Lem. 3.1.2(1)] implies that the natural morphism

F(Y) - lim (F(X;“/Y))

is an isomorphism for every ¢ € I. Using that F is finitary and that totalizations commute with filtered
colimits in ¥ (see Lemma A.1.3), we conclude that the natural morphism F(Y) — lima <F(X'+1/Y)> is an

isomorphism as well.
A similar argument allows us to show the following result:

Lemma C.1.6. Let S be an affinoid perfectoid space and let F': Perfdjg’()p — Caty be a finitary presheaf of
oo-categories. Suppose that there is a v-covering T — S such that F(T) # @. Then there is an étale covering
T — S such that F(T) # &.

Proof. First, [Sch26a, Lem. 7.18] implies that there is an affinoid pro-étale covering S’ — S such that S’ is
strictly totally disconnected. Using that F is finitary, it suffices to show that F'(S") # @. Weset T' :=T x g 5.

Then [Zav25a, Lem. 6.4.4] implies that we can write 7" — S’ as a cofiltered limit lim; S} — S’ such that
each S/ — S’ admits a section. Now we use that F is finitary and that F'(T") # & to conclude that F(S}) # &
for some ¢ € I. Using that S, — S’ admits a section, we conclude that F(S’) # & as well. O

Theorem C.1.7. Let ¥ be an oco-category compactly generated by cotruncated objects and let F': Perfdjg")p —
Y be a finitary ¥ -valued presheaf. Then its étale sheafification Lg F' is a finitary ¥ -valued étale sheaf.

Proof. We let X, = lim; X; be a cofiltered limit in Perfdj‘g. For any ¥ -valued presheaf G, we note by G;
the restriction of G to X2f and by Gu the restriction to X2, . We note [CM21, Cor. 7.2] (see also [CM21,
Prop. 7.6]) implies that (L¢F'); = Lt (F;) for any ¢ € I or i = co. So we wish to show that the natural
morphism

C(}Lipm (Lc’thL'(Xi)) — Lt Foo (X o)
is an isomorphism. For this, we denote by u;: X+ — X; the natural projection, and by u;"*: PShv(X2L; %) —

1,6t
PShV(ngét;”f/) and u;: Shv(Xigt;”//) — Shv(ngét;”f/) the corresponding pullback morphisms. Then
[Sch26a, Prop. 6.4] implies that colim?,, u."?F; — F. is an isomorphism of presheaves. By passing to

sheafifications, we conclude that the natural morphism
Lt ( cc;loipm Py PLg FZ) ~ Lg; ( CC}Iinm Pu;_kvai) — L Fay
is an isomorphism, where colim? stands for the presheaf colimit.

Now set Yo, — X to be an étale morphism of affinoid perfectoid spaces. Then [Sch26a, Prop. 6.4] implies
that there is 79 € I and an étale morphism Y;, — X, such that Y;, X Xy, Xoo = Yo For each i € Iy;, we
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also set Y; ==Y, xx, X;. Without loss of generality, we can replace I with I;,. Then another application of
[Sch26a, Prop. 6.4] implies that

imPuPT . F ~ i L FA(Y:
(C.1.8) (c%lpm u; Leth)(Yoo) ~ c%lpm (Leth(Yz)).
Therefore, in order to finish the proof, it suffices to show that the natural morphism
cglim PuiPLey Fy — Leg C(}limpu:’pLétFZ-)

is an isomorphism, i.e., G := colim}., u; "L F; is already an étale sheaf. Now [Lurl8, Prop. A.3.3.1] implies
that it suffices to show that G(L7,Y;) ~ [, G(Y;) and G satisfies descent with respect to étale covers
Zoo = Yoo in ngét.

The fact that G sends finite disjoint unions into finite products follows from formula (C'.1.8) and Lemma A.1.3.
Therefore, it suffices to check that G satisfies descent with respect to an étale covering Zo, — Vs, in X2ff

00,6t
i.e., the natural morphism
G(Yae) — Tota (G(Zgjl/yoo))

is an isomorphism. As above, [Sch26a, Prop. 6.4] implies that we can spread out Z,, — Y, to an étale
covering Z;, — Y;, in Xf“cf,t and we denote by Z; — Y; its pullback to X; for any i € I;;,. Without loss of

0 0,6
generality, we can replace I with I,;,. Then Formula (C.1.8) implies that it suffices to show that the morphism

colim L¢3 (Y;) — lim (colim LétFi(Z&l/Yi))
i€lop A

K3
is an isomorphism. This follows from the fact that each L F; is a sheaf and Lemma A.1.3. O
We finish the subsection by recording the following very useful fact.

Lemma C.1.9. Let F: I — PShV(Perfd7fo; Caty,) be a filtered diagram of finitary presheaves of co-categories
and let G be the presheaf colimit colim® F;. Suppose that F; — Fy is fully faithful for any i — i’ in I and that
each F; factors through Cat(q(;),1) for some integer d(i) > 0. Then L&G is a finitary hypercomplete v-sheaf of
00-categories.

We warn the reader that the category Caty, is not compactly generated by cotruncated objects.

Proof. First, Theorem C.1.5, Theorem C.1.7, and Examples A.1.2 2 imply that L¢; F; is a finitary hypercomplete
v-sheaf for each i € I. Furthermore, Lemma B.2.8 implies that L¢ F; — Lgi Fy is fully faithful for any 7 —
in I. Thus, the result follows from Lemma B.2.12 and the fact that sheafification commutes with colimits. [

C.2. v-descent for perfect étale A-complexes. Throughout this section, we fix an adic space S and a
finitary étale sheaf of rings A: Perfdjfsf’()p — Ring. Let
Perfei(—; A): Perfdj”g’Op — Catoo
be the presheaf of co-categories that sends an affinoid perfectoid S-space X to the co-category Perf(Xe;.A)
of perfect complexes of A-modules on the étale site. The main goal of this section is to show that this is a
hypercomplete v-sheaf of co-categories.
We start with the following preliminary lemma.

Lemma C.2.1. Let A = colimy A; be a filtered colimit of rings A;. Then the natural functor
collim Perf™*(4;) — Perf™*!(A)
is an equivalence for any r,s € Z U {—o0, o0}.

We remind the reader that Perfl™ (A) denotes the oo-category of perfect A-complexes that have tor-
amplitude in [r, s].

Proof. This follows directly from the proof of [SP26, Tag 0BCT7]. O
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Corollary C.2.2. Let S be an adic space, let A: Perfd?f;’c’p — Ring be a finitary étale sheaf, let X = limy X;
be a cofiltered limit in Perfd?‘g. Then the natural functor

colim Perfl" (A(Xi)) — Porflr?] (A(X))
is an equivalence for any r,s € Z U {—o0, 00}.
Proof. This follows directly from the combination of Lemma C.2.1 and the assumption that A is finitary. [

Now we introduce the notation that will be useful throughout the whole appendix.

Notation C.2.3. Fix an adic space S, elements r,s € Z U {—00,00} with » < s, a topology 7 €

{an, ét, proét, v}, and a T-sheaf of rings A: Perfdjgpp — Ring. The 7-sheaf

Perf[f’s](—;A): Perfdjg’()p — Cato

is defined as the 7-sheafification of the presheaf Perf[™*] (A(-)).

We note that Proposition B.3.2 implies that Perf, (—;.A) ~ Perfl=>>l(—: A).
Theorem C.2.4. Let S be an adic space, let A: Perfdjg’Op — Ring be a finitary étale sheaf. Then the functor
Perfg;’s](f; A): Perfdjtfsf’Op — Cato is a finitary hypercomplete v-sheaf for any r,s € ZU{—o0,00} withr < s.
In particular, the functor Perfe (—; A): Perfd?g’()p — Cat is a finitary hypercomplete v-sheaf.

Proof. We first consider the case when 7 and s are finite integers. Then we note that Perfl™?! (A(-))
takes values in Cat(s_,41,1). Thus, Corollary C.2.2 implies that Perf!™] (A(—)) is a finitary presheaf of
(s — r 4+ 1,1)-categories. Therefore, Theorem C.1.5, Theorem C.1.7, and Examples A.1.2 2 imply that
Perf,[;t’sl (= A) = LgPerf™*! (A(-)) is a finitary hypercomplete v-sheaf. Now we deal with the case r € Z and

s = oo. In this case, we note that Perfl">! (A(X)) =~ colim>, Perfl"*! (A(X)). Therefore, the result follows
immediately from Lemma C.1.9. The cases r = —00, s € Z and r = —00, s = 0o are done analogously. O

Now we note that Theorem C.1.5 ensures that the sheaf A is automatically a v-sheaf. Thus, it makes sense
to consider the category Perf.(X; A) for 7 € {proét,v}.

Corollary C.2.5. Let X be a perfectoid space, let A: Perfd?i’or’ — Ring be a finitary étale sheaf, let
7 € {proét, v}, and let \.: (X,, A) = (Xe&, A) be the natural morphism of ringed sites. Then the following
statements hold:
(i) the functor \:: Perfe(X; A) — Perf, (X;A) is an equivalence of co-categories;
(i) the functor RA; . D(X;;A) = D(Xe; A) restricts to a functor RA; . : Perf,(X; A) — Perfe (X; A);
(iii) RA; . is the inverse functor to \:.

Proof. All claims are étale local on X, so we can assume that X is an affinoid perfectoid. Then we note
that \*: Perf¢ (—;.A) — Perf,(—;.A) realizes the target as the T-sheafification of the source’’. Therefore,
Theorem C.2.4 implies that it must be an equivalence, so this proves the first claim.

To see the second and third claims, it suffices to show that P — RA;  AXP is an equivalence for any
P € Perfy (X;.A). After unravelling the definitions, it boils down to showing that the natural morphism
ep: Rlg (X, P) — RI-(X,\*P) is an equivalence for any affinoid perfectoid X. Since Rl (X, P) =~
R Hompx,,;4)(A, P) and RI'; (X, \iP) ~ RHomp x_; 4)(A, \;P), we conclude that cp is an isomorphism
for any P € Perf(X;.A). O

Corollary C.2.6. Let X = Spa(R, RT) be a strictly totally disconnected perfectoid space, let A: Perfdjf)f(’()p —

Ring be a finitary étale sheaf of rings, and let 7 € {ét,proét,v}. Then the functor (r;/): Perf(.A(X)) —
Perf.(X;.A) is an equivalence. Its inverse is given by

RI'; (X, —): Perf,(X;A) — Perf(A(X)).

20This can be either seen from Corollary B.2.9 or Proposition B.3.2.
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Proof. Corollary C.2.5 (i) implies that Perfs (X;.A) 2, Perf,(X;.A) is an equivalence. Therefore, it suffices
to prove the claim when 7 = ét. In this case, we note that Perfs (X;.A) is the étale sheafification of
the presheaf Perf (A(—)) Since X is strictly totally disconnected, every étale covering of X splits. Thus,
we conclude that the étale sheafification does not change the value on X. In particular, we see that
(=): Perf(A(X)) — Perfe(X; A) is an equivalence. To see that its inverse is given by RI'¢ (X, —), it suffices
to show that P — RI¢ (X, P) is an equivalence for any P € Perf (A(X)). By induction, we reduce to the
case when P is a direct summand of A(X)®" for some integer n. This can be further reduced to the case
P = A(X). In this situation, the question boils down to showing that A(X) — R (X,.A) is an equivalence.
This follows from the fact that X is strictly totally disconnected, so all higher étale cohomology vanish. [

We also include the following result that is used in the main body of this paper (see Lemma 3.4.8).

Lemma C.2.7. Let X be a perfectoid space over S, let A: Perfdz;f)f(’Op — Ring be a finitary étale sheaf, let
Aprost © Xprost — Xet be the natural projection, and let Agy and Aprose be the restrictions of A to X¢ and

Xprost respectively. Then the natural morphism )\;r{jét (Ag) = Aprost is an isomorphism.

We note that Theorem C.1.5 ensures that A is automatically a pro-étale sheaf (even a v-sheaf), so Aprost
is well-defined. We also emphasize that the functor )\;rloét is the pullback functor for sheaves of abelian groups,
which is usually different from the module-theoretic pullback functor Af, . associated to the morphism of
ringed sites Aproct : (Xprost; Aproct) — (Xet; Ast). However, Lemma C.2.7 implies that these two functors are

equivalent.

Proof. The question is local on X, so we can assume that X is an affinoid. Then Lemma C.1.2 implies that it
suffices to show that, for every affinoid pro-étale morphism U = lim; U; — X in Xj04t, the natural morphism

C(}})ipm A(U;) = AU)
is an isomorphism. This follows immediately from the assumption that A is finitary. O
Now we provide some examples of finitary étale sheaves of rings.

Lemma C.2.8. Let n > 0 be a positive integer. Then the constant étale sheaf Z/n: Perfd®™°P — Ring is
finitary.

Proof. Theorem C.1.7 implies that it suffices to show that the constant presheaf Z/ T reshea is finitary. This

is evident since Z/n (X) = Z/n for any X € Perfd®?. O

presheaf

Remark C.2.9. Lemma C.2.8 and Corollary C.2.5 together imply that the natural functor
Ar: Perfe(X;Z/n) — Perf,(X;Z/n)

is an equivalence for any perfectoid space X, 7 € {proét, v}, and a positive integer n > 0.

Lemma C.2.10. Let S be an affinoid perfectoid space and let w € O;(S) be a pseudo-uniformizer. Then the
étale sheaf OF /w: Perfdjg")p — Ring is finitary.

Proof. First, we note that Oef; /w is the étale sheafification of the presheaf of rings G defined by the rule

X — O}ét (X)/w. Therefore, Theorem C.1.7 ensures that it suffices to show that G is finitary. For this, we
fix Spa(Rs, RL,) = lim; Spa(R;, R;), then we have RY, ~ ( colimjep Rj)?w) (see [Sch26a, Prop. 6.4]). So the
question boils down to showing that colimer R} /oo — (colim Top R;-*')(Aw) /@ is an isomorphism; this follows

directly from [SP26, Tag 05GG]J. O

Remark C.2.11. Lemma C.2.10 and Theorem C.1.5 imply that, in the notation of Lemma C.2.10, the étale

sheaf (’)2; /@ is already a v-sheaf. In particular, it implies that the quotient (’)2; [ Perfd?if’olo — Ring in the

(big) étale topology coincides with the quotient O /w: Perfd?f;")p — Ring in the v-topology.
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Remark C.2.12. Lemma C.2.10 and Corollary C.2.5 together imply that the natural functor

A\E: Perfe (X; 0T Jw) — Perf, (X; 07 /w)
is an equivalence for any perfectoid space S, a pseudo-uniformizer w € O;(S ), an S-perfectoid space X, and
7 € {proét,v}.

Remark C.2.13. Lemma C.2.10 and Theorem C.2.4 with 7 = s = 0 recover the fact that Vect,(—; OV /@)
is a finitary v-stack of (ordinary) categories (see [Heu26, Prop. 2.6] and [Zav25a, Th. 1.3.1]).

Lemma C.2.14. Let I = [a,b] C (0,00) be a closed interval with rational endpoints. Then the étale sheaf
Aji/p: Perfdjg’;)p — Ring is finitary.

We refer to Corollary 2.5.2 for the definition of the étale sheaf A;.

Proof. First, it suffices to show that the restriction Ay g /p: Perfd?f;’Op — Ring is finitary for any affinoid
perfectoid space S over Spa(Q,, Z,). Fix p’ € (’)Z«’Jr(S) as in Notation 2.1.1. Now Lemma C.1.4 implies that
we can prove the claim étale locally on S. Therefore, Remark 2.2.3 ensures that we can assume that there is a
pair o, 8 € OZﬁ(S ) which is well-adapted to p” and I. Then Proposition 3.1.10 implies that

Ara/p~ <@ OZ;*/a) ® (EB OZ;*/B) :
N N

Now we note that (by passing to tilts) Lemma C.2.10 implies that each (’)zfr /o and Oz’t"' /f is finitary.
Therefore, their direct sum is still finitary since the topos Perfd?g’zp is coherent (see [SP26, Tag 0739]) O

Remark C.2.15. Lemma C.2.14 and Theorem C.1.5 imply that, in the notation of Lemma C.2.14, the étale

sheaf At ¢ /p is already a v-sheaf. In particular, it implies that the quotient Ay ¢ /p: Perfd?g")p — Ring in
’ p

the (big) étale topology coincides with the quotient Aj ,/p: Perfdjg’:p — Ring in the v-topology.

Remark C.2.16. Lemma C.2.14 and Corollary C.2.5 together imply that the natural functor
AL Perfy (X; Ar/p) — Perf (X; Ar/p)
is an equivalence for any perfectoid space X over Spa(Q,,Z,) and 7 € {proét, v}.

C.3. v-descent for perfect OT-complexes. Let
Perfs (—; OF): Perfd®™°P — Catq,

be the presheaf of oco-categories that sends an affinoid perfectoid space X to the oo-category of perfect
complexes of (’)}ét-modules. The main goal of this subsection is to show that this is a hypercomplete sheaf of
oo-categories. '

Our strategy for proving this fact will rely on showing that the category of perfect complexes of (’)}ét-modules
is equivalent to the category of perfect complexes of O}v—modules.

We start the subsection by showing that the pullback functor A% : Perfs (X;O1) — Perf,(X;O7T) is fully
faithful for any perfectoid space X. For this, we need the following preliminary lemma:

Lemma C.3.1. Let S = Spa(R, R™) be an affinoid perfectoid space, let w € RT be a pseudo-uniformizer,
let X be a perfectoid space over S, let T € {an, ét, proét, v}, and let P € Perf, (X;OF). Then P is derived
w-adically complete.

Proof. The claim is 7-local on X, so we can assume that P can be represented by a finite complex of finite
free O}T—modules. Then a standard inductive argument reduces the general question to the case P = O}T.
In this case, according to [Zav25a, Lem. A.8] and [BS15, Prop. 3.4.4], it suffices to show that H (X, O%) is
w-adically complete for all 4 > 0. This follows from [Sch26a, Th. 3.24] for 7 = an, [Sch26a, Th. 6.3] for 7 = ét,
[Sch26a, Prop. 8.5] for 7 = proét, and [Sch26a, Prop. 8.8] for 7 = v. O

Proposition C.3.2. Let X be a perfectoid space, let P,Q € Perfs(X;07), let T € {proét,v}, and let
Ari (X, OF) = (Xg, OT) be the natural morphism of ringed sites. Then the following statements hold:
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(i) the natural morphism P — RA;  AEP is an isomorphism;

(ii) the natural morphism RHom(P, Q) — RHom(A:P, \£Q) is an isomorphism;

(iii) the functor \i: Perfe(X;0%) — Perf, (X;07) is fully faithful.
Proof. Part (i) is étale local on X, so we can assume that X = Spa(R, RT) is an affinoid perfectoid and
choose a pseudo-uniformizer w € R*. Then Lemma C.3.1 and [SP26, Tag 0A0G]| imply that it suffices to
show that P/Lw™ — R, \X (P/ Lw") is an isomorphism for any integer n > 1. This follows directly from
Corollary C.2.5 and Lemma C.2.10. Now Part (ii) follows directly from Part (i) and the (A%, RA; .)-adjunction.
Lastly, Part (iii) follows from Part (ii) by passing to 7=Y. O

Our next goal is to show that A} : Perfs (X; O%) — Perf,(X; O%) is essentially surjective and, thus, is an
equivalence. For this, we need to introduce the following notation:

Definition C.3.3. The presheaf of topologically nilpotent functions O°°: Perfd®®°P — Mody, is the presheaf
which sends X = Spa(R, R") to the ideal of topologically nilpotent elements R°°. For each affinoid perfectoid
space X, we denote by OF the restriction Ooo\Pcrfdjf)f(,op. For 7 € {an, ét, proét, v}, we write OF° when we

want to emphasize that we consider O% as a presheaf in the T-topology.
The next lemma shows, among other things, that O°° is a 7-sheaf.

Lemma C.3.4. Let X = Spa(R, RT) be an affinoid perfectoid space and let T € {an, ét, proét,v}. Then there
is a pseudo-uniformizer w € Rt admitting compatible p-power roots w'/?" € R*. Furthermore, the following
hold:
(i) the presheaf OF is a T-sheaf of abelian groups and the natural morphism colimy wl /" (’)}T — 0% s
an isomorphism. In particular, the morphism colimy w'/?P" (’)}T — OX._ is an isomorphism as well;*!
(ii) the natural morphism

RT, (X, F) @k R — Rl (X, F @%;T 0%)

is an isomorphism for any F € DY (X,; O}T);
(iii) the natural morphism R°® — RI'+(X, 0% ) is an isomorphism;

Proof. The claim about the existence of a pseudo-uniformizer w € Rt with compatible p-power roots of
w follows from [Sch26a, Lem. 3.10]. Then [Zav25a, Lem. B.5| ensures that S°° = |J, -, @/?"S* for any
morphism of affinoid perfectoid spaces Spa(S,St) — Spa(R, Rt). This already implies that the natural
morphism colim¥; wt/P" O}T — O%_ is an isomorphism. Using that filtered colimits commute with finite
limits and that O}L(T is a 7-sheaf, we conclude that O%° is a 7-sheaf as well. This finishes the proof of part (i).
Combining this with the facts that RI'; (X; —) commutes with filtered colimits of uniformly bounded below
complexes and that R (X, F) ®[é+ — commutes with all colimits, we easily deduce part (ii). Part (iii) follows
directly from part (ii) applied to F = O}T and [Sch26a, Th. 3.24] for 7 = an, [Sch26a, Th. 6.3] for 7 = ét,
[Sch26a, Prop. 8.5] for 7 = proét, and [Sch26a, Prop. 8.8] for 7 = v. O

For the next definition, we fix an affinoid perfectoid space X and 7 € {an, ét, proét, v}.
Definition C.3.5. The topologically reduced structure sheaf Ox, : Perfdj‘f;(’Op — Modgz is the quotient sheaf
(in the 7-topology) Ox, = O;T /0%

For the purpose of the next definition, we fix an affinoid perfectoid space X = Spa(R, R"), a pseudo-
uniformizer @ € R*, and 7 € {an, ét, proét, v}.
Definition C.3.6. Fix a perfect complex P € Perf, (X; O*)Jresp. P € Perf,(X; O+Lw)). Its topological
reduction is the perfect complex P = 73®I(5+ Ox. € Perf, (X;0) (resp. P = P®Ié+ y Ox, € Perf,(X;0)).
X pawacy
The next lemma will be an important technical ingredient in our proof of v-descent for étale perfect
OT-complexes.

2We recall that colim? stands for the presheaf colimit.
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Lemma C.3.7. Let X = Spa(R, RT) be an affinoid perfectoid space, let w € RT be a pseudo-uniformizer as
in Lemma C.3.4, let T € {an, ét, proét, v}, and let P, Q € Perf.(X;OF /w!'/P") for some integer n > 0. Then
the following hold:

(i) the natural morphism colim,,>, RT+(X,P/“w!/?™) — RT',(X,P) is an isomorphism;

(ii) the natural morphism colim,,>, R Hom(P/Lww!/P" Q/Lw!/P™) — R Hom(P, Q) is an isomorphism.
Proof. Lemma C.3.4 (i) implies that colim,,>n, P/l /P P ®Ié+ Ox. is an isomorphism. Thus, part (i)

Xr

follows from the observation that RT'; (X, —) commutes with filtered colimits of uniformly bounded complexes.
Part (ii) follows from part (i) since R Hom(P/“w!/?" Q/Lw!/P") ~ RI', (X, PV /M /P" @V Q /" w!/P™) (and
similarly for P and Q). O

Lemma C.3.7 allows us to check various properties of perfect O -complexes modulo ©O°°. We collect a

number of such applications below. These results will be crucial for our proof of the essential surjectivity of
AL
Corollary C.3.8. Let X = Spa(R, RT) be an affinoid perfectoid space, let T € {an, ét, proét,v}, let P, Q €
Perf, (X;O0%), and let o: P — Q be a morphism such that

p:P—Q
is an isomorphism. Then ¢ is an isomorphism as well.
Proof. The H’-version of Lemma C.3.7 (ii) and a standard approximation argument implies that there is a
pseudo-uniformizer ©w € Rt such that ¢/*w: P/Yw — Q/Yw is an isomorphism. By induction, this implies

that ¢/Pw™: P/lw™ — Q/Yw™ is an isomorphism for any integer n > 1. Then Lemma C.3.1 implies that ¢
is an isomorphism as well. O

As another application of Lemma C.3.7, we show that we can lift certain presentations of perfect O-complexes
to presentations of O /w-complexes for a suitable choice of a pseudo-uniformizer .

Corollary C.3.9. Let X = Spa(R, RT) be an affinoid perfectoid space, let T € {an, ét, proét, v}, and let € be
an Ox_-module which is a direct summand of a finite free Ox_-module. Let @ € RT be a pseudo-uniformizer
as in Lemma C.3.4. Then there is an integer n > 0 and an O}T J@/P" -module £ such that & is a direct

summand of a finite free O% [P -module and £ Rot jwi/om Ox. ~E&.

Proof. Let € be a direct summand of 6??? and let 7: @ii — 6?? be the projector corresponding to &, i.e.,

72 =7 and Im(7) = £. Then the H-version of Lemma C.3.7 (i) implies that we can find an integer n € N

and a morphism 7: (0% /@w!/?")®d — (Of /w!/P")®4 such that 72 = 7 and 7 @+ Jwi/om Ox, =7. Then
- . %,

& :=Im(r) is a direct summand of (O}T [t /P8 and £ Dot jer/on Ox, ~ &. This finishes the proof. [

Corollary C.3.10. Let X = Spa(R, R") be an affinoid perfectoid space, let T € {an, ét, proét, v}, and let
P e Perf,(X;0%) such that P ~ & where & is a complex of Ox_-modules such that each &' is a direct

summand of a finite free Ox_-module and g ~o0 for i & [—d,0] for some integer d > 0. Then there is a
pseudo-uniformizer @ € Rt such that P/“w is isomorphic to a finite complex of direct summands of finite

free OF /w-modules £° such that £° ® .+ Ox. ~& and & ~0 fori ¢ [—d,0].
X, 0%, /@ A

Proof. Choose a pseudo-uniformizer w € Rt as in Lemma C.3.4. Then Corollary C.3.9 and the H'-version
of Lemma C.3.7 (ii) implies that we can find an integer n € N and a finite complex £ of direct summands
of finite free OF /w/P"-modules such that £° ot jet/on Ox. ~& and & ~ 0 for i ¢ [—d,0]. Then the

H-version of Lemma C.3.7 (ii) and a standard approximation argument imply that there exists m > n
such that €* @pt ) 1/pm O% [@'/?" ~P ®ge O% Jw'/P". Now we redefine @ to be w!/P" and £°* to be
E T Xr T

£ ®O;T P O}T /w/P™ . This finishes the proof. O

Now we are ready to get the following crucial almost vanishing result:
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Corollary C.3.11. Let X = Spa(R, R") be an affinoid perfectoid space, let 7 € {an, ét, proét, v}, and let
P e P_erfT(X; (’)}) such that P ~&° for a finite complex of direct summands of finite free Ox_-modules such
that € ~ 0 for i > 0. Then RT,(X,P) € DO(Rt)e.

Proof. We choose a pseudo-uniformizer @ € RT as in Corollary C.3.10. Then Lemma C.3.1, [SP26, Tag
0BLX], and [Zav25a, Lem. A.5] imply that it suffices to show that RI'; (X, P/Yw) € D<O(RT)%. Using the
finite complex £° of direct summands of finite free (’)}T /w-modules constructed in Corollary C.3.10, we reduce
the question to showing that RI'+(X, 0% /w) € D<(RT)®. This follows directly from [Sch26a, Th. 3.24] for
7 = an, [Sch26a, Th. 6.3] for 7 = ét, [Sch26a, Prop. 8.5] for 7 = proét, and [Sch26a, Prop. 8.8] for 7 =v. O

Our next goal is to prove a stronger version of Corollary C.3.9. For this, we will need the following
preliminary lemma.

Lemma C.3.12. Let R be a commutative ring, let x € R be a nonzerodivisor that admits a compatible sequence
of p-power roots x'/?" € R, and let J :== Uz'/?"R. Let A be a (not necessarily commutative) R-algebra®”
which is x-adically complete and lete € A/JA be an idempotent element. Then there is an idempotent element
e € A such that its image in A/JA is equal to €.

Proof. First, let N be the kernel of the morphism A/xA — A/JA. Then N is a locally nilpotent ideal
(i.e., for any n € N there is an integer d such that n? = 0). Therefore, [Lam76, Prop. 3.6/1] implies that
there is an idempotent e; € A/xA such that its reduction in A/JA is equal to €. Similarly, we can apply
[Lam76, Prop. 3.6/1] to the reduction morphisms A/z"A — A/x" 1A to get a sequence of compatible
idempotent elements e,, € A/z™A. Since A is z-adically complete, the sequence {e, },>1 uniquely determines
an idempotent e € A such that the image of e in A/2™ A is equal to e,. In particular, its image in A/JA is
equal to e. O

Now we are ready to prove a stronger version of Corollary C.3.9.

Corollary C.3.13. Let X = Spa(R, R") be an affinoid perfectoid space, let T € {an, ét, proét, v}, and let €
be an Ox._-module which is a direct summand of a finite free Ox_-module. Then there is an O}T -module €
such that € is a direct summand of a finite free (’);}T -module and £ ot Ox, ~E&.

Proof. Let £ be a direct summand of 5??? and let 7: 6??? — 6?2? be the projector corresponding to &, i.e.,
72 =7 and Im(7) = €. Choose a pseudo-uniformizer € R* as in Lemma C.3.4. It suffices to show that we
can lift 7 to a projector m: (0% )®% — (O ). In this case, the OF -module £ := Im(7) does the job.

In order to construct m, we set ¥ := End((O% )®%), so we have ¥ := ¥ Rot Ox, ~ End((Ox,)%%).

The projector T corresponds to an idempotent element ez € End (@ii) = HQ(X , 7). Therefore, in order to
construct the desired projector 7, it suffices to show that the idempotent &z € H2(X,7) can be lifted to an
idempotent e € H2 (X, 7).

For this, we consider the short exact sequence 0 — ¥ ot X =7V — ¥ —0and J = U,w!/?"RT.

T

Then the combination of Corollary C.3.11 and Lemma C.3.4 (i), (ii) imply that
HY(X,7) ~H)(X,7)/(JHAX, 7).

Therefore, Lemma C.3.12 guarantees that, for the purpose of constructing the desired idempotent e € Hg(X V),
it suffices to show that H?(X,¥) is w-adically complete. Now the observation that ¥ is w-torsionfree
and derived w-adically complete (see Lemma C.3.1) implies that it is classically w-adically complete, i.e.,
¥ ~lim, ¥ /w". Since H?(X, —) commutes with limits, we see that H (X, %) ~ lim,, H? (X, /w"). Thus,
[SP26, Tag 0G1Q)| ensures that H? (X, %) is a w-adically complete R*-algebra. This finishes the proof. [

Corollary C.3.14. Let X = Spa(R,R*") be an affinoid perfectoid space, let T € {an,ét,proét,v}, let
P € Perf,(X;0%) such that P ~ g* for a finite complex of direct summands of finite free Ox_-modules

22By an R-algebra, we mean a ring A with a ring homomorphism R — A such that the image of R lies in the center of A.
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such that € ~ 0 fori >0, let Q be a direct summand of a finite free (9+ -module, and let o: Q — P be a
morphism in D(X,; Ox_.). Then there is a morphism ¢: Q — P lifting .

Proof. First, note that Ro#om(Q, P) ~ P®Ié+ QY and R#om(Q,P) ~ ﬁ@%x Q' ~ RA#Zom(Q,P) ®I(5+
Xy - Xr
Ox_. Therefore, it suffices to show that the natural morphism H® (X, P ®(L9+ QY) —» HY(X,P ®%X @v) is
X, -

surjective. Using the fiber sequence
v

RPA(X,Poge Q' ®p; OF)—RI(X,Poy. Q') »RI-(X.Pap, Q).
X, T %, «

o%. -
we see that it suffices to show that R[-(X,P @y, QY @y, 0%) € D=°(RY). Now we observe that the
X X )
complex P ®%X @v has a representative g* Qo @v such that each & Qo Qv is a direct summand of

a finite free Ox_ -module and g Rz, @v ~ ( for 7 > 0. Therefore, the desired vanishing follows from the
combination of Corollary C.3.11 and Lemma C.3.4 (ii). O

Proposition C.3.15. Let X = Spa(R,R") be an affinoid perfectoid space, let T € {proét,v}, and let
P € Perf,(X;OF) be a perfect complex such that P can be represented by a finite complex of direct summands of
finite free Ox_-modules. Then P lies in the essential image of the functor \*: Perfs (X; OF) — Perf,(X; OT).

Proof. We choose a finite complex &° of direct summands of finite free O x.-modules such that &' ~P. We
show that P lies in the essential image of AX by induction on the length of g,

The base case is & of length 0, i.e., €® ~ 0. In this case, Corollary C.3.8 implies that the natural map
0 — P is an isomorphism as well. In particular, P lies in the essential image of 7.

Now we perform the induction argument. We assume that we have proven the claim for any P with & of
length less than n > 1 and wish to prove it for P with & of length n. Without loss of generality, we can
assume that & ~ 0 for i ¢ [—n + 1,0]. We use Corollary C.3.13 to find an (9+ —module &o such that £° is
a direct summand of a finite free (9+ -module and such that £° ®O+ Ox, ~ 2%, Let 725 g% & € be the
natural inclusion morphism, then Corollary (C.3.14 implies that we can lift this morphism to a morphism
@0: E9 — P. We set Q := cone(y). Then the Ext!-version of Proposition (.3.2 (ii) implies that it suffices to
show that £° and Q lie in the essential image of AL

First, we show that £° lies in the essential image of A\*. For this, we note that the facts that Perfe (X; O)
is idempotent-complete and \*: Perfe (X;O1) — Perf, (X; O7") is fully faithful (see Proposition C.3.2 (iii))
imply that the essential image of \* is closed under retracts. Combining this with the observations that £ is
a direct summand of a finite free O}T—module and that O}T lies in the essential image of A}, we conclude
that £° lies in the essential image of \*.

Now we show that Q lies in the image of A*. By the construction, we know that Q ~ 0’<Og., where o
the naive truncation. In particular, the length of € representing Q is n — 1, so Q lies in the essential image
of AX by the induction hypothesis. This finishes the proof. O

<0 is

Finally, we are ready to show that A\%: Perfs (X;O0%) — Perf,(X;O%) is essentially surjective for 7 €
{proét, v}.

Theorem C.3.16. Let X be a perfectoid space, let T € {proét,v}, and let A\, : (X,,OF) — (X, OT) be the
natural morphism of ringed sites. Then the following hold:
(i) the functor RA; .: D(X;;OF) = D(Xep; OF) restricts to a functor R\, . : Perf, (X;O7) — Perfe (X;07);
(ii) the functor Xi: Perfe(X; OT) — Perf, (X;O") is an equivalence with the inverse functor R\, ..

Proof. We start by proving Part (i). We fix a P € Perf,(X;O") and need to show that R\, .P lies in
Perfg (X; OF). The question is étale local on X, so we can assume that X = Spa(R, RT") is an affinoid
perfectoid. We choose a pseudo-uniformizer @ € RT. Then Corollary C.2.5 (i) and Lemma C.2.10 ensure
that we can replace X with its étale covering to assume that P/l is strlctly perfect, i.e., represented by a
finite complex of direct summands of a finite free (’)+ _/w-modules. In particular, P is strlctly perfect as well.
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Then Proposition C.3.15 ensures that P ~ \*P’ for some P’ € Perfs (X; OT). Therefore, Proposition C.3.2
guarantees that the natural map P’ — R, .P is an isomorphism. In particular, R\, .P indeed lies in
Perfg (X; OT).

Now we show Part (ii). Proposition C.3.2 implies that it suffices to show that, for any P € Perf,.(X;O%),
the natural map A;RA; P — P is an isomorphism. The question is étale local on X, so we can assume that
X = Spa(R, R") is an affinoid perfectoid space. We choose a pseudo-uniformizer w € RT and note that
Part (i) and Lemma C.3.1 imply that it suffices to show that A*RA;. (P/"w) — P/Yw is an isomorphism.
This follows from Corollary C.2.5 (iii) and Lemma C.2.10. O

Corollary C.3.17. The functor Perfe(—, O1): Perfd®°P — Cato, is a hypercomplete v-sheaf of oo-
categories.

Proof. Tt follows immediately from Theorem C.3.16 (ii) and Lemma B.3.1. O

Corollary C.3.18. Let X = Spa(R, RT) be a strictly totally disconnected perfectoid space and let T €
{ét, proét,v}. Then the functor (—): Perf(R") — Perf,(X;O") is an equivalence. Its inverse is given by

RI, (X, —): Perf, (X;O0") — Perf(R").

Proof. The proof of this claim is identical to the proof of Corollary C.2.6 using Theorem C.3.16 in place of
Corollary C.2.5. O

For future reference, we also need to establish a verswn of Corollary C.3.17 for perfect complexes of bounded
tor-amplitude. For this, we will use the sheaf Perfl"*(— O*) Perfd*™°P — Cat, from Notation ('.2.3.

Our goal is to show that the sheafification morphism Perf N S]( :OF) = Perfl*)(—; O1) is an equivalence.

Remark C.3.19. The morphism Perfl""(—; OF) — Perfl™(—; 0F) is fully faithful for any r,s € Z U
{—00,0}. Indeed, Lemma B.2.8 and Corollary C.3.17 imply that both Perf[r *l(—=;0%) and Perf™*)(—; 0T)

are full subfunctors of Perfe(—; O) ~ Perf,(—; OT). Therefore, Perfért S]( :OF) = Perfl™*l(—; O) is fully
faithful as well.

Lemma C.3.20. Let (R, RY) — (S,ST) be a continuous map of complete uniform Tate—Huber pairs such
that the induced morphism Spa(S, S*) — Spa(R, RT) is surjective. Then the morphism Spec ST — Spec RT
18 surjective on closed points.

Proof. Fix a pseudo-uniformizer @ € RT. Since RT and ST are w-adically complete, [SP26, Tag 05GI|
implies that @ € rad(R*") and w € rad(S™). Therefore, it suffices to show that Spec S*/w — Spec R /w is
surjective. Now we note that the specialization morphism sp: [Spa(R, R")| — |Spec Rt /w| is surjective (see
[FK18, Prop. 11.3.1.5]). Therefore, surjectivity of Spec S*/w — Spec RT /w follows from the surjectivity of
Spa(S,St) — Spa(R, R") and the functoriality of the specialization morphism. O

Corollary C.3.21. Let f: X — Y be a v-covering in Perfd®®, let r,s € Z U {—00, 00} with r < s, and let
P € Pert™*)(Y;O) such that fP e Perf[” (X;07"). Then P lies in Perfgt’sl (Y;07) (see Remark C.5.19).

Proof. Since Perfgt’s](—; O7T) is an étale sheaf, we can check that P lies in Perfgt’sl (Y; OT) étale locally on Y
(see Corollary A.2.2). Proposition B.3.2 and Lemma B.2.8 imply that Perf"*/(—; O) — Perf,(—; O") is fully
faithful for 7 € {ét,v}, while Theorem C.3.16 (ii) implies that Perfs (—; O1) ~ Perf,(—; O"). Combining
these results with Lemma B.2.2 and Proposition B.3.2, we see that there is an étale covering Y’ — Y such
that Y’/ = Spa(R, R1) is an affinoid perfectoid and Py ~ P for some P € Perf(Oy,(Y")). We wish to show
that P lies in Perf[r’s](O;‘},(Y’)).

Now we use Lemma B.2.2 once again to find a v-covering X’ — X Xy Y’ such that P|x, ~ @ for some
Q € Perf!™? (0%, (X")). Without loss of generality, we can assume that X’ = Spa(S, ST) is strictly totally
disconnected. Then Corollary C.3.18 implies that P ® O}/(X’) Q € Perf" (0%, (X")). Therefore,

Lemma C.3.20 and [SP26, Tag 068V]| imply that P € Perf " 9] (O3, (Y”")). This finishes the proof. O
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Corollary C.3.22. The natural morphism Perf[r’s](—;OJr) — Perf[r"s](—;O*) is an equivalence for any

ét v
[r,s]
ét

r,s € ZU{—00,00} withr < s. In particular, Perf > (—; O") is a hypercomplete v-sheaf.

Proof. Remark C.3.19 says that Perfl*/(—; O+) — Perfl™)(—; O") is fully faithful. Now Corollary C.3.21
and Lemma B.2.2 imply that this morphism is essentially surjective. Thus, it is an isomorphism. Finally,
we note that PerfLT’S](—; O) is a hypercomplete sheaf by Lemma B.1.4 when r and s are finite. The case of

infinite 7 or s follows from Lemma B.2.12 by passing to a colimit. O

Remark C.3.23. For r = s = 0, Corollary C.3.22 recovers the fact that Vects (—; OT) is a v-stack of
(ordinary) categories (see [Heu26, Th. 2.21] and [Zav25a, Th. 1.3.2]).

C.4. v-descent for perfect A;-complexes. In this subsection, we fix a closed interval I = [a,b] C (0, c0)
with rational endpoints. We refer to Definition 2.1.7 for the definition of A;(X) for an affinoid perfectoid X
over Spa(Qp, Zy), we also refer to Corollary 2.5.2 for the proof that Ay is a v-sheaf on Perfd?f(gp. We denote
by Ax,, the restriction of A to the (affinoid) étale site of X. Let

Perfgi(—; Ag): Perfd?fé’:p — Catoo

be the presheaf of oco-categories that sends an affinoid perfectoid space X to the oo-category of perfect
complexes of Ay x, -modules. The main goal of this subsection is to show that this is a hypercomplete sheaf
of co-categories.

We will closely follow the strategy taken in Section C.3. Since the arguments in this section are very similar
to those in Section C.3, we will sometimes not present the proofs in full detail and instead only discuss the
main changes one needs to do compared to the analogous proofs in Section C.3.

Lemma C.4.1. Let S = Spa(R, R") be an affinoid perfectoid space over Spa(Qy, Z,) with a choice of p° €
R>*. Suppose that there are elements o, B € R>t well-adapted to p° and I. Let T € {an, ét, proét,v}. Then
RI-(S,A;) ~* A1(5)[0], where we consider almost mathematics with respect to the ideal A(S)°° C Ar(S)
(see Corollary 2.2.18).

Proof. By definition, we have H2(S, A7) = A;(S). The rest follows immediately from [SP26, Tag 03F9] and
Lemma 2.5.1. O

Lemma C.4.2. Let S be a perfectoid space over Spa(Qy, Zy), let T € {ét, proét, v}, and let P € Perf.(S; Ar).
Then P 1is derived p-adically complete.

Proof. The claim is 7-local on S, so we can assume that S = Spa(R, R™") is an affinoid perfectoid space and
that P is a strictly perfect complex. Then a simple reduction reduces the claim to the case P = Aj.

Then [Zav25a, Lem. A.8] implies that it suffices to show that RI'; (X, A) is derived p-complete for any
X e Perfdjlg. Furthermore, [BS15, Prop. 3.4.2 and 3.4.4] imply that it suffices to show that H’ (X, Aj) is
p-adically complete for any X € Perfd“}fsE and ¢ > 0.

For this, we choose an element p® € R as in Notation 2.1.1. Then Remark 2.2.3 implies that we
can also assume that there are elements o, 3 € R>*t well-adapted to p° and I. So Corollary 2.2.18 imply
that HY(X,A;) = A;(X) is p-adically complete for any X € Perfdj‘g. Now Lemma C.4.1 ensures that

H’T (X,Af) ~* 0 for any X € Perfd;*g and ¢ > 0. In particular, it is p-torsion, so it is p-adically complete.
This finishes the proof. d

Now we are ready to prove the main result of this subsection:
Theorem C.4.3. Let S be a perfectoid space over Spa(Qyp,Zy), let T € {proét, v}, and let \.: (S;, Ar) —
(Sst, A1) be the natural morphism of ringed sites. Then the following hold:

(i) the functor \:: Perfe(S; Ar) — Perf,(S; Ap) is an equivalence with the inverse given by

RA; .1 Perf.(S;Ar) — Perfe (S; Ap);
(ii) if S = Spa(R, R") is strictly totally disconnected and 7' € {ét, proét, v}, the functor (A—/): Perf(A;(9)) —
Perf,(S; Ay) is an equivalence with inverse given by RT', (S, —): Perf(S; A;) — Perf(A;(S9)).
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Proof. First, we note that Part (ii) follows formally from Part (i) (see Corollary C.3.18 for a similar deduc-
tion). Furthermore, the fact that A%: Perfs(S; Ar) — Perf (S;Ay) is fully faithful follows formally from
Corollary C.2.5, Lemma C.2.14, and Lemma C.4.2 (see Proposition C.3.2 for a similar deduction). Therefore,
we only need to show that \Y is essentially surjective and its inverse is given by RA. .. These claims are étale
local on S, so we can assume that S = Spa(R, RT) is affinoid perfectoid with a choice p’ € B>t and we can
also assume that there are elements «, 3 € R>* well-adapted to p” and I (see Remark 2.2.3). In this case, the
proof of Theorem C.3.16 adapts almost verbatim.

For the reader’s convenience, we sketch the main points of the proof. We first define the sheaf of

topologically nilpotent elements A9°: Perfd?g")p — Modz which sends X to A;(X)°° and the quotient

7-sheaf A; = Ar/AY: Perfdjg’Op — Modz. Then one proves analogues of Lemma C.3.4 and Lemma C.3.7
with @ € R* replaced with [p’] € A;(X). Then one formally deduces Corollary C.3.8, Corollary C.3.9,
Corollary C.3.10%%, Corollary C.3.11%*, Corollary C.3.13, and Corollary C.3.14. With these corollaries at
hand, one can deduce an analogue of Proposition C.3.15. Then one can repeat the proof of Theorem C.3.16
using Corollary C.2.5 applied to A = Aj/p (see Lemma C.2.14) to ensure that, for any perfect complex
P € Perf,(X;Ar), we can find an étale covering X’ — X such that P|x/ is strictly perfect. O

Now we wish to get a version of Corollary C.3.22 for Perfg(—; Ar). For this, we will use the sheaf

Perfl*l(—; A): Perfdé;g’;’p — Catoo from Notation C.2.3.

Lemma C.4.4. Let X =Y be a surjective morphism of affinoid perfectoid spaces over Spa(Qp,Z,). Then
the induced morphism Spec A;(X) — Spec A1(Y) is surjective on closed points.

Proof. First, Lemma 2.4.9 ensures that Spa(B;(X), A;(X)) — Spa(B;(Y), A;(Y)) is surjective. Therefore,
Lemma C.3.20 implies that Spec A;(X) — Spec A;(Y") is surjective on closed points. O

Finally, we are ready to get the main result of this subsection.

Corollary C.4.5. The natural morphism Perfg;’s](f;AI) — PerfLr’s](f;AI) is an equivalence for any

[/7‘,8]
ét

r,s € ZU{—o00,00} with r < s. In particular, Perfy ™ (—; A1) is a hypercomplete v-sheaf.

Proof. When r = —oco and s = oo, this follows immediately from Theorem C.4.3 (i) and Lemma B.3.1. For
other r and s, one can adapt the proof of Corollary C.3.22 using Lemma C.4.4 in place of Lemma C.3.20
(which is used in the proof of Corollary C.3.21). O

C.5. v-descent for perfect O-complexes. Let
Perf(O(—)): Perfd™™ " — Cato
be the presheaf of oo-categories that sends an affinoid perfectoid space X to the oco-category of perfect

complexes Perf (C’) x (X )) The main goal of this subsection is to show that this is a hypercomplete v-sheaf of
oo-categories.

Lemma C.5.1. The presheaves Perf™ (O(-)): Perfd®™°P — Cats are étale sheaves of co-categories for
any r,s € ZU{—o0, 00} with r < s. In particular, Perf((’)(—)) is an étale sheaf.

Proof. Let F be any of the presheaves in the formulation of the lemma. Clearly, F'(U7 (X)) ~ [/, F(X;)
for any X1, ..., X, € Perfd®®. Therefore, [Lurl8, Prop. A.3.3.1] implies that it suffices to show that F satisfies
descent with respect to any étale covering X — Y. In other words, we have to show that any étale covering
f: X =Y is of universal F-descent in the sense of [LZ17, Def. 3.3.1]. Then [LZ17, Lem. 3.3.2] and [KL15,
Prop. 8.2.20] implies that it suffices to show that F' satisfies analytic and finite étale descent. Analytic descent
follows from [And21, Th. 5.3]. Now let Spa(S,S™) — Spa(R, R") be a finite étale surjection, then [Sch26a,
Def. 6.2] and [Zav25a, Lem. C.1.2] imply that Spec.S — Spec R is a finite étale surjection. Furthermore, the

23The correct conclusion should be that there exists an n such that P/ [pb]l/pn is isomorphic to a finite complex of direct
summands of finite free A[,XT/[pb]l/pn—modules £°® such that £°¢ ®as x, XI,XT ~ €% and £ =0 for 4 ¢ [—d,0].
24Instead of using that RI'- (S, (9;57_ /@) € DSO(RT)%, we need to use that RT (S, A1 /[p"]1/P") € DSO(A[(S))*. This follows

directly from Lemma C.4.1.
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combination of [Zav25a, Lem. C.1.1] and [Zav24, Lem. B.3.5] imply that S®R ~ S, Therefore, the result
follows from the usual fppf descent for perfect complexes of fixed tor-amplitude by [Lurl8, Cor. D.6.3.3 &
Prop. 2.8.4.2]. 0

Now we wish to deduce that Perf(O(f)) is a (hypercomplete) v-sheaf. We do this by comparing this
functor to Perf, (—; O). We start with the following proposition:

Proposition C.5.2. Let X be a perfectoid space, let P,Q € Perfe(X;0), let 7 € {proét,v}, and let
Ar: (X7, O) = (Xeét, O) be the natural morphism of ringed sites. Then the following statements hold:

(i) the natural morphism P — RA; AP is an isomorphism;
(ii) the natural morphism RHom(P, Q) — RHom(A:P, \:Q) is an isomorphism;
(iii) the functor Xi: Perfe(X;O) — Perf (X;O) is fully faithful.

Proof. As in the proof of Proposition C.3.2; it suffices to prove Part (i). The other parts follow formally from
it.

Now the claim of (i) is clearly étale local on X, so we can assume that X = Spa(R, RT) is an affinoid
perfectoid space with a pseudo-uniformizer & € RT and that P is a strictly perfect complex. Then a standard
reduction argument reduces us to the case P = Ox,,. In this case, we need to show that the natural morphism
Ox,, — RA;+Ox_ is an isomorphism. Since X is a coherent morphism of coherent topoi, we conclude that
Ox,, ~ O}ét [L] and RA,.Ox, ~ (RA;.O% )[£]. Then the result follows directly from Proposition C.3.2 (i)
applied to P = (’)}ét. O

Now we wish to show that A\ is also essentially surjective. We do this by studying the sheaf of lattices.
For this, we will use the sheaf Perfl"*l(—; ©): Perfd*®°P — Cat,, from Notation C.2.3.

First, we have the following series of easy remarks.

Remark C.5.3. (1) Lemma B.2.8 implies that the natural functor Perfl"*l(—; 0) — Perf[:/’s/](f;O)
is fully faithful for 7 € {an,ét,proét,v} and r,7’,s,8 € Z U {—o0,00} with ' < r < s < ¢\
Therefore, Lemma B.2.12 implies that colimy Perf=™"(X; ©) — Perf, (X;O) is an equivalence for
any X € Perfd®™;

(2) Proposition C.5.2 (iii) implies that Perfs (—; O) — Perf,(—; O) is fully faithful for 7 € {proét, v}.
Combining it with 1, we conclude that Perfg:’s](—;(’)) — Perf*l(—; ©) is fully faithful for any
r,s € ZU{—00,00} and 7 as above;

(3) Lemma C.5.1 implies that Perf™*! (O(-)) ~ Perf‘[é:’s](—; O) for any r,s € Z U {—o00,00} with r < s.

Now we fix an affinoid perfectoid space S and a perfect complex P € Perf[: »5] (S;0) for T € {proét,v} and
r,s € ZU{—00,00} with r < s. We wish to show that P lies in the essential image of \*, we do this by

T

studying the sheaf of lattices of P. To make this into a precise definition, we first note that a perfect complex
P € Perf™*)($; ©) defines a morphism of sheaves

[P]: * — Perfl"*)(—; 0): Perfdjg")p — Catoo-
Using this observation, we define the sheaf of lattices as follows:

Definition C.5.4. The 7-sheaf of lattices Latt[:”f;] (—): Perfd?g’(’p — Caty, is the fiber product

Latt}5 (=) = » X petlrl () Perfi (= 0%).

More informally, for every affinoid perfectoid S-space X, we have

T7

Latt[r’;](X) = {P+ € Perfl"*l(X; OF) and ¢: P* ®(L9; Ox, = P‘X}-

Lemma C.5.5. Let S = Spa(A, A1) be an affinoid perfectoid and let P be an element of Perf[:’s](S; O) for
somer,s € ZU{—00,00} withr < s and 7 € {proét,v}. Then the T-sheaf Latt[:”;](—): Perfd?gf’()p — Cato
18 finitary.
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Proof. Since sheafification and filtered colimits in the presheaf category commute with finite limits (see
Corollary B.1.3 and Lemma A.1.3), Lemma B.2.12 and Remark C.5.3 1 imply that it suffices to consider
the case when r and s are (finite) integers. Furthermore, Lemma C.1.4 implies that we can check that
Latt[;:’;](—) is finitary 7-locally on S. Therefore, we can assume that P ~ P for some P € Perf™* (0s(9)).
For brevity, we denote by [P]: * — Perf™*! (O(-)) and [P]: % — Perfl! (—; ) the corresponding morphisms
in PShv(Perfd}%, Cat(s_41,1))-

Since the morphism [P] factors through the fully faithful morphism Perf™*! (0s(9)) ~ Perfgt’sl (S;0) —
Perfl*)(S; 0) (see Remark C.5.3 2), Corollary C.3.22 implies that

Latt[;}i](—) K Xpeglrd (o Perf*)(—; OF) ~ % X pertlr (—;0) Perfgt’sl(—; o).

Therefore, Corollary B.1.3 and Theorem C.1.7 imply that it suffices to show that the presheaf

X et (0() Perf"(0* (<)) = fibip) (Perf ™ (0 (-)) — Perf™ (0(-)) )

is finitary. For this, we choose a pseudo-uniformizer @ € OZ(S) and fix Spa(R, R*) = lim; Spa(R;, R}")
in Perfd"/‘g. Then [Sch26a, Prop. 6.4] implies that Rt ~ (colimjep R;")E\w) and R ~ RT[2]. We also put

1
R, := colimper R and Ro := RL[L]. In this situation, we have to show that
C(}Lipm fibpgr g, (Perf[r’s] (RF) — Perf(™*! (R;)) — fibiper gy (Perf[r’s] (RT) — Perfl"?! (R))

is an equivalence. To see this, we recall that the Beauville-Laszlo gluing (see [Bhal6, Prop. 5.6(2)] or [Lurls,
Prop. 7.4.2.1]) implies that

fibpet, g (Perf"*I(RL) = Perf*I(Ry.)) ~ fibjper g (Perfl" | (RT) — Perf™*(R)).
Therefore, we reduce the question to showing that
colim fibipe, (Perf™*}(R}) — Perfl"*}(R;)) — fibppgy, p_j (Perf"*}(RE) — Perf™*I(R.))
is an equivalence. This follows from Lemma C.2.1 and Lemma A.1.3. 0
Now we are ready to show that any perfect complex of O,-modules admits a lattice étale locally.

Lemma C.5.6. Let S = Spa(A, AT) be an affinoid perfectoid, let T € {proét,v}, and let P be an element
of Perfl™*1(S;0) for some r,s € Z U {—oc0,00}. Then there is an étale covering S' — S and an PT €
Perfl"*1(8": OF) such that P+ ®Ié+ Os: ~Plgr.

st

Proof. Tt suffices to show that Latt[:;] (S") # @ for some étale covering S’ — S. Now Lemma C.5.5 and

Lemma C.1.6 imply that it suffices to show that there is a 7-covering S’ — S such that Latt[g’s](S’) # . So
we can argue 7-locally on S. Therefore, we can assume that S is strictly totally disconnected and that we can
find an object P € Perf™*/(0g(9)) such that P ~ P. Now it suffices to show that, for every point z € 3,
there is an étale map f;: S, — S such that z € f,(S;) and Latt[;:’;}(Sx) + @

—_ —

For this, we set C, := k(z) and C;f := k(x)*. Since S is strictly totally disconnected, we conclude that C,
is an algebraically closed nonarchimedean field. Furthermore, Spa(C,, C;) ~ lim,cycs U, where the limit is
taken over (the opposite category of) rational subdomains of S containing x. Therefore, Lemma C.5.5 ensures

[r:s]

that it suffices to show that Latty (Spa(Cy, C;f)) % @. In other words, we reduce the question to the case
S = Spa(C,CT) and P = P for some P € Perf™*/(0g(9)).

Since C' = Og(9S) is a field, we note that P has a representative K*® such that K is a finite complex, K = 0
if i ¢ [r,s], and each K’ is a finite free C-module. Then we note that after multiplying each differential
by a large power of a pseudo-uniformizer, we can assume that there is a finite complex K1* of/ﬁ\/nite free
Ct = 0% (S)-modules such that K** ®L, C ~ K* and such that K™ =0 for i ¢ [r,s]. Then K+ is the
desired lattice of P. O
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Theorem C.5.7. Let X be a perfectoid space, let T € {proét,v}, and let A;: (X;,O0) — (Xg,O) be the
natural morphism of ringed sites. Then the following hold:
(i) the functor RA; .: D(X;; O) = D(Xe; O) restricts to a functor RA; . : Perf (X; O) — Perfy (X; O);
(ii) the functor X:: Perfe (X;O) — Perf (X;0) is an equivalence with the inverse functor R\, ..

Proof. We start by proving part (i). We fix a P € Perf,(X;0) and wish to show that R\, P lies in
Perfe (X;O). The question is étale local on X, so we can assume that X = Spa(R, RT) is an affinoid
perfectoid with a pseudo-uniformizer w € R*. Then Lemma C.5.6 ensures that we can replace X with
an étale covering to assume that P admits a (’)}T-lattice P+ € Perf,(X;O0F). Then Theorem C.3.16 (i)
implies that R\, .PT € Perfe (X;O). Since A, is a coherent morphism of coherent topoi, we conclude that
RA; P~ (RA-.PT)[L] € Perfet(X; 0).

Now we show Part (ii). Proposition C.5.2 and Part (i) imply that it suffices to show that, for any
P € Perf,(X;0), the natural map A\:RA; P — P is an isomorphism. Using that P admits a lattice étale

locally, we also reduce this claim to Theorem C.3.16 (ii). O

Remark C.5.8. If we combine Lemma C.5.1 with Theorem C.5.7, we conclude that the natural pullback
functor Perfy, (X;O0) — Perf,(X; O) is an equivalence for any perfectoid space X and any 7 € {ét, proét, v}.

Now we wish to get a version of Corollary C.3.22 for Perf ((9(7)) For this, we will need one preliminary
lemma.

Lemma C.5.9. Let f: (R, RT) — (5,ST) be a continuous morphism of complete Huber pairs. Suppose that
the induced morphism Spa(S, ST) — Spa(R, R™) is surjective. Then the induced morphism Spec S — Spec R
s surjective on closed points.

Proof. Using functoriality of the support map supp: |Spa(S, ST)| — |Spec S|, we see that it suffices to show
that, for each maximal ideal m C R, there is a valuation v € Spa(R, R*) such that v=1({0}) = m. This
follows immediately from [Hub94, Lem. 1.4]. O

Theorem C.5.10. Let 1,5 € Z U {—o0,00}. Then the presheaf Perfl™ (O(-)): Perfd*™°P — Cate, is a
hypercomplete v-sheaf of co-categories. In particular, the presheaf Perf((’)(—)) is a hypercomplete v-sheaf.

Proof. First, we treat the case r = —oc and s = oc. In this case, Lemma C.5.1 implies that Perf(O(—)) is
an étale sheaf. Thus, Proposition B.3.2 ensures that Perfs(—; O) ~ Perf(O(—)). Then Theorem C.5.7 and
Lemma B.3.1 ensure that

Perf(O(—)) =~ Perfs (—; O) ~ Perf,(—; O)
is a hypercomplete v-sheaf. In order to deduce the result for any r,s € Z U {—o0, 00}, one argues as in
the proof of Corollary C.3.22 using Lemma C.5.9 in place of Lemma C.3.20 (which is used in the proof of
Corollary C.3.21). O

Remark C.5.11. For r = s = 0, Theorem C.5.10 recovers the fact that Vect(O(—)) is a v-stack of (ordinary)
categories (see [KL19, Th. 3.5.8], [SW20, Lem. 17.1.8], [Heu26, Th. 2.20], and [Zav25a, Th. 1.3.3]|). For
r = —oo and s = oo, this provides a stronger version of [ALB25, Th. 2.1] which applies to all affinoid perfectoid
spaces and not only those that admit a map to a totally disconnected perfectoid space.

Corollary C.5.12. Let X = Spa(R, R™) be an affinoid perfectoid space and let T € {an, ét, proét,v}. Then the

functor (—): Perf(R) — Perf,(X;O) is an equivalence with the inverse given by RI'; (X, —): Perf (X, 0) —

Perf(R).

Proof. Remark C.5.8 implies that it suffices to prove the claim for 7 = an. Theorem C.5.10 together with

Proposition B.3.2 imply that the natural functor (—): Perf(R) — Perf,,(X;O) is an equivalence for any

affinoid perfectoid X = Spa(R, RT™). To finish the proof, we only need to show that the natural morphism
P — RI.,(X, P)

is an isomorphism for any P € Perf(R). An easy induction step reduces the question to the case when P
is a finite projective R-module in degree 0. Since any such P is a direct summand of a finite free module,
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we further reduce to showing that the natural morphism R — RT',, (X, Q) is an isomorphism. This follows
immediately from [Sch26a, Th. 3.24]. O

C.6. v-descent for perfect B;-complexes. For the rest of this subsection, we fix a closed interval
I = [a,b] C (0,00) with rational endpoints. We refer to Definition 2.1.7 for the definition of B;(X) for an
affinoid perfectoid X over Spa(Q,,Z,), we also refer to Corollary 2.5.2 for the proof that By is a v-sheaf on
Perfd?f(gp. Let

Perf(B7(—)): Perfdjg’jp — Cateo

be the presheaf of oo-categories that sends an affinoid perfectoid space X to the oco-category of perfect
complexes of By(X)-modules. The main goal of this subsection is to show that this is a hypercomplete v-sheaf
of co-categories.

We will closely follow the strategy taken in Section C.5. We will separately show étale descent and then
use the sheaf of lattices to reduce v-descent to the case of perfect A j-complexes.

Lemma C.6.1. The presheaves Perf!™] (B[(*)): Perfd?g’:p — Catyo are étale sheaves of co-categories for

any r,s € ZU{—o00,00} with r < s. In particular, Perf(BI(—)) is an étale sheaf.

Proof. Let F be any of the presheaves in the formulation of the lemma. Since the functor Y_ ; commutes
with finite disjoint unions, F (U, (X;)) ~ [[i-, F(X;) for any Xi,...,X,, € Perfdaﬁp. Therefore, [Lurls,
Prop. A.3.3.1] implies that it suffices to show that F satisfies descent with respect to any étale covering
X — Y. In other words, we have to show that any étale covering f: X — Y is of universal F-descent in
the sense of [LZ17, Def. 3.3.1]. Then [LZ17, Lem. 3.3.2] and [KL15, Prop. 8.2.20] implies that it suffices
to show that F satisfies analytic and finite étale descent. Analytic descent follows from [And21, Th. 5.3]
together with the fact that functor Y_ ; preserves open covers (see Lemma 2.4.9). Now let X — Y be a
finite étale surjection in Perfd?f(gp, then Lemma 2.4.7, Corollary 2.4.8, and [Zav25a, Lem. C.1.2] imply that
Spec B;(X) — Spec B;(Y') is a finite étale surjection. Furthermore, the combination of [Zav25a, Lem. C.1.1]
and [Zav24, Lem. B.3.5] imply that BI(X)®EI(Y> ~ BI(X)@%I(Y). Therefore, the result follows from the usual
fppf descent for perfect complexes of fixed tor-amplitude by [Lurl8, Cor. D.6.3.3 & Prop. 2.8.4.2]. g

Now we wish to deduce that Perf(B;(—)) is a (hypercomplete) v-sheaf. We do this by comparing this
functor to Perf,(—;B;). We start with the following proposition:

Proposition C.6.2. Let X be a perfectoid space over Spa(Qp, Z,), let P, Q € Perfs(X;By), let T € {proét, v},
and let A\;: (X-,B1) = (Xg, Br) be the natural morphism of ringed sites. Then the following statements hold:
(i) the natural morphism P — RA; AEP is an isomorphism;
(ii) the natural morphism RHom(P, Q) — RHom(A:P, \£Q) is an isomorphism;
(iii) the functor \:: Perfy(X;Br) — Perf, (X;By) is fully faithful.

Proof. The proof is identical to the proof of Proposition C.5.2. The only difference is that we need to use
Theorem C.4.3 in place of Proposition C.3.2. 0

Now we wish to show that A\ is also essentially surjective. We do this by studying the sheaf of lattices.
For this, we will use the sheaf Perfl"l(—; B;): Perfd?f(g’Op — Catoo from Notation C.2.3.
First, we have the following series of easy remarks.

Remark C.6.3. Similar to Remark C.5.3, the functors Perf[: ’s](f; B) satisfy the following properties:
(1) The functor Perf"*l(—; B;) — Perf[:/’s/] (—; By) is fully faithful for 7 € {an, ét, proét, v} and r,r’, s, s’ €
Z U {—00,00} with 7/ <7 < s < &'. The natural functor colimy Perfl™"(X; B;) — Perf,(X;B;) is
an equivalence for any X € Perfd?%p;
(2) The functors Perfs(—; B;) — Perf,(—; B;) and Perf!)(—: B;) — Perf"*/(—; B;) are fully faithful

&
for any r,s € Z U {—00,00} with r < s and 7 € {proét, v};
(3) We have an equivalence Perf["*! (Br(—)) ~ Perf‘[;;’s](—; B;) for any r,s € ZU {—00, 00} with r <.
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Fix an affinoid perfectoid space S over Spa(Qyp,Z,). Then we recall that a perfect complex P €
Perf*)($; B;) defines a morphism of sheaves

[P]:  — Perfl*(—: B;): Perfd?gf’()p — Catoo.
Using this observation, we define the sheaf of lattices as follows:

Definition C.6.4. The 7-sheaf of lattices Latt[:’;] (—): Perfdjlg’op — Caty, is the fiber product

T,

Latt!"5 (=) = % X i g, Perfl (= A).
More informally, for every affinoid perfectoid S-space X, we have

Latt!s)(X) = {P+ € Perfl"*)(X; A;) and ¢: P* 0%, By = P}.

T

Below, we will need the following preliminary lemma.

Lemma C.6.5. Let S be an affinoid perfectoid space over Spa(Qp, Zy), let P’ e (9?+(S) be an element from
Notation 2.1.1, and let o, B € (’)ZJ+(S) be element well-adapted to p° and I (in the sense of Definition 2.2.2).

Let X =lim; X; be a cofiltered limit in Perfd‘}g. Then (colim jop AI(XJ-))A

o~ A (X) is an isomorphism.

Proof. Corollary 2.2.18 implies that (colim jop AI(XJ-))Q — A;(X) is a homomorphism between p-adically
complete p-torsionfree rings. Therefore, it suffices to show that this morphism is an isomorphism modulo p.
Then Corollary 2.2.17 and the fact that colimits commute with direct sums imply that it suffices to show
that the natural map colim yop OE’J(X i)/ a— (’)iﬁ (X)/a is an isomorphism (and the similar statement for
modulo 8). Now a simple inductive argument using Remark 2.2.5 and the fact that colimits commute with
cokernels ensures that it suffices to show that the natural map colim jor (’)‘bx;Ir (X;)/p — (’)‘b,{r (X)/p” is an
isomorphism. This is equivalent to showing that the natural morphism

colim O (X;)/p — O%(X)/p

is an isomorphism. For this, we write X = Spa(R, R") and X; = Spa(R;, Rj) Then [Sch26a, Prop. 6.4]
implies that Rt ~ (colim jop R;‘)(Ap). Therefore, the result follows from the fact that the natural morphism
(colim jop R;r)/p — (colim jop Rj)(Ap) /p is an isomorphism (see [SP26, Tag 05GG]). O

Lemma C.6.6. Let S = Spa(4,A") be an affinoid perfectoid over Spa(Q,,Z,) and let P be an ele-
ment of Perfl"*)(S;By) for some r,s € Z U {—o00,00} with r < s and 7 € {proét,v}. Then the T-sheaf
Latt[:”;](—): Perfdjg")p — Catoo is finitary.
Proof. Arguing as in the proof of Lemma C.5.5, we first reduce to the case when r and s are (finite) integers.
Furthermore, Lemma C.1.4 implies that we can check that Latt[;:’;] (—) is finitary 7-locally on S. Therefore,
we can assume that § is strictly totally disconnected and that P ~ P for some P € Perf[™! (B;(S)). For
brevity, we denote by [P]: % — Perfl"?! (Bs(—)) and [P]: * — Perf[™*] (—;By) the corresponding morphisms
in PShV(Perfd?‘g, Cat(s—rt1,1))-

Since the morphism [P] factors through the fully faithful morphism Perf!™*! (B;(S)) ~ Perf"*($; B;) —
Perf[:’s] (S;By) (see Remark C.6.3 2), Corollary C.4.5 implies that

Latt[:”p](—) ~ % X B1) Perf™*)(—; Ap) ~ % x _B1) Perfg;’s](—;AI).

Pcrf[f’s] (- Pcrf‘[;’s] (
Therefore, Corollary B.1.3 and Theorem C.1.7 imply that it suffices to show that the presheaf

X petini)(B1(-)) Perf"*}(A7(—)) = fibp, (Perfw (As(=)) — Perfl"! (B,(—)))

is finitary. For this, we fix a cofiltered limit X = lim; X; in Perfdé/“;. We need to show that

colim fibyper, s, (x,y) (Perf™ (A1(X;)) = Perf™ (B1(X,)) ) = fibpay, s, c0) (Peri (A(X)) = Peri (B, (X))

B (S) B (S)
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is an equivalence. To see this, we recall that the Beauville-Laszlo gluing (see [BhalG, Prop. 5.6(2)] or [Lurl8,
Prop. 7.4.2.1]) together with Lemma C.6.5 and Remark 2.2.3 imply that

ﬁb[P®LI(S>COHmJOp B1(X,)] (Perf[r’s} ( cgl()ipm A(X;) — Perf(™] ( c?lloign BI(Xj))) ~

B

fibjpey B0 (Perf[m] (A (X)) — Perfl"*l (BI(X))).

Therefore, the desired result follows from Lemma C.2.1 and Lemma A.1.3. O

Now we are ready to show that any perfect complex of By ,-modules admits a lattice étale locally.

Lemma C.6.7. Let S be an affinoid perfectoid over Spa(Qp,Z,), let 7 € {proét,v}, and let P be an
element of Perf*!(S;B;) for some r,s € Z U {—o00,00}. Then there is an étale covering S’ — S and an
Pt e Perfl"*1 (8" Af) such that PT @&, Br ~Pls.

Proof. Arguing as in the proof of Lemma C.5.6 (and using Lemma C.6.6 in place of Lemma C.5.5), we can
reduce to the case when S = Spa(C,C™) for an algebraically closed nonarchimedean field C' and an open
bounded valuation subring C*t C € and P ~ P for some P € Perf™*)(B;(9)).

In this case, Corollary 2.2.19 ensures that By := B;(SS) is a principal ideal domain. In particular, any finite
projective By-module is free. Therefore, we conclude that P has a representative K*® such that K is a finite
complex, K = 0if i ¢ [r,s], and each K’ is a finite free B;-module. Since A; := A;(S) is p-torsionfree and

Br~A I[%], we note that after multiplying each differential by a large power of p, we can assume that there
is a finite complex K1°* of finite free A;-modules such that K+* ®hl B; ~ K* and such that K+ =0 for
i ¢ [r,s]. Then K** is the desired lattice of P. O

Theorem C.6.8. Let X be a perfectoid space over Spa(Qp,Z,), let T € {proét,v}, and let A;: (X;,Br) =
(Xet, Br) be the natural morphism of ringed sites. Then the following hold:
(i) the functor RA; .: D(X+;Br) = D(Xe; Br) restricts to a functor RA. . : Perf,(X;Br) — Perfs (X;By);
(ii) the functor A%: Perfs,(X;Br) — Perf (X;By) is an equivalence with the inverse functor RA; ..

Proof. The proof of Theorem C.5.7 applies verbatim. The only difference is that one needs to use Lemma C.6.7,
Proposition C.6.2, and Theorem C.4.3 in place of Lemma C.5.6, Proposition C.5.2, and Theorem C.3.16
respectively. 0

Lemma C.6.9. Let X — Y be a surjective morphism of affinoid perfectoid spaces over Spa(Qp,Z,). Then
the natural morphism Spec By (X) — Spec B (Y') is surjective on closed points.

Proof. This follows from Lemma 2.4.9 and Lemma C.5.9. U

Theorem C.6.10. Let r,s € Z U {—o00,00}. Then the presheaf Perfl"? (Br(—)): Perfdjg’()p — Caty 5 a
hypercomplete v-sheaf of co-categories. In particular, the presheaf Perf(BI(—)) s a hypercomplete v-sheaf.

Proof. The proof of Theorem C.5.10 applies verbatim. The only difference is that one needs to use Theo-
rem C.6.8 and Lemma C.6.9 in place of Theorem C.5.7 and Lemma C.5.9 respectively. O

Remark C.6.11. For r = s = 0, Theorem C.6.10 recovers the fact that Vect(B;(—)) is a v-stack of (ordinary)
categories (see [FS26, Prop.I1.2.1]). For r = —oco and s = oo, this recovers [ALB25, Prop. 2.3] for standard
opens Yg; C Ys.

Corollary C.6.12. Let X be an affinoid perfectoid space over Spa(Qp,Z,) and let T € {an, ét, proét,v}. Then
the functor (—): Perf (B (X)) — Perf(X;By) is an equivalence with inverse given by RT'+ (X, —): Perf,(X,B;) —
Perf(BI(X)).

Proof. The proof of Corollary C.5.12 applies almost verbatim. The first difference is that one needs to

use Theorem C.6.10 in place of Theorem C.5.10. Second, one needs to justify that the natural morphism
B;(X) — RI';(X,By) is an isomorphism. This follows from the proof of [FS26, Prop.II.2.1]. O
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C.7. v-descent for perfect Z, and Q é-complexes. Throughout this section, we fix a prime number /. We
will primarily be interested in the case ¢ = p, however we do not make this assumption in this subsection.

Recall that the sheaves Z,, Q,: Perfd®™°P — Ab are defined via the rule Z,(X) = Map,,(| X|, Z¢) and
Q,(X) = Map,on (IX], Qe), where Z; and Qg are endowed with their standard topologies. Alternatively, we
have Z, ~ lim,, Z/(" and Q, =~ Z,[3], where each Z/(" is the standard constant sheaf.

The main goal of this section is to show that perfect Z, and Q e—complexes coincide in the pro-étale and
v-topologies. Since many of these arguments are essentially identical to the arguments used in previous
subsections, we sometimes only sketch the proofs.

We begin the subsection by collecting certain facts about the sheaves Z, and Q .

Lemma C.7.1. Let X be a topological space. Then the Zg-module Map.,.. (X, Zg) is {-adically complete and
Mapcont (X7 Zé)/gn = Mapcont (X7 Z/Zn)

Proof. Clearly, we have Map,,,( (X, Z;) ~ lim,, Map,. (X, Z/¢"). So we only need to show that the natural
map oy, Mapop (X, Zg) /0" — Mapg,,. (X, Z/¢™) is an isomorphism. Using the (strict) short exact sequence

0—2Zy SN Z, — Z /0™ — 0 of topological groups, we see that a,, is injective. It is also surjective because
Zy — Z/¢™ admits a continuous set-theoretic section. 0

Corollary C.7.2. Let X be a perfectoid space, let T € {proét,v}. Then the natural morphisms Z, — lim,, Z /0™
and Z, — Rlim, Z/{" are isomorphisms in D(X,;Z). Furthermore, the Zo-module Z,(X) is (-adically

complete and Z,(X) /0" ~Z/"(X).
Proof. Tt follows from the definition that Z, — lim, Z/¢" is an isomorphism. Thus, in order to see that
Z, — Rlim, Z/¢" is an isomorphism, it suffices to show that lim,, Z/¢™ — Rlim, Z/¢" is an isomorphism.

This follows from Lemma 3.3.10 and [BS15, Prop. 3.1.10]. The facts that Z,(X) is f-adically complete and
that Z,(X) /™ ~ Z/¢"(X) follows immediately from Lemma C.7.1. O

Lemma C.7.3. Let X = lim; X; be a cofiltered limit of spectral spaces with spectral transition maps. Then
the natural map (colimyor Map, . (X, Z@))E\Z) — Map o (X, Z¢) is an isomorphism.

Proof. Lemma C.7.1 implies that (colimjor Map . (X, Zg))&) — Map,o (X, Zg) is @ homomorphism between
f-adically complete f-torsionfree rings. Therefore, it suffices to show that this map is an isomorphism
modulo £. Furthermore, Lemma C.7.1 also implies that the mod-¢ reduction of this map is equal to
colimyor Map o, (Xi, Fr) = Map oo (X, Fe). The fact that this map is a bijection follows from [SP26, Tag

0A30]. O

Corollary C.7.4. Let X = lim; X; be a cofiltered limit in Perfd™®. Then (colimyop ZK(XZ»))A

0 — ZZ(X) 8

an isomorphism.

Proof. This follows immediately from Lemma C.7.3 and the observation that |X| — lim;|X;| is a homeomor-
phism (see [Zav25a, Cor. C.3.12]). O

Lemma C.7.5. Let X be a quasi-compact topological space. Then the natural morphism Map o, (X, Z¢)[3] —
Map,. (X, Q¢) is an isomorphism.

Proof. First, we note that Map, (X, Z¢)[7] ~ colimy Map,,,, (X, 75Z¢). In order to check that the natural
morphism colimy Mapgy (X, 2 Z¢) — Map. (X, Q) is an isomorphism, it suffices to show that any
continuous morphism X — Q, factors through ﬁZ@ for some integer n. This follows from the observations

that X is quasi-compact and each E%Zg — Qg are open immersions. O

Corollary C.7.6. Let X be a spectral topological space and let n > 1 be an integer. Then the nat-
ural morphisms Map,, (m0(X), Z/0") — Mapon. (X, Z/€"), Mapou(m0(X),Ze) — Map,,. (X, Z¢), and
Map,on (m0(X), Qr) = Map, ., (X, Qe) are isomorphisms.
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Proof. Since Z/¢™ is a finite discrete set, we see that the natural morphism Map,,.(7o(X),Z/¢") —
Map,on (X, Z/€™) is an isomorphism by the universal property of mp. Thus, Lemma C.7.1 implies that
the natural Map, (70(X), Z¢) = Mapg,,. (X, Z¢) is an isomorphism as well. Then Lemma C.7.5 and [SP26,
Tag 0906] imply that Map,,, (7m0(X), Qr) = Mapgon (X, Q) is an isomorphism as well. O

For a quasi-compact topological space X, we topologize Map_, (X, Z;) via the ¢-adic topology and
Map eont (X, Q) ~ Map,oy (X, Z¢)[7] via the unique topology that makes Map, .. (X, Z¢) C Map,. (X, Q)
into an open bounded subset. Since Z; C Qy is integrally closed, it follows that (Map, (X, Qr), Map oy (X, Z¢))
is a complete uniform Tate-Huber pair.

Lemma C.7.7. Let T — S be a surjective map of profinite sets. Then the morphism
Spa(Ma‘pcont (Tv Qf)v Mapcont (T7 Zf)) — Spa(Mapcont (S, Qe)’ Ma‘pcont(s? Zl))

18 surjective.

Proof. By [Sch26b, Lecture III, proof of Th. 3.2, p. 20|, the surjection T' — S can be written as a cofiltered
inverse limit of surjections 7; — S; of finite discrete sets; see also [NSWO08, Chap. I, §1, Ex. 1, p. 11]. Therefore,
Lemma C.7.3 and [Zav25a, Cor. C.3.12] imply that it suffices to prove the result under the additional assumption
that T"and S are finite. In this case, we have Map ., (T, Z¢) =~ [ [;cp Zes Mapeon (T, Qe) =~ [[,cq Qr, and the
same for S. Therefore, the map Spa(Mapon (T, Qr), Mapeon (T, Z¢)) — Spa(Mapn (S, Qr), Map o (S, Zy))
is simply equal to the map T"— S, so it is surjective by the very assumption. g

Corollary C.7.8. Let f: X — Y be a surjective morphism of qcqs adic spaces. Then the following statements
hold:

(1) the morphism Spa(Mapcont(|X|ﬂ Q€)7 Mapcont(|X|7 Zf)) — Spa’(Mapcon‘c(|Y|7 Ql)a Ma‘pcont(|y|’ Z@)) Z'S
surjective;
(ii) the morphisms

SpeC<Mapcont(|X|7 Qf)) - Spec (Mapcont(‘YL Q/)) and SpeC(Mapcont(|X|7 Z/)) — SpeC(Mapcont“Y‘? Zf))

are surjective on closed points.

Proof. The first part follows immediately from Corollary C.7.6, Lemma C.7.7, and [SP26, Tag 0906]. The
second part follows from the first part, Lemma C.5.9, and Lemma C.3.20. O

Now we begin the proof of v-descent for Perfp ot (X Zy).

Corollary C.7.9. Let X be a perfectoid space, let T € {proét,v}, and let P € Perf, (X;Z,). Then P is
derived (-adically complete.

Proof. The question is 7-local on X, we can assume that P is a strictly perfect complex. Then a simple
inductive argument reduces the question to the case when P is a direct summand Z?d. This case can be
further reduced to P = Z,. In this case, the result follows from Corollary C.7.2. O

Corollary C.7.10. Let X be a perfectoid space, let T € {proét,v}, and let P € D(X,;Z,) be derived £-adic
complete object such that P/“l € Perf,(X;F,).

(i) Then P lies in Perf,(X;Z,).

(i) If X is strictly totally disconnected, then RT'+(X,P) € Perf(Z,(X)) and the natural map RT'- (X, P) — P
18 an tsomorphism.

Proof. Part (i) is 7-local on X, so we can assume that X is a strictly totally disconnected perfectoid space.
In this case, it suffices to prove Part (ii). Now [SP26, Tag 0AOG] implies that RT'-(X,P) is derived /-
adically complete, while Corollary C.2.5 and Lemma C.2.8 guarantee that RI', (X, P)/"¢ ~ RT. (X, P/M¢) €
Perf(F,(X)). Furthermore, Corollary C.7.2 ensures that Z,(X) is ¢-adically complete. Therefore, [SP26,
Tag 09AW] implies that RT'; (X, P) € Perf(Z,(X)). To finish the proof, it suffices to show that the natural
morphism

—_~

RI;(X,P) =P
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is an equivalence. Now Corollary C.7.9 implies that RI'; (X, P) is derived ¢-adically complete, so an easy
inductive argument guarantees that it suffices to show that

—~— P

RI,(X,P)/% ~ R (X,P/10) — P/Le

is an isomorphism. This follows from Corollary C.2.6 and Lemma C.2.8. U

Finally, we arrive at the first major result of this subsection.

Corollary C.7.11. Let X be a perfectoid space and let p: (Xy, Zy) = (Xproet, L) be the natural morphism
of ringed sites. Then the following statements hold:
(i) the functor Ru.: D(Xy; Zy) — D(Xprost; Ly) restricts to a functor Ry, : Perf,(X; Z,) — Perfpros (X; Zy);
(ii) the functor p*: Perfoioe(X;Z,) — Perfy(X;Z,) is an equivalence of oo-categories with the inverse
functor Ryu,.

Proof. First, we show that Ru, preserves perfect complexes. Observe that [SP26, Tag 0A0G] and Corol-
lary C.7.10 imply that it suffices to show that (Rp.P)/"¢ ~ Ru.(P/%l) € Perfyrost(X;E,) for any P €
Perf,(X;Z,). This follows immediately from Corollary C.2.5 and Lemma C.2.8. Now it suffices to show that,
for any P € Perf,(X;Z,) and Q € Perf,,06,(X;Z,), the natural morphisms

W RuP — P and Q — Ru.pu*Q

are isomorphisms. Since all complexes involved are perfect, they are derived f¢-adically complete due to
Corollary C.7.9. Therefore, it suffices that both morphisms are isomorphisms modulo ¢" for all n > 1. This
follows from Corollary C.2.5 and Lemma C.2.8. O

Unlike for Ot -perfect complexes (see Section C.3), it is not true that Perfs (X;Z,) ~ Perfproct (X Zy).

Corollary C.7.12. Let X be a strictly totally disconnected perfectoid space and let T € {proét,v}. Then the
functor (=) : Perf(Z,(X)) — Perf,(X;2Z,) is an equivalence. Its inverse is given by

RI'; (X, —): Perf,(X;Z,) — Perf(Z,(X)).

Proof. Corollary C.7.10 (ii) implies that RI'; (X, —) indeed restricts to a functor RI'; (X, —): Perf.(X;Z,) —
Perf(Z,(X)). Thus, it suffices to show, for P € Perf,(X;Z,) and Q € Perf(Z,(X)), the natural morphisms

RI,(X,P) = P and Q — RI',(X, Q)

are isomorphisms. As all involved (complexes of) sheaves and modules are derived ¢-adically complete, we can
check that these morphisms are isomorphisms modulo ¢. In which case, the results follow immediately from
Corollary C.2.6 and Lemma C.2.8. O

Corollary C.7.13. The functor Perfpost(—; Zy): Perfd®®°P — Cat., is a hypercomplete v-sheaf of co-
categories.

Proof. Tt follows immediately from Corollary C.7.11 (ii) and Lemma B.3.1. O

For future reference, we also need to establish a version of Corollary C.7.13 for perfect complexes of bounded
tor-amplitude. For the rest of this section, we work with the 7-sheaves

Perf"*l(—; Z,): Perfd®™°P — Cat,,
for some prime number ¢, elements r, s € Z U {£o0}, and 7 € {proét, v} (see Notation B.3.3).

Corollary C.7.14. Let X be a strictly totally disconnected perfectoid space, let T € {proét,v}, and let
r,s € Z U {—00,00}. Then the equivalence (—): Perf(Z,(X)) = Perf (X;Z,) induces an equivalence
(2): Perit™*l(Z,(X)) = Pertl?)(X; Z,)
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Proof. Let P € Perf(Z,(X)). It suffices to show that P has tor-amplitude in [r, s] if and only if P lies in

Perf[:’s] (X;Z,). The forward direction follows immediately from [SP26, Tag 0658], so we only need to deal
with the reverse direction.

Assume that P lies in Perf™*)(X;Z,). Then Lemma B.2.2 implies that there is a 7-covering f: X’ — X
such that f;‘ﬁ ~ @, where Q € Perf TS] (Z,(X")). Without loss of generality, we can assume that X' is
strictly totally disconnected as well. Then Corollary C.7.12 ensures that P ®2£ (X) Z,(X’) ~ Q. Therefore,

Corollary C.7.8 and [SP26, Tag 068V] ensure that P € Perf™)(Z,(X)) finishing the proof. O

Lemma C.7.15. Let f: X — Y be a v-covering in Perfd™™ let r, s € ZU{—o0, 00}, and let P € Perfl™) (v Z,)
such that fiP € Perf!"*) (X;Z,). Then P lies in Perf™* (v, Z 0) (see Remark C.5.19).

proét proét

Proof. The proof is essentially identical to that of Corollary C.3.21. We only need to use Corollary C.7.11 (ii)
in place of Theorem C.3.16 (ii) and Corollary C.7.8 in place of Lemma C.3.20. O

Corollary C.7.16. The natural morphism Perf"*) (= Zy) — Perfgf’s](*;ze) is an equivalence for any

proét
[r,s]
proét

r,s € ZU{—00,00}. In particular, Perf (=3 Zy) is a hypercomplete v-sheaf.

Proof. This is a formal consequence of Corollary C.7.13 and Lemma C.7.15; see Corollary C.3.22 for an
identical argument. O

Fix an affinoid perfectoid space S. Then a perfect complex P € Perf[TT’S](S ;Q,) defines a morphism of
sheaves
[P]:  — Perfl*l(— ;Q,): Perfd?g")p — Catoo

Using this, we define the sheaf of lattices as follows:

Definition C.7.17. The 7-sheaf of lattices Latt[r S}( ): Perfd}/‘g")p — Cat, is the fiber product
Latty”;}(—) = XPerf[f’S](—;gz) Perf[:’s}(f;zé).

Similar to subsections Section C.5 and Section C.6, we get the following results:

Lemma C.7.18. Let S be an affinoid perfectoid and let P be an element of Perf[r <l (s, Q,) for some

r,s € ZU{—o00,00} withr < s and 7 € {proét,v}. Then the T-sheaf Latt[r S}( ): Perfdjg P — Caty s
finitary.

Proof. The proof is completely analogous to the proofs of Lemma C.5.5 and Lemma C.6.6. One only needs to
use Lemma C.7.3 in place of [Sch26a, Prop. 6.4] or Lemma C.6.5. O

Lemma C.7.19. Let S be an affinoid perfectoid, let T € {proét,v}, and let P be an element of Perf[TT’S](S;gz)

for some r,s € ZU{—00,00}. Then there is an étale covering S’ — S and an P+ € Perfl™*(S'; Z,) such that
7)+ ®Z >~ P‘S/

Proof. The proof is identical to the proofs of Lemma C.5.6 and of Lemma C.6.7. We sketch the main steps.
First, arguing as in the proof of Lemma C.5.6 (and using Lemma C.7.18 in place of Lemma C.5.5), we
can reduce to the case when S = Spa(C,C™) for an algebraically closed nonarchimedean field C' and an

open bounded valuation subring C* C €' and P ~ P for some P € Perf("*! (Q,(S5)). In this case, the result

follows because Z¢(S) = Z¢ and Q,(S) = Qu, so the natural functor Perf"*(Z,) — Perf™*1(Q,) is essentially
surjective. O

Theorem C.7.20. Let X be a perfectoid space and let p: (X”’ge) — (Xproét,ge) be the natural morphism
of ringed sites. Then the following hold:

(i) the functor Rpus: D(Xy; Q,) = D(Xprost; Q,) restricts to a functor Ry, : Perf, (X;Q,) — Perfpos(X;Q,);
(ii) the functor p*: Perfpoa (X;Q,) — Perfy (X5 Q,) is an equivalence with inverse functor Ryv.;
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(iii) of X is strictly totally disconnected and T € {proét,v}, the functor (A—/): Perf(ge(X)) — Perf,(X;Q,)
is an equivalence with inverse given by RI'; (X, —): Perf,(X;Q,) — Perf(ge(X)).

Proof. The argument is basically identical to those of Theorem C.5.7 and Corollary C.5.12. We explain the
main steps.

Part (i) is pro-étale local on X. Therefore, Lemma C.7.19 ensures that we can assume that P admits a
Z,-lattice. In this case, the result follows from Corollary C.7.11 (i) and the observation that y is a coherent
morphism of coherent topoi (so Ry, commutes with filtered colimits of universally bounded below complexes).

Now we address Part (ii). We first show that p* is fully faithful. This is equivalent to showing that the
natural map P — Ry, p*P is an isomorphism for any P € Perfp, o6 (X ge) This question is pro-étale local
on X, so we can reduce to the case when P is strictly perfect and then to the case when P = Q. In this case,
the result follows from the fact that Z, — Ru.p*Z, is an isomorphism (see Corollary C.7.11 (ii)). To show
essential surjectivity, Part (i) implies that it suffices to show that the natural morphism p*Ru.P — P is an
isomorphism for any P € Perf,(X;Q Z). The claim is pro-étale local on X, so Lemma C.7.19 ensures that we
can assume that P admits a Z,-lattice. In this case, the result follows from Corollary C.7.11 (ii).

For Part (iii), we argue as in the proof of Corollary C.5.12 to reduce the general claim to showing
that P — RI'prost (X, P) is an isomorphism for any P € Perf(Q,(X)). Then we reduce this to the case
when P = Q, (X). In this case, the question boils down to showmg that Q, (X) = RI'proet (X, Q, ) is an
isomorphism. Slnce Xprost 1 a coherent site, we can further reduce this questlon to showing that the map
Z,(X) — Rl o6t (X, Z,) is an isomorphism. This follows from Corollary C.7.12. O

Corollary C.7.21. Let X be a strictly totally disconnected perfectoid space, let T € {proét,v}, and let
r,s € ZU{—00,00}. Then the equivalence (—): Perf(Q,(X)) = Perf,(X;Q,) induces an equivalence
(=): Perfl™(Q, (X)) = Perfl?)(X; Q,)

Proof. The proof is completely analogous to that of Corollary C.7.14. d

Theorem C.7.22. Let r,s € Z U {—o00,00}. Then the presheaf Perf!") (-

proét
hypercomplete v-sheaf of co-categories. In particular, the presheaf Perfproet(

;Qg): Perfd®®°P — Cato, is a
;Qe) s a hypercomplete v-sheaf.

Proof. First, Theorem C.7.20 and Lemma B.3.1 ensure that Perfpmét(—;gz) ~ Perfy(—;ge) is a hyper-
complete v-sheaf. In order to deduce the result for any r,s € Z U {—00,00}, one argues as in the proof

of Corollary C.3.22 using Corollary C.7.8 (ii) in place of Lemma C.3.20 (which is used in the proof of
Corollary C.3.21). O
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