
POINCARÉ DUALITY FOR PRO-ÉTALE QP -LOCAL SYSTEMS
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Abstract. We prove finiteness and Poincaré duality for pro-étale Qp-local systems on proper p-adic rigid-
analytic spaces in the framework of Banach–Colmez spaces and establish their optimal cohomological vanishing
bounds. As a consequence, we also obtain ordinary finiteness and duality for their arithmetic pro-étale
cohomology. We deduce these results from their analogs for perfect complexes on the Fargues–Fontaine curve,
which in turn reduce to Poincaré duality for perfect complexes over period rings. We give a simple proof of
the latter duality via the same diagrammatic argument as in our previous work for finite coefficients. Along
the way, we establish optimal v-descent for perfect complexes over certain period rings on affinoid perfectoid
spaces.
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1. Introduction

1.1. Main results. Let K be a nonarchimedean field of mixed characteristic (0, p) and let C := K̂ be its
completed algebraic closure. Berkovich and Huber independently developed theories of étale cohomology for
rigid-analytic spaces over K in [Ber93] and [Hub96], respectively; this theory was later extended to diamonds
and small v-sheaves in [Sch26a]. When the coefficients are Z/n with n prime to p, the resulting theory closely
parallels the algebraic theory of étale cohomology developed in [SGA4, SGA4 1

2 , SGA5]. For p-power torsion
coefficients, however, many of these favorable properties break down.

Indeed, étale cohomology with Fp-coefficients is considerably subtler: the cohomology groups may be
infinite-dimensional, may depend on the choice of algebraically closed ground field, and need not satisfy either
the Künneth formula or a general form of Poincaré duality. Substantial progress in understanding this theory
began with Scholze’s seminal paper [Sch13a], which, among many other results, established the finiteness
of étale Fp-cohomology for proper rigid-analytic spaces. Subsequently, Bhatt–Hansen [BH22] developed a
robust theory of Zariski-constructible sheaves and Verdier duality; Zavyalov [Zav25b] and Mann [Man22]
independently established Poincaré duality for smooth proper spaces; and [LRZ24] proved a general form of
Poincaré duality for arbitrary proper spaces.

The goal of this paper is to extend this general form of Poincaré duality from torsion coefficients to Q
p
-local

systems on the pro-étale site of X, or equivalently on its v-site.1 The torsion-coefficient theory already yields
the expected statements for constant Q

p
-coefficients. In particular, if X is proper over C, then Hiv(X,Qp

) is
finite-dimensional; if X is moreover smooth, proper, and of equidimension d, there is a canonical Poincaré
duality isomorphism

Hiv(X,Qp
)∨ ≃ H2d−i

v (X,Q
p
(d)).

The same passage from torsion to rational coefficients applies more generally to Q
p
-local systems which admit

a Zp-lattice. In fact, under an extra mild hypothesis, these finiteness and duality statements were established
in [LLZ23] even before the work of Mann and Zavyalov.

However, cohomology of general Q
p
-local systems, whose study was initiated by Kedlaya–Liu in [KL16] and

later by Colmez–Gilles–Nizioł in [Col22], present genuinely new phenomena. Unlike their algebraic counterparts,
these local systems need not admit a Zp-lattice, and their cohomology can be infinite-dimensional even when
X is a smooth projective curve; see Example 1.1.4. Thus, neither naive finiteness nor naive Poincaré duality
can hold for arbitrary pro-étale Q

p
-local systems. The appropriate replacement is to retain the variation over

the base: rather than considering the individual groups Hi(X,L), we consider the associated cohomology
sheaves on the v-site of Spa(C,OC). We then formulate and prove finiteness and duality statements for these
sheaves, whose natural finiteness class is provided by Banach–Colmez spaces. We recall their definition below.

1For technical reasons, we prefer to work with the v-site in this paper. The category of Q
p
-local systems as well as their

cohomology are insensitive to the choice of the pro-étale or v-topology; see Lemma 3.1.14 and Proposition 3.4.7. However, to
have the correct notion of Banach–Colmez spaces below; one has to use either the big pro-étale topology or the v-topology. For
consistency, we use the v-topology in this introduction, but all results also remain valid with the big pro-étale topology.
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Definition 1.1.1 ([Col02, LB18]). The category of Banach–Colmez spaces is the smallest weak Serre
subcategory BC (C) ⊂ Shv(Spa(C,OC)v;Qp

) containing Q
p

and OSpa(C,OC). We denote by

DbBC (Spa(C,OC)v;Qp
) ⊂ D(Spa(C,OC)v;Qp

)

the full subcategory consisting of bounded objects whose cohomology sheaves lie in BC (C).

We refer to [Sch26a, §14] for the definition of the v-topology and to Definition 3.1.1 for the definition of
OSpa(C,OC). Throughout the introduction, we freely identify an analytic adic space over Spa(Qp,Zp) with its
associated diamond.

Theorem 1.1.2 (Geometric Duality; Theorem 7.3.1 and Corollary 7.3.15). Let f : X → Spa(C,OC) be a
proper rigid-analytic space of dimension d, let ωQp

X be the dualizing complex on X, and let E ∈ Perfv(X;Q
p
)∩

D[r,r′](Xv;Qp
) for some r, r′ ∈ Z ∪ {−∞,∞}. Then the following statements hold:

(i) Rfv,∗E lies in D[r,r′+2d]
BC

(
Spa(C,OC)v;Qp

)
;

(ii) there is a canonical trace map Trf : Rfv,∗ω
Qp

X → Q
p

such that the induced duality morphism

PDf : Rfv,∗RH omD(Xv ;Q
p
)(E , ω

Qp

X ) −→ RH omD(Spa(C)v ;Q
p
)(Rfv,∗E ,Qp

)

defined in Definition 7.2.8 (2) is an equivalence.

Remark 1.1.3. The recent paper [ALBM24] establishes the finiteness and duality statements of Theorem 1.1.2
as well as their analogs for arbitrary smooth proper morphisms f : X → Y . The paper [ALBM24], however,
does not address singular spaces or the cohomological bounds for Rfv,∗E .

For smooth proper morphisms f : X → Y , our methods also provide an alternative and more elementary
proof. Rather than relying on the full strength of an appropriate six-functor formalism, our argument builds
on the diagrammatic approach of [LRZ24], together with the trace and cycle class maps constructed in loc. cit.

Part (i) of Theorem 1.1.2 should be viewed as the appropriate replacement for finite-dimensionality in this
setting. When E is a Q

p
-local system, it implies that RΓv(X, E) is concentrated in degrees [0, 2d] and that

each Hiv(X, E) can be constructed from Qp and C in finitely many steps. The appearance of C is essential:
such contributions occur even for (analytic) local systems on the (analytification) of a smooth proper algebraic
curve, as the following example shows.

Example 1.1.4 ([Han18, Comment of PS]). Consider the Tate elliptic curve

f : E := Gan
m /p

Z −→ Spa(Qp,Zp).

This is a smooth proper rigid-analytic space over Spa(Qp,Zp), equipped with the natural Z-torsor

π : Gan
m −→ E.

Let L+ and L− be the rank-one Q
p
-local systems trivialized by π whose monodromy characters are,

respectively,
ρ+ : Z −→ Q×

p , 1 7−→ p,

and
ρ− : Z −→ Q×

p , 1 7−→ p−1.

Throughout this example, the subscript (−)C denotes base change to Spa(C,OC).
Since neither p nor p−1 lies in Z×

p , neither L+ nor L− admits a Zp-lattice. Their cohomology groups are,
in fact, infinite-dimensional. To see this, the Hochschild–Serre spectral sequence associated with π gives

Ei,j2 = Hi
(
Z,Hjv(G

an
m,C ,Qp

)⊗Qp ρ+
)
=⇒ Hi+jv (EC ,L+,C),

and there is an analogous spectral sequence for L−. On the other hand, [CDN20, Th. 1.8] computes the
v-cohomology, or equivalently the pro-étale cohomology, of Gan

m,C . More precisely,

H0
v(G

an
m,C ,Qp

) = Qp, Hiv(G
an
m,C ,Qp

) = 0 for i ≥ 2,
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while H1
v(G

an
m,C ,Qp

) fits into a short exact sequence

0 −→
(
O(Gan

m,C)/C
)
(−1) −→ H1

v(G
an
m,C ,Qp

) −→ Qp(−1) −→ 0.

Combining this computation with the two Hochschild–Serre spectral sequences yields

(1.1.5) Hiv(EC ,L+,C) ≃ Hiv(EC ,L−,C) ≃

{
C(−1), i = 1 or 2,

0, otherwise.

In particular, the nonzero cohomology groups in (1.1.5) are infinite-dimensional as Qp-vector spaces.
The preceding computation can be refined to an equivalence at the level of derived pushforwards:

(1.1.6) Rfv,C,∗L+,C ≃ OSpaC(−1)[−1]⊕OSpaC(−1)[−2] ≃ Rfv,C,∗L−,C .

This also gives a concrete illustration of the duality assertion in Theorem 1.1.2. Indeed, L ∨
+,C ≃ L−,C and the

dualizing complex of EC is Q
p
(1)[2]. In combination with the formula RH omD(Spa(C)v ;Q

p
)

(
OSpaC ,Qp

)
≃

OSpaC(−1)[−1] proved in [ALB25, Th. 3.8], this yields the following sequence of isomorphisms:

Rfv,C,∗RH omD(Xv;Q
p
)

(
L+,C ,Qp

(1)[2]
)
≃ Rfv,C,∗L−,C(1)[2]

≃ OSpaC [1]⊕OSpaC

≃ RH omD(Spa(C)v ;Q
p
)

(
OSpaC(−1)[−1]⊕OSpaC(−1)[−2],Qp

)
≃ RH omD(Spa(C)v ;Q

p
)

(
Rfv,C,∗L+,C ,Qp

)
.

Finally, we show that these infinite-dimensional phenomena disappear completely when one works with the
absolute cohomology of proper rigid-analytic spaces over a finite extension of Qp. More precisely, we prove
the following theorem.

Theorem 1.1.7 (Arithmetic Duality; Corollary 7.4.9). Let K be a finite extension of Qp, let f : X →
Spa(K,OK) be a proper rigid-analytic space of dimension d, let E ∈ Perfv(X;Q

p
) ∩ D[r,r′](Xv;Qp

). Set

ωar
X := ω

Qp

X (1)[2]. Then the following statements hold:

(i) the cohomology complex RΓv(X, E) lies in D[r,r′+2d+2]
coh (Qp);

(ii) there is a canonical trace map Trf : RΓv(X,ω
ar
X )→ Qp such that the induced duality morphism

PDf : RHomD(Xv;Q
p
)(E , ωar

X ) −→ RHomD(Qp)(RΓv(X, E),Qp)

defined in Definition 7.4.8 (2) is an equivalence.

We deduce Theorem 1.1.7 from Theorem 1.1.2 using Fontaine’s theory of almost Cp-representations,
developed in [Fon03, Fon20]. When X is smooth, one can also deduce the finiteness and duality parts of
Theorem 1.1.7 from [ALBM24]; cf. [ALBM24, Rmk. 6.2.3]. However, the proper case has not been addressed
before.

The observation that arithmetic pro-étale cohomology, or equivalently arithmetic v-cohomology, exhibits
simpler finiteness behavior than its geometric counterpart goes back to [CGN23]. There, the authors proved a
version of arithmetic Poincaré duality with constant coefficients for smooth partially proper rigid-analytic
curves. This result was extended in the work of Zhenghui Li [Li24] to arbitrary smooth partially proper
rigid-analytic spaces and constant coefficients.

In order to illustrate how the infinite-dimensionality of cohomology disappears in the arithmetic cohomology,
we compute the cohomology of all Tate twists of the rank-1 local system L+ from Example 1.1.4.

Example 1.1.8. Let G be the absolute Galois group of Qp. Since EC → E is a pro-étale G-torsor, the
Hochschild–Serre spectral sequence gives

Ei,j2 = Hicont
(
G,Hjv(EC ,L+,C(n))

)
=⇒ Hi+jv (E,L+(n)).
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Combining with spectral sequence with (1.1.5) and Tate’s computation [Tat67, Ths. 1 and 2, pp. 176–177] of
Galois cohomology groups Hicont(G,C(m)), we conclude that

Hiv
(
E,L+(n)

)
≃


Qp, n = 1 and i = 1, 3,

Q⊕2
p , n = 1 and i = 2,

0, otherwise.

The same argument computes the cohomology of L−(n) for every n. Together with the isomorphism
RH omD(Ev ;Q

p
)

(
L+(n),Qp

(2)[4]
)
≃ L−(2−n)[4], these computations give a direct verification of the duality

assertion in Theorem 1.1.7 as well.

1.2. Fargues–Fontaine curve perspective. In this subsection, we explain an alternative perspective on
Theorem 1.1.2 from the point of view of the Fargues–Fontaine curve. Although the language of Banach–Colmez
spaces provides the most direct and intuitive formulation of the theorem, the Fargues–Fontaine perspective
reveals additional structure that restores the finitess, duality, and Künneth formula properties for cohomology
of Q

p
-local systems.

For this, we recall that [FF18] and [FS26, §2] defined the (analytic) Fargues–Fontaine curve as

(1.2.1) FFC := YC/φ
Z =

(
Spa

(
Ainf(C,OC),Ainf(C,OC)

)
\V(p · [p♭])

)
/φZ,

which is an (infinite type) adic space over Spa(Qp,Zp), see also Section 6.1 for an additional discussion.
It turns out that a particularly useful framework for the v-cohomology RΓv(X, E) of a Q

p
-local system E is

to lift this to a cohomology theory valued in perfect complexes on the analytic Fargues–Fontaine curve. More
precisely, to every proper rigid-analytic space X over C and every Q

p
-local system E on X, we functorially

associate a perfect complex
HX(E) ∈ Perfan(FFC ;O)

together with a canonical equivalence

(1.2.2) RΓv(X, E) ≃ RΓan

(
FFC ,HX(E)

)
.

The complex HX(E) satisfies the properties expected of a well-behaved cohomology theory: finiteness, duality,
and the Künneth formula. From this perspective, the possible infinite-dimensionality and failure of the
Künneth formula of RΓv(X, E) arise only after applying the derived global-sections functor RΓan(FFC ,−),
which morally come from the facts that FFC is not of finite type over Qp and RΓan(FFC ,−) is not symmetric
monoidal.

To relate this perspective back to Theorem 1.1.2, we recall that [LB18, ALB25] constructed a fully faithful
functor Sol : Perfan(FFC ;O) → D

(
Spa(C,OC)v;Qp

)
which provides an identification Perfan(FFC ;O)

Sol−−→
∼

DbBC

(
Spa(C,OC)v;Qp

)
. Using this functor, we show a more precise version of (1.2.2) as well as the results

announced above. In order to capture all the properties of the complex HX(E), we recall that the Fargues–
Fontaine curve carries a canonical “point at infinity” ι∞ : Spa(C,OC) ↪→ FFC , see [FS26, Def./Prop. II.1.22].
Pullback along this closed immersion defines a functor ι∗∞ : Perfan(FFC ;O) → Perfan(Spa(C,OC);O) ≃
Dbcoh(C).

Theorem 1.2.3 (Theorem 7.3.17). Let f : X → Spa(C,OC) be a proper rigid-analytic space of dimension
d, and let E ∈ Perf [r,r

′]
v (X;Q

p
) for some r, r′ ∈ Z ∪ {−∞,∞}. Then one can functorially assign a perfect

complex HX(E) ∈ Perfan(FFC ;O) which satisfies the following properties:
(i) there is a functorial isomorphism Sol

(
HX(E)

)
≃ Rfv,∗E;

(ii) there is a functorial isomorphism ι∗∞HX(E) ≃ RΓv
(
X, E ⊗L

Q
p

OX
)
;

(iii) the complex HX(E) lies in Perf [r,r
′+2d]

an (FFC ;O);
(iv) if (X ′, E ′) is another such pair, then there is a natural Künneth formula isomorphism

HX(E)⊗L
O HX′(E ′) ∼−→ HX×CX′(E ⊠ E ′).

(v) if X smooth of equidimension d, there is a functorial duality isomorphism HX(E)∨ ≃ HX(E∨(d)[2d]);
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While finiteness and duality admit formulations in terms of Banach–Colmez spaces, the corresponding
Künneth formula fails at the level of v-sheaves, even in the basic example considered above.

Example 1.2.4. In the setting2 of Example 1.1.4, the natural morphism

Rfv,C,∗
(
L+,C(1)

)
⊗L

Q
p
Rfv,C,∗

(
L+,C(1)

)
→ R(f ×C f)v,C,∗

(
L+,C(1)⊠ L+,C(1)

)
is far from being an isomorphism. In fact, the left-hand side does not even lie in DbBC as it contains
OSpaC [−1]⊗L

Q
p

OSpaC [−1] as a direct summand.

By contrast, under the equivalence induced by the solution functor, Equation (1.1.6) translates into an
isomorphism HEC

(
L+,C(1)

)
≃ ι∞,∗C[−1]⊕ ι∞,∗C[−2]. So

HEC

(
L+,C(1)

)
⊗L

OFFC
HEC

(
L+,C(1)

)
≃ ι∞,∗C[−1]⊕ (ι∞,∗C[−2])⊕3 ⊕ (ι∞,∗C[−3])⊕3 ⊕ ι∞,∗C[−4]

is manifestly a perfect complex on FFC . Moreover, the Künneth isomorphism of Theorem 1.2.3 (v) identifies
this tensor product with HEC×CEC

(
L+,C(1)⊠ L+,C(1)

)
. After applying the solution functor, we obtain

R(f ×C f)v,C,∗(L+,C ⊠ L+,C) ≃ OSpaC [−1]⊕ (OSpaC [−2])⊕3 ⊕ (OSpaC [−3])⊕3 ⊕OSpaC [−4]

Theorem 1.2.3 (ii) likewise records information that is not directly visible through the intrinsic operations
on the Banach–Colmez spaces Rifv,∗E . Nevertheless, it yields some non-trivial information about these higher
pushforwards. For example, using Theorem 1.2.3 (ii), David Hansen [Han26, Rmk. on p. 2] showed that if X
is smooth and proper and L is a Q

p
-local system on X, then

∑
n

(−1)n dimQp
Rnfv,∗L =

(
rkL

)
·

(∑
n

(−1)n dimQp
Hnv (X,Qp)

)
= rkL · χ(X,Qp).

Here, dimQp
Rnfv,∗L denotes the Qp-dimension, in the sense of [Col02, p. 46], of the Banach–Colmez space

Rnfv,∗L. This is the p-adic analytic analogue of the usual Euler characteristic formula χ(X,L) = rkL·χ(X,Qp)
in algebraic geometry (see [Ill81, Cor. 2.11]).

1.3. Idea of the proof and further results. The proof of Theorem 1.1.2 consists of three main ideas of
different origins: a reduction to the smooth case, a reformulation of the problem in terms of the Fargues–
Fontaine curve, and a diagrammatic approach to the resulting duality statement on the curve. The passage to
the Fargues–Fontaine curve is crucial to our argument because the diagrammatic approach critically relies on
the existence of a Künneth formula. While such a formula fails at the level of v-sheaves (see Example 1.2.4),
it does hold at the level of perfect complexes on the Fargues–Fontaine curve.

1.3.1. Reduction to the smooth case. The first step in the proof of Theorem 1.1.2 is to reduce to the case
in which X is smooth proper over C. The key technical input is the construction of the proper trace map
Trf : Rfv,∗ω

Qp

X −→ Q
p
. This construction ultimately rests on the analogous trace map with finite coefficients

constructed in [LRZ24], which is one of the most technically challenging parts of that paper.
Once we have the trace map from [LRZ24] at hand, its extension to Q

p
-coefficients follows from a limit

argument, together with the comparison between étale and v-cohomology for proper rigid-analytic spaces;
see Lemma 7.1.3. We then combine the resulting trace map with resolution of singularities and induction
on the dimension of X to reduce both the finiteness and duality assertions of Theorem 1.1.2 to the smooth
case. In fact, in the smooth case we prove the following stronger relative result for arbitrary smooth proper
morphisms of diamonds over Spd(Qp,Zp).

Theorem 1.3.1 (Relative Geometric Duality; Theorem 6.5.7 and Corollary 6.6.15). Let f : X ′ → X be a
smooth proper of equidimension d morphism of diamonds over Spd(Qp,Zp) and let E ∈ Perfv(X

′;Q
p
) ∩

D[r,r′](X ′
v;Qp

) for some r, r′ ∈ Z ∪ {−∞,∞}. Then the following statements hold:

2We use L+,C(1) rather than L+,C solely to avoid carrying Tate twists throughout the formulas. A choice of a compatible
system of p-power roots of unity in C trivializes Q

p
(1) and hence yields a noncanonical isomorphism L+,C ≃ L+,C(1). Thus,

the same discussion applies verbatim to L+,C .
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(i) Rfv,∗E lies in D[r,r′+2d]
BC

(
Xv;Qp

)
;

(ii) there is a canonical trace map trf : Rfv,∗Qp
(d)[2d]→ Q

p
such that the induced duality morphism

PDf : Rfv,∗RH omD(X′
v ;Qp

)(E ,Qp
(d)[2d]) −→ RH omD(Xv ;Q

p
)(Rfv,∗E ,Qp

)

defined in Definition 6.5.5 (3) is an isomorphism.

We refer to Definition 4.3.3 for the precise definition of a smooth proper of equidimension d morphism of
diamonds over Spd(Qp,Zp). For the purposes of this introduction, we only note that this class includes the
diamondifications of smooth proper morphisms of equidimension d between locally noetherian or sousperfectoid
adic spaces over Qp. We also refer to Definition 6.4.10 for the definition of the relative Banach–Colmez
spaces D(b)

BC (Xv;Qp
). Specializing Theorem 1.3.1 to X = Spa(C,OC) gives the smooth case required in the

reduction above.

1.3.2. Reduction to duality on the Fargues–Fontaine curve. The preceding subsection reduces the proof of
Theorem 1.1.2 to the relative smooth proper case. We now carry out the second step of the argument by
reformulating this as a relative statement on the Fargues–Fontaine curve. The solution functor from Section 1.2
gives an identification Perfan(FFC ;O)

∼−→ DbBC

(
Spa(C,OC)v;Qp

)
. It therefore suffices to prove duality on

the curve, where we can use the tensor formalism required for the Künneth formula. To do so, we introduce
“analytic perfect complexes on the relative Fargues–Fontaine curve”, equipped with a pushforward functor
that intertwines with the derived v-pushforward via the solution functor.

A technical hurdle arises when one attempts to carry this out: If X is an adic space that is not perfectoid,
the relative Fargues–Fontaine curve FFX := X♢ × Spd(Qp,Zp)/φ

Z × id is only a diamond and need not
carry a natural adic-space structure. The usual definition of analytic perfect complexes therefore does not
apply directly to FFX , while perfect complexes in the v-topology on FFX do not give the correct answer, see
Warning 6.2.3.

To resolve this issue, motivated by the fact that YC,[1,p] ⊂ YC is a fundamental domain for FFC , we instead
define

(1.3.2) Perfan(FFX ;O) := Eq
(
Perf(Xv;B[1,p]) ⇒ Perf(Xv;B[1,1])

)
.

Here B[1,p] and B[1,1] are the period sheaves geometrizing Berger’s period rings from [Ber02]; see Definition 3.1.1.
The two arrows in (1.3.2) encode the restriction and Frobenius maps.

To compare this definition with the usual category of analytic perfect complexes when X = S is affinoid
perfectoid, one needs, in particular, the equivalence Perfv(S;BI) ≃ Perf

(
BI(S)

)
for every closed interval

I ⊂ (0,∞) with rational endpoints. This comparison follows from the following general descent theorem.

Theorem 1.3.3 (see C.2.4, C.2.8, C.2.10, C.2.14, C.3.17, C.4.5, C.5.10, C.6.10, C.7.16, and C.7.22). Denote
by Perfdaff/Qp

the category of affinoid perfectoid spaces over Spa(Qp,Zp), let I ⊂ (0,∞) be a closed interval with
rational endpoints, let n be an integer, let ℓ be a prime number (possibly equal to p), and let r, r′ ∈ Z∪{−∞,∞}.
Then the assignments

Perf
[r,r′]
ét (−;Z/n), Perf [r,r

′]
proét(−;Zℓ), Perf

[r,r′]
proét(−;Qℓ

), Perf
[r,r′]
ét (−;O+/p),

Perf
[r,r′]
ét (−;O+), Perf [r,r

′](O(−)), Perf [r,r
′]

ét (−;AI), Perf
[r,r′](BI(−))

regarded as functors Perfdaff,op/Qp
−→ Cat∞ are hypercomplete v-sheaves of ∞-categories.

The fact that Perf(BI(−)) is a v-sheaf was previously established in [ALB25] by different methods. Likewise,
loc. cit. showed that Perf(O(−)) is a v-sheaf when restricted to affinoid perfectoid spaces admitting a morphism
to a totally disconnected perfectoid space. Restricting the class of affinoid perfectoid spaces becomes necessary
because very delicate descent results from [Man22] are used.

Thus, for the functor Perf(O(−)), Theorem 1.3.3 strengthens the result of [ALB25] by removing this
restriction. In addition, our proof is self-contained and avoids the descent results of [Man22]. Its key idea
is to adapt to the derived setting the methods developed in [Zav25b, Heu26] for proving v-descent for étale
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vector bundles over O, O+, and O+/p. To the best of our knowledge, the corresponding statements for the
remaining coefficient systems appearing in Theorem 1.3.3 have not previously appeared in the literature.

The descent theorem shows that (1.3.2) agrees with the usual category of analytic perfect complexes for
affinoid perfectoid bases and provides a well-behaved definition for arbitrary diamonds. After developing
the corresponding pushforward formalism, we reduce Theorem 1.3.1 to the following duality theorem on the
relative Fargues–Fontaine curve.

Theorem 1.3.4 (Duality on the curve; Theorem 6.5.4). Let f : X ′ → X be a smooth proper of equidimension
d morphism of diamonds over Spd(Qp,Zp) and let E ∈ Perfan(FFX′ ;O). Then the following statements hold:

(i) RfFF,∗E lies in Perfan(FFX ;O);
(ii) there is a canonical trace map trFFf : RfFF,∗O(d)[2d]→ O such that the induced duality morphism

PDf : RfFF,∗RH omFFX′ (E ,O(d)[2d]) −→ RH omFFX
(RfFF,∗E ,O)

defined in Definition 6.5.1 (3) is an isomorphism.

1.3.3. Proof of the duality on the Fargues–Fontaine curve. The diagrammatic approach. We now explain
the main argument of the paper. Unwinding the equalizer description in (1.3.2), we reduce duality on the
Fargues–Fontaine curve to a relative duality theorem for period sheaves; only the case of A = B[1,p] is used in
the proof of Theorem 1.3.4.

Theorem 1.3.5 (Relative duality for period sheaves; Corollary 5.3.15). Let f : X ′ → X be a smooth proper
of equidimension d morphism of diamonds over Spd(Qp,Zp), let I ⊂ (0,∞) be a closed interval with rational
endpoints, let A ∈ {O,BI}, and let E ∈ Perfv(X

′;A) ∩ D[r,r′](X ′
v;A) for some r, r′ ∈ Z ∪ {−∞,∞}. Then

the following statements hold:
(i) Rfv,∗E lies in Perfv(X;A) ∩ D[r,r′+2d](Xv;A);
(ii) there is a canonical trace map trAf : Rfv,∗A(d)[2d]→ A such that the induced duality morphism

PDf : Rfv,∗RH omD(X′
v ;A)(E ,A(d)[2d]) −→ RH omD(Xv ;A)(Rfv,∗E ,A)

defined in Construction 5.3.10 (4) is an isomorphism.

We prove Theorem 1.3.5 using the diagrammatic method developed in [LRZ24, Section 6]. Rather than
understanding the duality morphism PDf directly, this approach shows that Rfv,∗E is dualizable (in the
categorical sense) in D(Xv;A), with dual given by Rfv,∗E∨(d)[2d]. Its implementation requires the following
three ingredients, together with suitable compatibility conditions:

(1) the trace map trAf : Rfv,∗A(d)[2d]→ A for the smooth proper f : X ′ → X;
(2) the cycle class map cl∆ : R∆v,∗A → A(d)[2d] for the diagonal ∆: X ′ ↪→ X ′ ×X X ′;
(3) the Künneth formula isomorphism Rfv,∗E ⊗L

A Rfv,∗E
∼−→ R(f ×X f)v,∗

(
E ⊠L E

)
.

Of these three ingredients, the Künneth formula is the most delicate. We do not know how to establish it
directly; instead, we show the following version using the framework of solid mathematics in the sense of
Clausen–Scholze [Sch26b].

Theorem 1.3.6 (Solid Künneth formula; Theorem 5.2.4). Let S be a strictly totally disconnected perfectoid
space over Spa(Qp,Zp), let f : X → S and f ′ : X ′ → S be qcqs smooth maps, and let A ∈ {BI ,O}. Let
E ∈ Perfv(X,A) and E ′ ∈ Perfv(X

′,A). Then the solid Künneth map

KM□ : RΓv(X, E)⊗L□
Γv(S,A) RΓv(X

′, E ′)→ RΓv(X ×S X ′, E ⊠L E ′).

is an isomorphism.

We refer to Definition 3.2.1 for the definition of condensed derived global sections. The crucial feature of
Theorem 1.3.6 is that it requires no properness assumption, which allows us to argue locally. Using toric charts,
we reduce the solid Künneth theorem to the corresponding statement for the continuous group cohomology of
Γ ≃ Zdp, which can be seen via Koszul complexes.

Finally, we use this Künneth formula to establish a solid version of Theorem 1.3.5.
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Theorem 1.3.7 (Theorem 5.3.1). Let S be a strictly totally disconnected perfectoid space over Spa(Qp,Zp),
let f : X → S be a smooth proper morphism of equidimension d, let I ⊂ (0,∞) be a closed interval with
rational endpoints, let A ∈ {BI ,O}, and let E ∈ Perfv(X;A). Then the condensed global sections RΓv(X, E)
is a dualizable object in D□(A), with the dual given by RΓv(X, E∨(d)[2d]).

Theorem 1.3.7 is the core result of this paper; we now outline its proof, following the diagrammatic
approach introduced above. We first construct the required trace and cycle class maps by combining the
analogous constructions from [LRZ24] with an appropriate form of the primitive comparison theorem; see
Lemma 3.6.7. Together with the solid Künneth formula, we can produce evaluation and coevaluation maps
between RΓv(X, E) and RΓv(X, E∨(d)[2d]); see Construction 5.3.3. To check their dualizability, it therefore
remains to check the induced triangle identities. We address one of them, the other being verified similarly.
Consider the commutative diagram below, in which all products of X are taken over S:

X

X2 X2

X X3 X

∆ ∆

π2

∆×id id×∆

π1

It induces the following diagram, in which (−)∗ denotes pullback in cohomology and (−)∗ is induced by cycle
class maps:

RΓv(X, E) RΓv(X
2,A⊠ E) RΓv(X

2, (E ⊗ E∨)⊠ E) RΓv(X
3, (E ⊠ E∨ ⊠ E)⊗A(d)[2d])

RΓv(X, E) RΓv(X, E ⊗ E∨ ⊗ E) RΓv(X
2, (E ⊠ (E∨ ⊗ E))⊗A(d)[2d])

RΓv(X, E) RΓv(X
2, (E ⊠A)⊗A(d)[2d])

RΓv(X, E).

id

π∗
2 coev⊠id

∆∗

(∆×id)∗

∆∗ (id×∆)∗

id

coev⊗id

id⊗ev

∆∗

(id⊠ev)⊗id

id

∆∗

trπ1

Up to some identifications, which we make fully explicit in Fig. 1, the claim that

(id⊗ evaluation) ◦ (coevaluation⊗ id) = id

reduces to showing the composition along top row and rightmost column is the identity. To do so, it suffices
to prove that the above diagram is commutative. This is mostly easy, except for the top right square, which
follows from the fact that cycle classes commute with transversal pullbacks (see [LRZ24, Lem. 3.3.4]) and the
bottom triangle, which follows from the fact that smooth traces of cycle classes of a section are the identity
(see [LRZ24, Lem. 6.4.5]).

Once Theorem 1.3.7 is proven, a theorem of Andreychev [And21] identifies the dualizable objects in the
relevant solid derived categories with ordinary perfect complexes. Combining this result with the v-descent
statement of Theorem 1.3.3, we pass from Theorem 1.3.7 to Theorem 1.3.5.

As a final note, we also mention that we have a version of Theorem 1.3.5 when X = Spa(K,OK) is the
adic spectrum of a nonarchimedean field and X ′ is a general proper rigid-analytic space.

Theorem 1.3.8 (Absolute duality for period sheaves II; Theorem 7.3.1). Let K be a nonarchimedean field of
mixed characteristic (0, p), let f : X → Spa(K,OK) be a proper rigid-analytic space over K of dimension d. Let
I ⊂ (0,∞) be a closed interval with rational endpoints, let A ∈ {O,BI}, and let E ∈ Perfv(X;A)∩D[r,r′](X ′

v;A)
for some r, r′ ∈ Z ∪ {−∞,∞}. Then the following statements hold:

(i) Rfv,∗E lies in Perfv(Spa(K,OK);A) ∩ D[r,r′+2d](Spa(K,OK)v;A);
(ii) there is a canonical trace map trAf : Rfv,∗ω

A
X → A such that the induced duality morphism

PDf : Rfv,∗RH omD(X′
v ;A)(E , ωA

X) −→ RH omD(Xv ;A)(Rfv,∗E , ωA
X)
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defined in Definition 7.2.8 (2) is an isomorphism.

Organization of the paper. The thrill-seeking reader can directly get to the key arguments of the paper by
focusing their attention on Section 5, Sections 6.4–6.6, and Section 7. The rest of the paper is mostly devoted
to preparatory background results, which we break down in more detail below.

Sections 2, 3, and 4 contain the preliminary material that we need in our proofs. Section 2 and Section 3
provide technical background on period rings and period sheaves, while Section 4 extends the construction of
trace and cycle class maps from [LRZ24] to various period sheaves on sousperfectoid spaces and diamonds.
As we could often not find suitable references in the literature, we have tried to be very detailed, but advise
even the more honest reader to skip these sections on a first reading and refer back to them as necessary.

The key argument for Poincaré duality for perfect complexes over period sheaves with respect to general
smooth proper morphisms following the diagrammatic approach from [LRZ24] is explained in Section 5.
The resulting Poincaré dualities for analytic perfect complexes on relative Fargues–Fontaine curves and for
pro-étale Q

p
-local systems are then discussed in Section 6. This section also contains a detailed discussion

of the relevant Fargues–Fontaine curve preliminaries, again recommended to be skipped on a first reading.
Finally, we prove geometric duality (Theorem 1.1.2) and arithmetic duality (Theorem 1.1.7) for pro-étale
Q
p
-local systems on proper rigid-analytic spaces in Section 7.
Some technical background on limits of ∞-categories and sheaves of ∞-categories which we found difficult

to locate in the literature is collected in Appendix A and Appendix B. Finally, Appendix C is dedicated to
proving many optimal v-descent results for perfect complexes over various coefficient rings as in Theorem 1.3.3,
which might be interesting in their own right.
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Notation. In this paper, a topological field K is called nonarchimedean if its topology is induced by a
valuation of rank 1 on K and if K is complete with respect to this topology; beware that while the completeness
assumption is somewhat standard, it is not imposed in [Hub96, Def. 1.1.3].

A rigid-analytic space over a nonarchimedean field K is always understood to be an adic space which
is locally of finite type over Spa(K,OK); by [Hub94, Prop. 4.5], the resulting category of quasi-separated
rigid-analytic K-spaces is equivalent to the category of quasi-separated rigid-analytic K-spaces in the classical
sense as in, say, [BGR84, Def. 9.3.1/4]. An analytic adic space is locally noetherian if every x ∈ X is contained
in an open affinoid subspace U ⊂ X for which OX(U) is a strongly noetherian Tate ring. For a general adic
space X, an open affinoid subspace U ⊂ X is an open subspace which is isomorphic to Spa(A,A+) for a sheafy
Huber pair (A,A+).

Following [Sch26a], we denote by Perfd the category of perfectoid spaces and by Perf the category of
perfectoid spaces of characteristic p. For a diamond X (resp. a perfectoid space X) and τ ∈ {qproét, v}



POINCARÉ DUALITY FOR PRO-ÉTALE QP -LOCAL SYSTEMS 11

(resp. τ ∈ {proét, v}), we denote by λτ : Xτ → Xét and µ : Xv → Xqproét (resp. and ν : Xét → Xan) the
natural morphisms of sites. We use the diamondification functor (−)♢ from [Sch26a, Def. 15.5].

For a ring A and a finite set of elements f1, . . . , fn, s ∈ A, we denote by A
[
f1
s , . . . ,

fn
s

]
⊂ A

[
1
s

]
the

A-subalgebra of A
[
1
s

]
generated by f1

s , . . . ,
fn
s . For a ring A, a finitely generated ideal I ⊂ A, and a finite

set of elements f1, . . . , fn, s ∈ A, we denote by A
〈
f1
s , . . . ,

fn
s

〉
:= A

[
f1
s , . . . ,

fn
s

]∧
I

the I-adic completion of
A
[
f1
s ,

f2
s , . . . ,

fn
s

]
.

For a Grothendieck abelian category A, we denote by D(A) its associated derived∞-category. Its homotopy
category is denoted by D(A) and coincides with the usual triangulated derived category of A.

For a complete Huber ring A, we denote by D□(A) the derived ∞-category of solid A-modules in the sense
of Clausen–Scholze [Sch26b]. Explicitly, this category is given by D

(
(A,Z)□

)
from [And21, Th. 3.28].

Given a ring R, we say that an object M ∈ D(R) is perfect if there is an isomorphism M ≃ K• where K• is
a finite complex of finite projective R-modules. We denote by Perf(R) the ∞-subcategory of D(R) of perfect
complexes. For r, r′ ∈ Z ∪ {−∞,∞}, we say that a perfect complex M ∈ Perf(R) has tor-amplitude in [r, r′]

if M ⊗L
R N is concentrated in cohomological degrees [r, r′] for any R-module N . We denote by Perf [r,r

′](R)
the ∞-category of perfect complexes with tor-amplitude in [r, r′].

Given a ringed site (X,O), we say that an object F ∈ D(X;O) is strictly perfect if there is an isomorphism
F ≃ E• where E• is a finite complex of direct summands of finite free O-modules. We also denote by Perf(X;O)
the ∞-category of perfect complexes, i.e., the full ∞-subcategory Perf(X;O) ⊂ D(X;O) of objects which are
locally isomorphic to a strictly perfect complex.

For a ringed site (X,O), we denote by (̃−) : D(O(X))→ D(X;O) the derived pullback functor along the
canonical morphism (X,O)→ (∗,O(X)). It restricts to the functor (̃−) : Perf(O(X))→ Perf(X;O).
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2. Period Rings

In this section, we define and study the period rings BI(R,R
+) and AI(R,R

+) for any perfectoid pair
(R,R+) over (Qp,Zp) and any closed interval I = [a, b] ⊂ (0,∞) with rational endpoints. We decided to
include this material in the paper because these period rings are often defined under the additional assumption
that (R,R+) admits a map from (Cp,OCp

), which is inadequate for our purposes.

2.1. Period rings via the Fargues–Fontaine disk. Throughout this subsection, we fix an affinoid perfectoid
space S = Spa(R,R+) over Spa(Qp,Zp).

The main goal of this subsection is to define the period rings BI(S) and AI(S) for any closed interval
I ⊂ (0,∞) with rational endpoints. For this, we recall that the perfectoid pair (R,R+) admits a tilt (R♭, R♭,+)
which is a perfectoid pair of characteristic p. It comes equipped with a continuous multiplicative map

(−)♯ : R♭ ≃ lim
x 7→xp

R
(...,xi,...,x1,x0)7→x0−−−−−−−−−−−−−→ R,

where xpi = xi−1 ∈ R, see [Sch12, Prop. 5.17] or [Sch26a, p. 16] for more details.

Notation 2.1.1. We denote by p♭ ∈ R♭,+ any element such that (p♭)♯ = p · u for some unit u ∈ (R+)×.

We note that [BMS18, Lem. 3.9] implies that p♭ exists for any perfectoid pair (R,R+). Any choice of
p♭ ∈ R♭,+ is a pseudo-uniformizer in R♭ (see the proof of [Sch26a, Lem. 3.10]).

Lemma 2.1.2. Let (R,R+) be an affinoid perfectoid pair over (Qp,Zp) and let p♭ and p̃♭ ∈ R♭,+ be two
elements as in Notation 2.1.1. Then there is a unit v ∈ (R♭,+)× such that p♭ = p̃♭ · v.

Proof. Using [Hub94, Lem. 1.6(iv)], we see that it suffices to show that |p♭(x)| = |p̃♭(x)| for any x ∈
Spa(R♭, R♭,+). Consider the canonical homeomorphism (−)♭ : |Spa(R,R+)| ∼−→ |Spa(R♭, R♭,+)| (see [Sch12,
Th. 6.3] or [Sch26a, Th. 3.12]) and set x♯ ∈ |Spa(R,R+)| to be the unique point such that (x♯)♭ = x. Let
u, ũ ∈ (R+)× such that (p♭)♯ = p · u and (p̃♭)♯ = p · ũ, respectively. Then the desired claim follows from the
following sequence of equalities:

|p♭(x)| = |(pu)(x♯)| = |p(x♯)| = |(pũ)(x♯)| = |p̃♭(x)|. □

We recall that S = Spa(R,R+) denotes an affinoid perfectoid space over Spa(Qp,Zp) and that Ainf(S)

denotes the ring W (R♭,+).

Definition 2.1.3. The relative Fargues–Fontaine punctured open disk is the adic space

YS := Spa
(
Ainf(S),Ainf(S)

)
∖V(p · [p♭]),

where Ainf(S) =W (R♭,+) is equipped with the (p, [p♭])-adic topology; this open subset does not depend on
the choice of p♭ by virtue of Lemma 2.1.2.

Note that [FS26, Prop. II.1.1] indeed implies that YS is an analytic adic space instead of simply a pre-adic
space. However, it is not clear whether Spa

(
Ainf(S),Ainf(S)

)
is an adic space (i.e., whether it is sheafy): we

will never use it in this paper.

Remark 2.1.4. We point out that our definition of YS is slightly different from the one used in [FS26, Ch. II].
Namely, they define YS only when S is a perfectoid space of characteristic p. However, YS in the sense of
Definition 2.1.3 is equivalent to YS♭ in the sense of [FS26, Ch. II.1.1].

The space YS is never quasi-compact, making it quite difficult to study it directly. For this purpose, we
introduce the following rational open subsets of YS whose union covers YS .

Definition 2.1.5. Let I := [a, b] ⊂ (0,∞) be an interval with rational endpoints. Set c := min{n ∈
Z>0 | n · a ∈ Z and n · b ∈ Z}. The Fargues–Fontaine annulus of radius I is the affinoid adic space

YS,I :=
{
x ∈ Spa

(
Ainf(S),Ainf(S)

)
| |pcb(x)| ≤ |[(p♭)c](x)| ≤ |pca(x)| ≠ 0

}
⊂ Spa

(
Ainf(S),Ainf(S)

)
.

This rational open subset does not depend on the choice of p♭ by virtue of Lemma 2.1.2.
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Remark 2.1.6. By definition, we see that YS =
⋃
I YS,I , where the union is taken over closed intervals

I ⊂ (0,∞) with rational endpoints. Furthermore, each YS,I is again an analytic adic space.

Definition 2.1.7. We define period rings BI(S) and AI(S) as the following topological rings:

AI(S) := H0
an(YS,I ,O+) and BI(S) := H0

an(YS,I ,O).

Remark 2.1.8. Since each YS,I is an affinoid adic space over Spa(Qp,Zp), the pair
(
BI(S),AI(S)

)
is a

complete Tate–Huber pair over (Qp,Zp) with pseudo-uniformizer p ∈ AI(S). Thus, BI(S) admits a Banach
ring structure over Qp (see [KL15, Rmk. 2.4.4]).

We finish this subsection by unraveling the definitions of BI(S) and AI(S) in more explicit terms. Recall
that, for a ring A and elements f1, . . . , fn, g1, . . . , gn ∈ A, we denote by A

[
f1
g1
, . . . , fngn

]
⊂ A[ 1

g1...gn
] the

A-subalgebra generated by f1
g1
, . . . , fngn .

Remark 2.1.9. Let I = [a, b] and c ∈ Z>0 be as in Definition 2.1.5. Then [Hub94, Lem. and def. on p. 516]
implies that AI(S) is equal to the completed integral closure of Ainf(S)

[
pcb

[(p♭)c]
, [(p

♭)c]
pca

]
inside Ainf(S)

[
1

[p♭]p

]
and BI(S) = AI(S)[

1
p ]. We warn the reader that it is a priori not clear whether the topology on AI(S) is the

p-adic one. We return to this point in Corollary 2.2.18.

For future reference, we mention the following compatibilities between the period rings BI(S) for various I:

Construction 2.1.10. Let S be an affinoid perfectoid space over Spa(Qp,Zp).
(1) (restriction maps) Let J ⊂ I ⊂ (0,∞) be an inclusion of closed intervals with rational endpoints. Then

the natural rational open embedding YS,J ⊂ YS,I induces a continuous morphism BI(S)→ BJ(S).
(2) (Frobenii maps) Let I = [a, b] ⊂ (0,∞) be a closed interval with rational endpoints. Set I/p :=

[a/p, b/p] ⊂ (0,∞). Then the Frobenius isomorphism YS
∼−→ YS restricts to an isomorphism YS,I/p

∼−→
YS,I . Therefore, it induces a topological isomorphism φ : BI(S)

∼−→ BI/p(S).

We also show the following overconvergent property of BI .

Lemma 2.1.11. Let I = [a, b] ⊂ (0,∞) be a closed interval with rational endpoints and let S = Spa(R,R+) be
an affinoid perfectoid space over Spa(Qp,Zp). Set S◦ := Spa(R,R◦). Then the natural map BI(S)→ BI(S

◦)
is a topological isomorphism.

Proof. Both BI(S) and BI(S
◦) are complete Tate rings, so the Banach open mapping theorem [Hub94,

Lem. 2.4(i)] implies that it suffices to show that BI(S)→ BI(S
◦) is a ring isomorphism.

We choose p♭ ∈ R♭,+ ⊂ R♭,◦ as in Notation 2.1.1 and c ∈ Z≥0 as in Definition 2.1.5. Note that the (p, [p♭])-
adic topology on W (R♭,+)

[
pcb

[(p♭)c]
, [(p

♭)c]
pca

]
coincides with the [p♭]-adic topology because pcb = pcb

[(p♭)c]
· [p♭]c; the

same applies to W (R♭,◦)
[

pcb

[(p♭)c]
, [(p

♭)c]
pca

]
. Therefore, [Hub94, Lem. and def. on p. 516] and [Hub93, Lem. 1.6]

imply that the map BI(S)→ BI(S
◦) becomes equal to the natural morphism

W (R♭,+)
[

pcb

[(p♭)c]
, [(p

♭)c]
pca

]∧
([p♭])

[
1

[p♭]

]
→W (R♭,◦)

[
pcb

[(p♭)c]
, [(p

♭)c]
pca

]∧
([p♭])

[
1

[p♭]

]
.

For it to be an isomorphism, it suffices to show that W (R♭,+)
[

pcb

[(p♭)c]
, [(p

♭)c]
pca

]∧
([p♭])

→W (R♭,◦)
[

pcb

[(p♭)c]
, [(p

♭)c]
pca

]∧
([p♭])

is an injective map with cokernel annihilated by [p♭]. This reduces to proving that W (R♭,+)
[

pcb

[(p♭)c]
, [(p

♭)c]
pca

]
→

W (R♭,◦)
[

pcb

[(p♭)c]
, [(p

♭)c]
pca

]
is injective with cokernel annihilated by p♭. For that, it is enough to show that the

map W (R♭,+) → W (R♭,◦) is injective with cokernel annihilated by [p♭]. Using the explicit description of
Witt vectors, we finally reduce the question to showing that the map R♭,+ → R♭,◦ is injective with cokernel
annihilated by [p♭]. This can be easily seen from the fact that R♭,+ is perfect (see, for example, [Zav25a,
Lem. B.13]). □

For later use, we will also need the following fact.
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Lemma 2.1.12. Let I = [a, b] ⊂ (0,∞) be a closed interval with rational endpoints and let S = Spa(R,R+)
be an affinoid perfectoid space over Spa(Qp,Zp). Then the natural morphism

BI(S)→
∏
s∈S

BI

(
Spa(k̂(s), k̂(s)

+
)
)

is injective.

Proof. For brevity, if (K,K+) is a perfectoid field pair, we write BI(K,K
+) for BI(Spa(K,K

+)) throughout
this proof. The same applies to AI(K,K

+).
First, we note that the proof of [FS26, Prop. II.1.1] implies that BI(S) is sous-perfectoid. In particular, it is

uniform. Therefore, [SW20, Th. 5.2.1] implies that the natural morphism BI(S)→
∏
x∈Spa(BI(S),AI(S))

k̂(x)

is injective. Hence, it suffices to show that, for any x ∈ Spa(BI(S),AI(S)), the morphism BI(S) → k̂(x)

factors through BI(S) → BI

(
k̂(s), k̂(s)

+)
for some s ∈ S. For this, we consider the continuous morphism

π : |Spa(BI(S),AI(S))| → |S| from [FS26, Prop. II.1.3]. Set s := π(x). Then [FS26, Prop. II.1.3] implies that
x ∈ Spa(BI(S),AI(S)) lies in the image of the pro-(open immersion)

Spa
(
BI

(
k̂(s), k̂(s)

+)
,AI

(
k̂(s), k̂(s)

+))
→ Spa

(
BI(S),AI(S)

)
.

Thus, the morphism BI(S)→ k̂(x) factors through BI(S)→ BI

(
k̂(s), k̂(s)

+)
. □

2.2. Period rings à la Berger. Let S be an affinoid perfectoid space over Spa(Qp,Zp). The main goal of
this subsection is to relate the definition of AI(S) given in the previous subsection to the more classical one
from [Ber02, Fal11].

To motivate the results of this subsection, we note that the integral closure involved in the explicit
construction of AI(S) (see Remark 2.1.9) makes it difficult to compute AI(S) or AI(S)/p. Therefore, we
wish to get another formula for AI(S) which does not involve integral closures.

Throughout this subsection, we fix a closed interval I = [a, b] ⊂ (0,∞) with rational endpoints.

Construction/Proposition 2.2.1 (cf. [Ked05, Def. 2.1.8] and [FF18, Prop. 1.4.9]). Let (R,R+) be a
perfectoid pair of characteristic p > 0, let ϖ ∈ R+ be a pseudo-uniformizer, and let v : R → Γv ∪ {0} be a
valuation lying in Spa(R,R+). Then the map ṽϖ : W (R+)→ Γv ∪ {0}, defined by

ṽϖ

(∑
i≥0

[ai]p
i
)
= sup
i | ai ̸=0

{
v(ai) · v(ϖ)i

}
∈ Γv ∪ {0},

is a valuation.

Proof. Since v(ϖ) is topologically nilpotent, ṽϖ(f) is well-defined for any f ∈ W (R+). To see that it is

a valuation, we denote the completed residue field of v by k̂(v) and its integral subring by k̂(v)
+
. Then(

k̂(v), k̂(v)
+)

is a perfectoid field. Since the valuation ṽϖ factors through the obvious “reduction” morphism

W (R+)→W (k̂(v)
+
), we can replace (R,R+) with (k̂(v), k̂(v)

+
) to assume that (R,R+) is a perfectoid field.

In this case, the proofs of [FF18, Prop. 1.4.3 and Prop. 1.4.9] can be easily adapted to show that ṽϖ is a
valuation. □

Definition 2.2.2. Let (R,R+) be a perfectoid pair of characteristic p > 0, let ϖ ∈ R+ be a pseudo-uniformizer,
and let I = [a, b] and c ∈ Z>0 be as in Definition 2.1.5. We say a pair of elements α, β ∈ R+ is well-adapted
to ϖ and I if v(α)ca = v(ϖ)c = v(β)cb for any v ∈ Spa(R,R+).

First, we note that well-adapted pairs exist étale locally on Spa(R,R+).

Remark 2.2.3. The existence of a well-adapted pair α, β is automatic if the affinoid perfectoid S = Spa(R,R+)
is strictly totally disconnected. In fact, even ϖ1/a and ϖ1/b exist in R+ in this case. More generally, there is
always an étale covering S′ := Spa(R′, R′+) → S = Spa(R,R+) such that elements ϖ1/a and ϖ1/b exist in
R′+.
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Remark 2.2.4. Furthermore, the existence of a well-adapted pair is automatic if S admits a map S → T
such that T admits a well-adapted pair and the pseudo-uniformizer ϖ comes from T .

Remark 2.2.5. We note that [Hub94, Lem. 1.6(iv)] implies that for any pair α, β ∈ R+ well-adapted to ϖ
and I, there are units u1, u2 ∈ (R+)× such that αca · u1 = ϖc = βcb · u2. In particular, any such α and β are
pseudo-uniformizers. Similarly, we note that α/β lies in R+ for any well-adapted pair α, β.

Lemma 2.2.6. Let (R,R+) be a perfectoid pair of characteristic p > 0, let ϖ ∈ R+ be a pseudo-uniformizer,
and let α, β ∈ R+ be a pair of elements well-adapted to ϖ and I. Set A :=W (R+). Then the ring A

[ [α]
p ,

p
[β]

]
is integrally closed inside A

[ [α]
p ,

p
[β]

]
[ 1p ].

Proof. For brevity, we denote by A[α,β] the ring A
[ [α]
p ,

p
[β]

]
and by B[α,β] the ring A

[ [α]
p ,

p
[β]

][
1
p

]
. Pick an

element f ∈ B[α,β] such that f is integral over A[α,β]. We wish to show that f ∈ A[α,β]. An easy inductive
argument reduces the general case to the situation when f ∈ 1

p ·A[α,β]. In this case, we use that any element
a ∈ A = W (R+) can be written as a = [a0] + p · a′ with a0 ∈ R+ and a′ ∈ A. Therefore, any element
f ∈ 1

p ·A[α,β] can be written as the sum

f =
1

p
·
(
c+

N∑
i=1

ai
( [α]
p

)i
+

N∑
i=1

bi
( p
[β]

)i)
=

1

p
·
(
[c0]+

N∑
i=1

[ai,0]
( [α]
p

)i
+

N∑
i=1

[bi,0]
( p
[β]

)i)
+

(
c′+

N∑
i=1

a′i
( [α]
p

)i
+

N∑
i=1

b′i
( p
[β]

)i
)

)
,

where c, c′, ai, a′i, bi, b′i ∈ A and c0, ai,0, bi,0 ∈ R+. Since the second summand lies in A[α,β], we immediately
reduce the question to the case when

(2.2.7) f =
1

p
·
(
[c0] +

N∑
i=1

[ai,0] ·
( [α]
p

)i
+

N∑
i=1

[bi,0]
( p
[β]

)i)
,

where c0, ai,0, bi,0 lie in R+ andN is a positive integer. One checks easily that for any valuation v ∈ Spa(R,R+),
the valuations ṽα and ṽβ from Construction/Proposition 2.2.1 (and Remark 2.2.5) extend uniquely to valuations
ṽα, ṽβ : A

[
1
p ,

1
[β]

]
→ Γv ∪ {0} such that the image of A[α,β] ⊂ A

[
1
p ,

1
[β]

]
under either of these valuations lies

inside Γ≤1 ∪ {0}. Since f is integral over A[α,β], we conclude that ṽα(f) ≤ 1 and ṽβ(f) ≤ 1. Using (2.2.7), we
conclude that

v(c0) ≤ v(α), v(ai,0) ≤ v(α), and v(bi,0) ≤ v(β).
Since this holds for any valuation v ∈ Spa(R,R+), [Hub94, Lem. 1.6(iv)] implies that c0/α, ai,0/α, and bi,0/β
lie in R+. Therefore, we conclude that

f =
[c0
α

]
· [α]
p

+

N∑
i=1

[ai,0
α

]
·
(
[α]

p

)i+1

+

N∑
i=1

[
bi,0
β

]
·
(
p

[β]

)i−1

lies in A[α,β]. This finishes the proof. □

Finally, we are ready to give the promised description of AI(S).

Lemma 2.2.8. Let S = Spa(R,R+) be an affinoid perfectoid space over Spa(Qp,Zp) with a choice of
p♭ ∈ R♭,+, and let α, β ∈ R♭,+ be a pair of elements well-adapted to p♭ and I. Then there is a topological
isomorphism AI(S) ≃ Ainf(S)

〈 [α]
p ,

p
[β]

〉
:=
(
Ainf(S)

[ [α]
p ,

p
[β]

])∧
(p)

, which is moreover functorial in S.

Recall that AI(S) is a topological ring due to its definition as the global sections of a sheaf of topological
rings; cf. Remark 2.1.8.

Proof of Lemma 2.2.8. Pick c as in Definition 2.1.5. Then Definition 2.1.5 and Definition 2.2.2 imply that

YS,I =
{
x ∈ YS | |pcb(x)| ≤ |[(p♭)c](x)| ≤ |pca(x)| ≠ 0

}
=
{
x ∈ YS | |α(x)| ≤ |p(x)| ≤ |β(x)| ≠ 0

}
⊂ YS .

Thus, [Hub94, Lem. and def. on p. 516] implies that AI(S) is equal to the topological completion of the
integral closure of Ainf(S)

[ [α]
p ,

p
[β]

]
in Ainf(S)

[ [α]
p ,

p
[β]

]
[ 1p ], where we topologize Ainf(S)

[ [α]
p ,

p
[β]

]
using the

(p, [p♭])-adic topology, we topologize Ainf(S)
[ [α]
p ,

p
[β]

]
[ 1p ] via the unique topology which makes Ainf(S)

[ [α]
p ,

p
[β]

]
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open and bounded, and we topologize the integral closure via the subspace topology from Ainf(S)
[ [α]
p ,

p
[β]

]
[ 1p ].

Then Remark 2.2.5 implies that [p♭]c ∈ p ·Ainf(S)
[ [α]
p ,

p
[β]

]
, so the p-adic and the (p, [p♭])-adic topologies on

Ainf(S)
[ [α]
p ,

p
[β]

]
agree.

Furthermore, Lemma 2.2.6 implies that Ainf(S)
[ [α]
p ,

p
[β]

]
is already integrally closed in Ainf(S)

[ [α]
p ,

p
[β]

]
[ 1p ].

Thus, AI(S) ≃ Ainf(S)
〈 [α]
p ,

p
[β]

〉
. □

Even though Lemma 2.2.8 gives an explicit description of AI(S) under a mild assumption on S, it is still
not quite strong enough to give an explicit formula for AI(S)/p. In order to achieve this result, we will need
the following preliminary lemma.

Lemma 2.2.9 (cf. [Ber02, Lemme 2.1]). Let R be a perfect Fp-algebra, let β, γ,ϖ ∈ R be three nonzerodivisors
in R. Set α := β · γ, A :=W (R), and J := ([β]y − p, xy − [γ]) ⊂ A[x, y]. Then the following hold:

(i) J ∩ pnA[x, y] = pnJ for any integer n ≥ 0;
(ii) J ∩ [ϖ]A[x, y] = [ϖ]J .

Proof. We only prove (ii), as the proof of (i) is similar (but with simpler notation).3 We start by showing the
following claims:

Claim 2.2.10. Any polynomial f(x, y) ∈ A[x, y] can be uniquely written as

(2.2.11) f(x, y) = c0 + g(x) · x+ h(y) · y + r(x, y) · (xy − [γ]),

where c0 ∈ A, g(x) ∈ A[x], h(y) ∈ A[y], and r(x, y) ∈ A[x, y].

Proof. A simple inductive argument shows that any polynomial can be written in this way. To show uniqueness,
it suffices to show that 0 = c0 + g(x) · x+ h(y) · y + r(x, y) · (xy − [γ]) implies that c0, g(x), h(y), and r(x, y)
are all equal to 0. We write g(x) =

∑
i≥0 aix

i, h(y) =
∑
i≥0 biy

i, and r(x, y) =
∑
i,j≥0 ci,jx

iyj . Then our
assumption implies that ci,j = [γ]ci+1,j+1 for any i, j ≥ 0. Since ci,j = 0 for i, j ≫ 0, we conclude that all
ci,j = 0. Similarly, our assumption also implies that c0 = c0,0[γ], ai = ci+1,0[γ], and bi = c0,i+1[γ]. Thus,
c0 = ai = bi = 0 for any i ≥ 0. This finishes the proof of the claim. □

Claim 2.2.12. Any polynomial F (x, y) ∈ J can be uniquely written as

(2.2.13) F (x, y) = G(x) · (px− [α]) +H(y) · ([β]y − p) +R(x, y) · (xy − [γ]).

where G(x) ∈ A[x], H(y) ∈ A[y], and R(x, y) ∈ A[x, y] .

Proof. By definition, any element F (x, y) in J can be written as F (x, y) = f1(x, y)·([β]y−p)+f2(x, y)·(xy−[γ])
for some fi(x, y) ∈ A[x, y], i = 1, 2. By Claim 2.2.10, there are c0 ∈ A, g(x) ∈ A[x], h(y) ∈ A[y], and
r(x, y) ∈ A[x, y] such that f1(x, y) = g(x) · x+ (c0 + h(y) · y) + r(x, y) · (xy − [γ]). Therefore, we have

F (x, y) = g(x) · x · ([β]y − p) + (c0 + h(y) · y) · ([β]y − p) +
(
r(x, y) · ([β]y − p) + f2(x, y)

)
· (xy − [γ]).

Since x · ([β]y − p) = [β] · (xy − [γ])− (px− [α]), we further write

F (x, y) = −g(x) · (px− [α]) + (c0 +h(y) · y) · ([β]y− p)+
(
g(x) · [β] + r(x, y) · ([β]y− p)+ f2(x, y)

)
· (xy− [γ]).

This finishes the proof that any F (x, y) ∈ J can be written in the desired form. Next, let us show the claim of
uniqueness. Suppose G(x) · (px− [α]) +H(y) · ([β]y− p) +R(x, y) · (xy− [γ]) = 0. Using Claim 2.2.10, we see
that R(x, y) = 0. Then using that p and [β] are nonzerodivisors in A, we can run an argument similar to the
uniqueness argument in the proof of Claim 2.2.10 to show that both G(x) and H(y) are zero. □

Now suppose that f(x, y) = F (x, y) lies in J ∩ [ϖ]A[x, y]. Let c0, g(x), h(y), r(x, y), G(x), H(y), and
R(x, y) be the elements from Claim 2.2.10 and Claim 2.2.12 respectively. Then the uniqueness claim in
Claim 2.2.10 implies that

(2.2.14) c0 + g(x) · x+ h(y) · y = G(x) · (px− [α]) +H(y) · ([β]y − p) and r(x, y) = R(x, y).

3In the proof of (ii), we only need to use the regularity of ϖ and β. However, the proof of (i) would need to use the regularity
of β and γ instead.
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Claim 2.2.15. In the notation from above, for any polynomial f(x, y) ∈ J ∩ [ϖ]A[x, y], all the coefficients of
G(x), H(y), and R(x, y) are divisible by [ϖ].

Proof. We consider Equality (2.2.14). The uniqueness claim in Claim 2.2.10 implies that c0 and all coefficients
of g(x), h(y), and r(x, y) are divisible by [ϖ]. Since r(x, y) = R(x, y), we immediately deduce that all
coefficients of R(x, y) are divisible by [ϖ].

Now we deal with the coefficients of G(x). For this, we write g(x) =
∑
i≥0 bix

i and G(x) =
∑
i≥0Bix

i

with bi, Bi ∈ A. Note that p and [ϖ] are nonzerodivisors in A and (p, [ϖ]) is a regular sequence in A, so
[SP26, Tag 07DW] implies that ([ϖ], p) is a regular sequence in A as well. Now Equality (2.2.14) implies that
bi = Bip−Bi+1[α] for any i ≥ 0. Using that Bi+1 = 0 (in particular, divisible by [ϖ]) for i≫ 0, bi is divisible
by [ϖ] for all i ≥ 0, and the fact that ([ϖ], p) is a regular sequence, a descending induction on i proves that
all Bi are divisible by [ϖ].

Finally, a similar argument using ascending induction and the fact that ([ϖ], p) is a regular sequence shows
that all coefficients of H(y) are also divisible by [ϖ]. □

Claim 2.2.15 yields the inclusion J ∩ [ϖ]A[x, y] ⊂ [ϖ]J in (ii). Since the other inclusion is immediate, this
finishes the proof. □

Corollary 2.2.16. In the notation of Lemma 2.2.9, the quotient A[x, y]/J is p[β]-torsionfree and is isomorphic
to A

[ [α]
p ,

p
[β]

]
. Furthermore, the p-adic completion A

〈 [α]
p ,

p
[β]

〉
:=
(
A
[ [α]
p ,

p
[β]

])∧
(p)

is isomorphic to A⟨x,y⟩
([β]y−p,xy−[γ])

and is p-torsionfree.

Proof. First, Lemma 2.2.9 with ϖ = β and the fact that p and [ϖ] are nonzerodivisors in A imply that
A[x, y]/J is p-torsionfree and [β]-torsionfree. In particular, it is flat over Zp and p[β]-torsionfree.

Now we recall that A
[ [α]
p ,

p
[β]

]
is defined as the sub-A-algebra of A

[
1
p ,

1
[β]

]
generated by [α]

p and p
[β] . Therefore,

we have a natural A-linear surjective ring homomorphism π : A[x, y]/J ↠ A
[ [α]
p ,

p
[β]

]
which sends x to [α]

p and
y to p

[β] . We wish to show that π is also injective. For this, we note that π
[

1
p[β]

]
is an isomorphism since(A[x, y]

J

)[ 1

p[β]

]
≃

A
[
1
p ,

1
[β]

]
[x, y](

y − p
[β] , xy − [γ]

) ≃ A
[
1
p ,

1
[β]

]
[x, y](

x− [α]
p , y −

p
[β]

) ≃ A[1
p
,
1

[β]

]
.

Furthermore, we note that the natural morphism A[x, y]/J → (A[x, y]/J)[ 1
p[β] ] is injective since A[x, y]/J is

p[β]-torsionfree. This formally implies that π must be injective as well. Hence, it is bijective.
Finally, we note that [SP26, Tag 0315, part (3)] implies that A

〈 [α]
p ,

p
[β]

〉
≃ A⟨x, y⟩/J∧

(p) because A
[ [α]
p ,

p
[β]

]
is flat over Zp. Then [SP26, Tag 0315, part (1)] implies that A⟨x, y⟩⊕2 ([β]y−p,xy−[γ])−−−−−−−−−−→ J∧

(p) is surjective. Thus,

A
〈 [α]
p ,

p
[β]

〉
≃ A⟨x, y⟩/([β]y− p, xy− [γ]). Lastly, A

〈 [α]
p ,

p
[β]

〉
is p-torsionfree because it is the p-adic completion

of a p-torsionfree ring. □

Finally, we are ready to prove the desired formula for AI(S).

Corollary 2.2.17. Let S = Spa(R,R+) and α, β ∈ R♭,+ be as in Lemma 2.2.8. Then

AI(S) ≃ Ainf(S)
〈 [α]
p ,

p
[β]

〉
≃ Ainf(S)⟨x, y⟩

([β]y − p, xy − [α/β])
.

In particular, there is an isomorphism of R♭,+-modules (functorial in S)

AI(S)/p ≃
(⊕
i≥0

R♭,+/α
)⊕(⊕

i≥1

R♭,+/β
)
.

Proof. The isomorphism AI(S) ≃ Ainf (S)⟨x,y⟩
([β]y−p,xy−[α/β]) follows immediately from Remark 2.2.5, Lemma 2.2.8, and

Corollary 2.2.16. Since α = −β · (xy − α
β ) + x · βy in R♭,+[x, y], this isomorphism formally implies that

AI(S)/p ≃
Ainf(S)⟨x, y⟩(

p, [β]y − p, xy − [α/β]
) ≃ (R♭,+/α)[x, y](

βy, xy − α/β
) ≃ (⊕

i≥0

(R♭,+/α) · xi
)⊕(⊕

i≥1

(R♭,+/β) · yi
)
. □

https://stacks.math.columbia.edu/tag/07DW
https://stacks.math.columbia.edu/tag/0315
https://stacks.math.columbia.edu/tag/0315


18 SHIZHANG LI, WIESŁAWA NIZIOŁ, EMANUEL REINECKE, AND BOGDAN ZAVYALOV

Corollary 2.2.18. Let S = Spa(R,R+) and p♭, α, β ∈ R♭,+ be as in Lemma 2.2.8. Then the natural, p-adic
and [p♭]-adic topology on AI(S) coincide (in particular, AI(S) is p-adically complete), the elements p and
[p♭] ∈ AI(S) are nonzerodivisors, AI(S)

◦◦ = ∪n≥1[(p
♭)1/p

n

]AI(S), and AI(S)
◦◦ ⊂ AI(S) is an ideal of

almost mathematics (see [GR03, 2.1.1]).

Proof. Lemma 2.2.8 implies that the topology on AI(S) is the p-adic topology and AI(S) is the p-adic
completion of Ainf(S)

[ [α]
p ,

p
[β]

]
. In order to see that the p-adic and the [p♭]-adic topologies on AI(S) coincide,

we choose a positive integer c such that c · a and c · b are positive integers. By Remark 2.1.9, we see that
[p♭]c ∈ pac ·AI(S) and pbc ∈ [p♭]cAI(S), so the two topologies coincide. Furthermore, this argument shows
the equality of vanishing loci |V(p)| = |V([p♭])| ⊂ |SpecAI(S)|.

Now we note that p is a nonzerodivisor of AI(S) due to Corollary 2.2.16. Furthermore, the previous
paragraph implies that [p♭] becomes invertible in BI(S) = AI(S)[

1
p ]. Since p is regular in AI(S), this

implies that [p♭] is regular in AI(S) as well. Furthermore, the previous paragraph also implies that BI(S) =
AI(S)

[
1

[p♭]

]
.

Now we show that AI(S)
◦◦ = ∪n≥1[(p

♭)1/p
n

]AI(S) and that AI(S)
◦◦ ⊂ AI(S) is an ideal of almost

mathematics. Since R♭,+ is a perfect ring, we conclude that (p♭)1/p
n

is well-defined for any n ≥ 1. Furthermore,
since [p♭] lies in AI(S)

◦◦ and AI(S)
◦◦ is a radical ideal, we have ∪n≥1[(p

♭)1/p
n

]AI(S) ⊂ AI(S)
◦◦. Now we

show the other inclusion. Let f ∈ AI(S)
◦◦. Then there is an integer n such that fp

n ∈ [p♭]AI(S) because the
topology on AI(S) coincides with the [p♭]-adic topology. Then( f

[(p♭)1/pn ]

)pn
∈ AI(S).

Since AI(S) ⊂ AI(S)
[

1
[p♭]

]
= BI(S) is integrally closed, we conclude that f

[(p♭)1/pn ]
∈ AI(S). In other words,

f ∈ [(p♭)1/p
n

]AI(S). Hence, ∪n≥1[(p
♭)1/p

n

]AI(S) = AI(S)
◦◦. Finally, the fact that AI(S)

◦◦ defines an ideal
of almost mathematics follows directly from the observation that( ⋃

n≥1

[(p♭)1/p
n

]AI(S)
)2

=
⋃
n≥1

[(p♭)1/p
n

]AI(S)

and [GR03, Prop. 2.1.7(i)]. □

As an application, we show that BI(S) is a PID when S = Spa(C,C+).

Corollary 2.2.19 (cf. [Ked05, Prop. 2.6.8]). Let I = [a, b] ⊂ (0,∞) be a closed interval with rational endpoints,
let (C,C+) be a complete Tate–Huber pair such that C is an algebraically closed nonarchimedean field of mixed
characteristic (0, p). Set S := Spa(C,A+). Then BI(S) is a principal ideal domain.

We emphasize that we do not need to assume that C+ is a valuation subring of C.

Proof. Lemma 2.1.11 implies that it suffices to assume that C+ = C◦. For brevity, we setBI := BI

(
Spa(C,C◦)

)
and AI := AI

(
Spa(C,C◦)

)
, and Ainf :=W (C♭,◦). We also set mC♭ ⊂ C♭,◦ to be the maximal ideal of C♭,◦ and

kC♭ := C♭,◦/mC♭ to be its residue field. Then [FS26, Cor. II.1.12] or [Ked16, Th. 7.11] imply that it suffices
to show that Spa(BI , AI) is connected or, equivalently, that BI has no non-trivial idempotents. Since AI is
integrally closed in BI , it suffices to show that AI has no non-trivial idempotents.

For this, we choose α, β, p♭ ∈ C♭,◦ as in Lemma 2.2.6. Then Corollary 2.2.17 ensures that AI =

Ainf

[ [α]
p ,

p
[β]

]∧
(p)

. Note that [α] = p · [α]p ∈ pAI . Since C♭,◦ is a rank-1 valuation ring, we conclude that
[a] ∈ rad(pAI) for any a ∈ mC♭ . In particular, we have rad

(
(p, [a])a∈m

C♭

)
= rad(p) ⊂ AI . Since AI is

p-adically complete, we see that [SP26, Tag 0ALJ] and [SP26, Tag 09XJ] imply that AI is K := (p, [a])a∈m
C♭

-
adically henselian. Therefore, [SP26, Tag 09XI] ensures that the natural map Idem(AI)→ Idem(AI/K) is a
bijection. Finally, the explicit formula for AI from Corollary 2.2.17 implies that

AI/K ≃ kC♭ [X,Y ]/(XY − α/β),

where α/β is the residue class of α/β in kC . By inspection, we see that AI/K has no non-trivial idempotents.
This finishes the proof. □

https://stacks.math.columbia.edu/tag/0ALJ
https://stacks.math.columbia.edu/tag/09XJ
https://stacks.math.columbia.edu/tag/09XI
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2.3. Künneth formula for period rings. Throughout this subsection, we fix a closed interval I = [a, b] ⊂
(0,∞) with rational endpoints. The main goal of this subsection is to show a version of the Künneth formula
for BI(−). This will be one of our key ingredients in proving the Künneth formula (see Theorem 5.2.4) for
the condensed v-cohomology of perfect BI -complexes.

Notation 2.3.1. A Kummer field Qp,∞ is the field
(⋃

n≥1 Qp(p
1/pn)

)∧ for some choice of compatible p-power
roots p1/p

n

in Qp. We denote its ring of integers by Zp,∞.

We first show that the construction Y−,I commutes with fiber products of affinoid perfectoid spaces.

Lemma 2.3.2. Let S′ → S and S′′ → S be morphisms of affinoid perfectoid spaces over Spa(Qp,Zp). Then
the natural morphism YS′×SS′′,I → YS′,I ×YS,I

YS′′,I is an isomorphism.

Proof. Fix a choice of Kummer field Qp,∞. The spaces YS,I , YS′,I , and YS′′,I are Qp,∞-sousperfectoid (in
the sense of [GIZ26, Def. 3.4]) by virtue of [FS26, Prop. II.1.1]. As fiber products exist in the category of
Qp,∞-sousperfectoid spaces and are given by completed tensor products on affinoids [GIZ26, Prop. 3.6], we
conclude that YS′,I ×YS,I

YS′′,I is also a Qp,∞-sousperfectoid space. Since the diamondification functor is
conservative on Qp,∞-sousperfectoid spaces [GIZ26, Prop. 3.12] and preserves fiber products, the question
gets reduced to showing that the natural morphism Y ♢

S′×SS′′,I → Y ♢
S′,I ×Y ♢

S,I
Y ♢
S′′,I is an isomorphism. This

follows immediately from [FS26, Prop. II.1.17]. □

Lemma 2.3.3. Let S′ → S and S′′ → S be maps of affinoid perfectoid spaces. Then O+(S′)⊗̂L

O+(S)O+(S′′)→
O+(S′ ×S S′′) is an almost isomorphism with respect to the ideal O◦◦(S) ⊂ O+(S).

Note that O◦◦(S) ⊂ O+(S) is an ideal of almost mathematics (as in [GR03, 2.1.1]) by [Zav25a, Lem. B.12].

Proof of Lemma 2.3.3. For brevity, we write S = Spa(R,R+), S′ = Spa(R′, R′,+), S′′ = Spa(R′′, R′′,+), and
S′ ×S S′′ = Spa(T, T+). Then [Zav25a, Lem. B.13] implies that it suffices to show that R′,◦⊗̂L

R◦R′′,◦ → T ◦ is
an almost isomorphism.

We choose a pseudo-uniformizer ϖ ∈ R+ such that ϖp|p and ϖ admits all p-power roots (see [Sch26a,
Lem. 3.10]). A choice of such roots defines an element ϖ♭ ∈ R♭,◦. Then [Zav25a, Lem. A.5] implies that it
suffices to show that (

R′,◦⊗̂L

R◦R′′,◦)/Lϖ → T ◦/Lϖ

is an almost isomorphism. Since R◦/Lϖ ≃ R◦/ϖ ≃ R♭,◦/ϖ♭ ≃ R♭,◦/Lϖ♭ and the same applies to R′, R′′, and
T , it is enough to prove that the natural morphism(

R′,♭,◦⊗̂L

R♭,◦R′′,♭,◦)/Lϖ♭ → T ♭,◦/Lϖ♭

is an almost isomorphism. For this, it suffices to show that R′,♭,◦⊗̂L
R♭,◦R′′,♭,◦ → T ♭,◦ is an almost isomorphism.

Then [BS17, Prop. 11.10] implies that R′,♭,◦ ⊗R♭,◦ R′′,♭,◦ ≃ R′,♭,◦ ⊗L
R♭,◦ R

′′,♭,◦ is a perfect ring. Therefore, it
has bounded ϖ♭-torsion, so its derived ϖ♭-adic completion coincides with the classical ϖ♭-adic completion
and we conclude that

R′,♭,◦⊗̂L

R♭,◦R′′,♭,◦ ≃ R′,♭,◦⊗̂R♭,◦R′′,♭,◦.

Finally, the proof of [Sch12, Prop. 6.18]4 implies that the natural map R′,♭,◦⊗̂R♭,◦R′′,♭,◦ → T ♭,◦ is an almost
isomorphism. This finishes the proof. □

Recall that for any complete Huber pair (A,A+), the condensed abelian groups A and A+ are both solid
by virtue of [And21, Lem. 4.5].

Lemma 2.3.4. Let S′ → S and S′′ → S be maps of affinoid perfectoid spaces. Then the natural map
O(S′)⊗L□

O(S) O(S
′′)→ O(S′ ×S S′′) is an isomorphism.

4[Sch12, Prop. 6.18] assumes that S is defined over a perfectoid field, but this is not necessary to run the argument.
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Proof. Since (derived) solid tensor products commute with all colimits, it suffices to show that the natural
map O+(S′)⊗L□

O+(S) O
+(S′′)→ O+(S′ ×S S′′) is an almost isomorphism. We choose a pseudo-uniformizer

ϖ ∈ O+(S). Now [Bos23, Prop. A.3] implies that O+(S′) ⊗L□
O+(S) O

+(S′′) is derived ϖ-adically complete.
Therefore, the natural map

O+(S′)⊗L□
O+(S) O

+(S′′)→ O+(S′)⊗̂L
O+(S)O+(S′′)

is an isomorphism because it is an isomorphism modulo ϖn for any n. Hence, Lemma 2.3.3 implies that the
map O+(S′)⊗L□

O+(S) O
+(S′′)→ O+(S′ ×S S′′) is an almost isomorphism. This finishes the proof. □

Proposition 2.3.5. Let S′ → S and S′′ → S be maps of affinoid perfectoid spaces over Spa(Qp,Zp). Then
the natural morphism

BI(S
′)⊗L□

BI(S)
BI(S

′′)→ BI(S
′ ×S S′′)

is an isomorphism.

Proof. First, we note that [Bos21, Prop. A.68] and Lemma 2.3.2 imply that the natural morphism BI(S
′)⊗□

BI(S)

BI(S
′′)→ BI(S

′ ×S S′′) is an isomorphism. Therefore, it only remains to show that BI(S
′)⊗L□

BI(S)
BI(S

′′)

is concentrated in degree 0.
Fix a Kummer field Qp,∞. Then the proof of [FS26, Prop. II.1.1] implies that ỸS,I := YS,I ×Spa(Qp,Zp)

Spa(Qp,∞,Zp,∞) is an affinoid perfectoid space. Furthermore, [Bos21, Th. A.43(ii)] implies that Q
p,∞ is a

flat Q
p
-module (with respect to the solid tensor product). Since Q

p
→ Q

p,∞ admits a section as condensed
Q
p
-modules, it suffices to show that

BI(S
′)⊗L□

BI(S)
BI(S

′′)⊗□
Q

p
Q
p,∞ ≃

(
BI(S

′)⊗□
Q

p
Q
p,∞

)
⊗L□(

BI(S)⊗□
Q

p
Q

p,∞

) (BI(S
′′)⊗□

Q
p
Q
p,∞

)
≃ O(ỸS′,I)⊗L□

O(ỸS,I)
O(ỸS′′,I)

is concentrated in degree 0. This follows from Lemma 2.3.4. □

Proposition 2.3.6. Let J ⊂ I ⊂ (0,∞) be an inclusion of closed intervals with rational endpoints, and let
f : S′ → S be a map of affinoid perfectoid spaces over Spa(Qp,Zp). Then the natural morphisms

BI(S
′)⊗L□

f∗,BI(S),res
BJ(S)

res⊗f∗

−−−−−→ BJ(S
′) and BI(S

′)⊗L□
f∗,BI(S),φ

BI/p(S)
φ⊗f∗

−−−−→ BI/p(S
′)

induced by the maps in Construction 2.1.10 are isomorphisms.

Proof. The construction of the maps in Construction 2.1.10 implies that

YS′,J
(Yf ,res)−−−−−→

∼
YS,J ×res,YS,I

YS′,I and YS′,I/p
(Yf ,φ)−−−−→

∼
YS,I/p ×φ,YS,I

YS′,I .

Now the proof is completely analogous to that of Proposition 2.3.5, using the fiber product formulas above in
place of Lemma 2.3.2. □

Construction 2.3.7. Let S = Spa(R,R+) be an affinoid perfectoid space over Spa(Qp,Zp), let p♭ ∈ R♭,+
and u ∈ (R+)× be as in Notation 2.1.1 (so (p♭)♯ = p · u), and let I = [a, b] ⊂ (0,∞) be a closed interval with
rational endpoints such that 1 ∈ I.
(1) There is a natural surjective continuous ring homomorphism

θ : Ainf(S) ↠ O+(S)

sending
∑n
i=0[ri]p

i ∈ Ainf(S) to
∑n
i=0 r

♯
ip
i ∈ R+. We refer to [BMS18, discussion after Lem. 3.3] for the

details. We denote by ι∞ : S → Spa
(
Ainf(S),Ainf(S)

)
the induced map of (pre-)adic spaces.
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(2) By construction, we see that

v
(
θ(p)

)
= v(p) = v(p · u) = v

(
(p♭)♯

)
= v
(
θ([p♭])

)
and v(p) ̸= 0

for any v ∈ Spa(R,R+). Since a ≤ 1 ≤ b by our assumption, the morphism ι∞ factors uniquely through
YS,I ⊂ YS , and thus defines the morphism

ι∞,I : S → YS,I .

We denote the induced morphism on Huber pairs by

θI :
(
BI(S),AI(S)

)
=
(
O(YS,I),O+(YS,I)

)
→
(
O(S),O+(S)

)
= (R,R+).

By [FS26, Prop. II.1.4], the map ι∞,I : S → YS,I is a closed immersion which realizes S as a closed Cartier
divisor inside YS,I . Below, we give a variant of this claim with a simpler proof.

Proposition 2.3.8. Assume one of the following:
(1) I = [a, 1] and there exists a pair of elements α, β = p♭ ∈ R♭,+ well-adapted to p♭ and I; or
(2) I = [1, b] and there exists a pair of elements α = p♭, β ∈ R♭,+ well-adapted to p♭ and I.

Then the map θI : AI(S)→ O+(S) is surjective with kernel generated by a nonzerodivisor ξ′. Moreover, for
any S′ → S, the element ξ′ remains a nonzerodivisor generating ker

(
AI(S

′)→ O+(S′)
)
.

Proof. Let us only prove the statement for the case I = [a, 1], the proof for the other case being similar. Let
α, β = p♭ ∈ R♭,+ be a pair of elements well-adapted to p♭ and I. By the condition on p♭ in Notation 2.1.1, we
may choose a sequence of elements {an ∈ R♭,+}n≥0 such that a0 ∈ (R♭,+)× and p = (p♭)♯ ·

∑
n≥0 p

n(an)
♯ ∈ R+.

Then the element ξ′ := p
[p♭]
−
∑
n≥0 p

n[an] lies in ker(θI). Our statements now all follow from the claim that
the following sequence is short exact:

0→ AI(S)
·ξ′−→ AI(S)→ O+(S)→ 0

Let us justify this claim. Since all terms involved are p-torsionfree (by definition) and p-complete (for
AI(S) use Lemma 2.2.8), this is equivalent to showing that the sequence is exact after reducing modulo p. By
Corollary 2.2.17, modulo p the sequence becomes

0→ R♭,+[x, y]

(p♭y, xy − α/p♭)
·(y−a0)−−−−−→ R♭,+[x, y]

(p♭y, xy − α/p♭)
x7→a−1

0 ·α/p♭
−−−−−−−−→

y 7→a0
R♭,+/p♭ → 0.

First, let us show that the kernel of the first map is indeed 0. Any element in

R♭,+[x, y]

(p♭y, xy − α/p♭)
≃
(⊕
i≥0

R♭,+/α
)⊕(⊕

i≥1

R♭,+/p♭
)

can be written uniquely as a finite sum rny
n + rn−1y

n−1 + · · ·+ r1y + c+ s1x+ · · ·+ sm−1x
m−1 + smx

m for
some ri ∈ R♭,+/p♭ and c, sk ∈ R♭,+/α. The claim that y − a0 is a nonzerodivisor then follows from the fact
that it is monic and a0 ∈ (R♭,+)×. To see that the cokernel is as described, we compute

R♭,+[x, y]

(p♭y, xy − α/p♭, y − a0)
=

R♭,+[x]

(p♭a0, a0 · x− α/p♭)
= R♭,+/p♭. □

Corollary 2.3.9. Let f : S′ → S be a map of affinoid perfectoid spaces over Spa(Qp,Zp) and let I ⊂ (0,∞)
be a closed interval with rational endpoints such that 1 ∈ I. Then the natural morphism

BI(S
′)⊗L□

f∗,BI(S),θI
O(S) θI⊗f∗

−−−−→ O(S′)

is an isomorphism.

Proof. First, note that the morphism θI : BI(S)→ O(S) factors as the composition BI(S)
res−−→ B[1,1](S)

θ[1,1]−−−→
O(S). Thus, Proposition 2.3.6 ensures that

BI(S
′)⊗L□

f∗,BI(S),θI
O(S) ≃ BI(S

′)⊗L□
f∗,BI(S),res

B[1,1](S)⊗L□
id,B[1,1](S),θ[1,1]

O(S) ≃ B[1,1](S
′)⊗L□

f∗,B[1,1](S),θ[1,1]
O(S),
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so we can assume that I = [1, 1]. In this case, the result follows immediately from Proposition 2.3.8 since

B[1,1](S
′)⊗L□

f∗,B[1,1](S),θ[1,1]
O(S) ≃ B[1,1](S

′)⊗L,□
B[1,1](S)

B[1,1](S)/(ξ
′) ≃ B[1,1](S

′)/(ξ′) ≃ O(S′). □

2.4. Permanence properties of period rings. Throughout this subsection, fix a closed interval I =
[a, b] ⊂ (0,∞) with rational endpoints. We show that the functor S 7→ YS,I preserves open immersions, étale
morphisms, finite étale morphisms, and v-coverings.

By [Sch26a, Lem. 15.1(ii)], for a perfectoid space T of characteristic p, a map T → Spd(Qp) corresponds
to a choice of an untilt T ♯ over Spa(Qp,Zp). Next, we recall the definition of structure v-sheaves.

Definition 2.4.1 (cf. [Sch26a, Th. 8.7]). A diamond X over Spd(Qp,Zp) is equipped with the following
sheaves for the v-topology:

(1) O+
X , given by O+

X(T ) := O+
T ♯(T

♯) for any T ∈ Perf/X ;
(2) OX , given by OX(T ) := OT ♯(T ♯) for any T ∈ Perf/X .

Definition 2.4.2 (cf. [HK26, Def. 9.6]). The v-completion of a Tate–Huber pair (A,A+) over (Qp,Zp) is the
pair (Ǎ, Ǎ+) :=

(
H0
v(Spd(A,A

+),O),H0
v(Spd(A,A

+),O+)
)
. We topologize Ǎ+ via the p-adic topology and Ǎ

by requiring Ǎ+ to be open and bounded in Ǎ.

Lemma 2.4.3. Let (A,A+) be a Tate–Huber pair over (Qp,Zp). Then Ǎ+ is p-adically complete and (Ǎ, Ǎ+)
is a complete uniform Tate–Huber pair.

Proof. Since affinoid perfectoid spaces form a basis of the v-topology, we can find a 1-truncated v-hypercovering
Spd(S, S+) ⇒ Spd(R,R+)→ Spd(A,A+) for some perfectoid pairs (R,R+) and (S, S+) over (Qp,Zp). We
denote by π∗

1 , π
∗
2 : R

+ → S+ the maps corresponding to the two maps Spd(S, S+) ⇒ Spd(R,R+). Then the
sheaf axiom implies that

Ǎ+ = H0
v(Spd(A,A

+),O+) ≃ ker
(
R+ π∗

1−π
∗
2−−−−→ S+

)
.

Since R+ and S+ are p-adically complete and p-torsionfree, Ǎ+ is p-adically complete and p-torsionfree as
well. Furthermore, using that R+ is integrally closed in R ≃ R+[ 1p ] and S+ is p-torsionfree, we deduce that
Ǎ+ is integrally closed in Ǎ ≃ Ǎ+[ 1p ].

Thus, in order to conclude that (Ǎ, Ǎ+) is a complete Tate–Huber pair, it suffices to observe Ǎ+ is open in
Ǎ by definition. Finally, [Hub93, Cor. 1.4(ii)] and [Zav25a, Lem. C.1.3] imply that Ǎ is uniform. □

Definition 2.4.4 (cf. [HK26, Def. 9.6]). A Tate–Huber pair (A,A+) over (Qp,Zp) is v-complete if the natural
morphism (A,A+)→ (Ǎ, Ǎ+) is a topological isomorphism.

Remark 2.4.5. The discussion in the second paragraph of [HK26, Def. 9.1] implies that Definition 2.4.4
coincides with [HK26, Def. 9.6] for any pair Tate–Huber pair (A,A+) over (Qp,Zp).

Our next goal is to show that the pair
(
BI(S),AI(S)

)
is v-complete for any S ∈ PerfdaffQp

. For this, we will
need some preliminary lemmas.

Lemma 2.4.6. Let f : (A,A+)→ (B,B+) be a morphism of complete Tate–Huber pairs such that A→ B is
an isomorphism of rings and the induced morphism |f | : |Spa(B,B+)| → |Spa(A,A+)| is a bijection of adic
spectra. Then f ♯ : (A,A+)→ (B,B+) is an isomorphism of Tate–Huber pairs.

Proof. First, [Hub94, Lem. 2.4] implies that A→ B is an isomorphism of topological rings. Therefore, we only
need to show that the natural morphism A+ → B+ is an isomorphism of rings. For this, we note that [Hub94,
Prop. 1.6] and the assumption that |Spa(B,B+)| → |Spa(A,A+)| and A→ B are bijections imply that

A+ =
{
f ∈ A | |f(x)| ≤ 1 for all x ∈ |Spa(A,A+)|

}
≃
{
f ∈ B | |f(x)| ≤ 1 for all x ∈ |Spa(B,B+)|

}
= B+.

This finishes the proof. □

For the next lemma, we recall that a morphism of complete Tate–Huber pairs (A,A+)→ (B,B+) is finite
étale if B is a finite étale A-algebra and B+ is the integral closure of A+ in B.
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Lemma 2.4.7. Let (A,A+)→ (B,B+) be a morphism of Tate–Huber pairs over (Qp,Zp). If the associated
morphism of diamonds Spd(B,B+) → Spd(A,A+) is finite étale, then (Ǎ, Ǎ+) → (B̌, B̌+) is a finite étale
morphism of complete Tate–Huber pairs.

Proof. Without loss of generality, we can assume that (A,A+) and (B,B+) are complete Tate–Huber pairs
as the passage to the completion does not change the associated diamonds (and, thus, the associated v-
completions). Now we observe that [Sch26a, Lem. 15.6], [KL15, 8.2.17], and [Zav25a, Lem. C.1.1] imply that
there is a finite étale morphism (A,A+) → (B′, B′,+) such that there is an isomorphism Spd(B,B+) ≃
Spd(B′, B′,+) of diamonds over Spd(A,A+). Therefore, we can replace (B,B+) by (B′, B′,+) to assume that
(A,A+)→ (B,B+) is a finite étale morphism of complete Tate–Huber pairs.

Then [Zav24, Lem. B.3.5] and [Zav25a, Lem. C.1.1] imply that Ǎ⊗A B ≃ Ǎ⊗̂AB. We denote by (Ǎ+ ⊗A+

B+)+ the integral closure of Im(Ǎ+ ⊗A+ B+ → Ǎ⊗A B) inside Ǎ⊗A B. It suffices to show that the natural
morphism

(ǍB , Ǎ
+
B) :=

(
Ǎ⊗A B, (Ǎ+ ⊗A+ B+)+

)
→ (B̌, B̌+)

is an isomorphism. Now [HK26, Lem. 9.8(a)] guarantees that ǍB → B̌ is an isomorphism. Combined with
Lemma 2.4.3 and Lemma 2.4.6, it remains to prove that the induced morphism |Spa(B̌, B̌+)| → |Spa(ǍB , Ǎ+

B)|
is a bijection. Furthermore, [Sch26a, Lem. 15.6] ensures that it suffices to show that Spd(B̌, B̌+) →
Spd(ǍB , Ǎ

+
B) is an isomorphism. This follows from the observation that

Spd(ǍB , Ǎ
+
B) ≃ Spd(Ǎ, Ǎ+)×Spd(A,A+) Spd(B,B

+)

and the fact that Spd(Ǎ, Ǎ+)→ Spd(A,A+) and Spd(B̌, B̌+)→ Spd(B,B+) are isomorphisms (see [HK26,
Lem. 9.8(c)]). □

Corollary 2.4.8. Let S be an affinoid perfectoid space over Spa(Qp,Zp). Then the Huber pair
(
BI(S),AI(S)

)
is v-complete.

Proof. First, [HK26, Lem. 9.8(c)] and Lemma 2.4.6 imply that it suffices to show that the natural morphism

BI(S)→ H0
v(YS,I ,O)

is an isomorphism. For this, we fix a choice of a Kummer field Qp,∞ and denote by G the absolute Galois
group of Qp.

Then BI(S)⊗̂Qp
Qp,∞ is a perfectoid Tate algebra (see [FS26, Prop. II.1.1]), so [Sch12, Prop. 6.18] guarantees

that
BI(S)⊗̂Qp

Cp ≃ BI(S)⊗̂Qp
Qp,∞⊗̂Qp,∞Cp

is also a perfectoid Tate algebra. In particular, the adic space ỸS,I := YS,I ×Spa(Qp,Zp) Spa(Cp,OCp) is
affinoid perfectoid. Since ỸS,I is an affinoid perfectoid space and Ỹ ♢

S,I → Y ♢
S,I is a G-torsor, we conclude that

H0
v(YS,I ,O) = H0

v(ỸS,I ,O)G =
(
BI(S)⊗̂Qp

Cp

)G. Thus, the question boils down to showing that the natural
morphism

BI(S)→
(
BI(S)⊗̂QpCp

)G
is an isomorphism. Now we note that Remark 2.1.8 ensures that BI(S) is a Banach module over Qp. Therefore,
[PGS10, Th. 2.5.4] implies that BI(S) ≃

⊕̂
JQp for some set J . So we reduce the question to showing that

the natural map
⊕̂

JQp →
(⊕̂

JCp

)G is an isomorphism. Tate’s calculation (see [Tat67, Th. 1 on p.176])
implies that Qp → (Cp)

G is an isomorphism. Hence, the result follows from the explicit calculation that⊕̂
J

(
CG
p

)
→
(⊕̂

JCp

)G is an isomorphism. □

Lemma 2.4.9. Let S′ → S be a morphism of affinoid perfectoid spaces over Spa(Qp,Zp). If S′ → S is an
open immersion (resp. finite étale map, resp. étale map, resp. surjective), then so is YS′,I → YS,I .

Proof. The case of open immersions follows from [FS26, Prop. II.1.3]. Now suppose that S′ → S is a surjective
map. Then [Sch26a, Prop. 11.15 and Lem. 15.6] imply that, for the purpose of showing that YS′,I → YS,I is a
surjective map, it suffices to show that Y ♢

S′,I → Y ♢
S,I is an epimorphism in the v-topology. This follows from
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[FS26, Prop. II.1.17] and the fact that epimorphisms in any topos are preserved under base change [SGA4,
Claim a) in the proof of Exp. II, Prop. 4.3.2)].

Lastly, we recall that, locally on the source and target, any étale map can be written as an open immersion
followed by a finite étale map. Therefore, the only thing we are left to show is that YS′,I → YS,I is a finite
étale map if S′ → S is finite étale. This follows immediately from Corollary 2.4.8 and Lemma 2.4.7. □

Lemma 2.3.2 and Lemma 2.4.9 (applied to open immersions) ensure that we can extend the construction of
YS and YS,I to general perfectoid spaces S over Spa(Qp,Zp) via gluing; see [FS26, p. 49] for more details.

Definition 2.4.10. For a perfectoid space S over Spa(Qp,Zp), the period rings AI(S) and BI(S) are

AI(S) := H0
an(YS,I ,O+) and BI(S) := H0

an(YS,I ,O).

2.5. Period rings are v-sheaves. Throughout this subsection, we fix a closed interval I = [a, b] ⊂ (0,∞)
with rational endpoints. The main goal of this subsection is to show that the functors

AI(−),BI(−) : Perfdaff,op/Qp
→ Ringtop

are v-sheaves of topological rings. We begin with the following preliminary lemma:

Lemma 2.5.1. Let S = Spa(R,R+) be an affinoid perfectoid space over Spa(Qp,Zp), let p♭ ∈ R♭,+ be an
element as in Notation 2.1.1, and let α, β ∈ R♭,+ be a pair of elements well-adapted to p♭ and I. Let J be a
finite set and let {Sj → S}j∈J be a v-covering in Perfdaff/Qp

. Then the complex of AI(S)-modules

AI(S)→
∏
j∈J

AI(Sj)→
∏
j,j′∈J

AI(Sj ×S Sj′)→ . . .

is almost exact with respect to the ideal of almost mathematics A◦◦
I (S) = ∪n≥1[(p

♭)1/p
n

]AI(S).

Corollary 2.2.18 ensures that A◦◦
I (S) is indeed an ideal of almost mathematics.

Proof. First, [Zav25a, Lem. A.5] and the fact that AI(T ) is p-torsionfree for any T ∈ Perfdaff/Qp
(Corollary 2.2.18)

imply that it suffices to show that the complex of AI(S)/p-modules

AI(S)/p→
∏
j∈J

AI(Sj)/p→
∏
j,j′∈J

AI(Sj ×S Sj′)/p→ · · ·

is almost exact with respect to the ideal ∪n≥1(p
♭)1/p

n

AI(S)/p. This follows directly from Corollary 2.2.17
and [Sch26a, Prop. 8.8]. □

Corollary 2.5.2 (cf. [FS26, Prop. II.2.1]). The presheaves AI(−),BI(−) : Perfdaff,op/Qp
→ Ring are v-sheaves

of topological rings.

Proof. Step 1. The presheaf BI(−) is an étale sheaf. Let {Sj → S}j∈J be an étale covering in Perfdaff/Qp
.

Then {YSj ,I → YS,I}j∈J is an étale covering as well by virtue of Lemma 2.4.9. Furthermore, Lemma 2.3.2
ensures that YSj×SSj′ ,I ≃ YSj ,I ×YS,I

YSj′ ,I for any j, j′ ∈ J . Therefore, the question boils down to showing
that O(YS,I)ét is an étale sheaf. This follows directly from the fact that YS,I is an adic space (see [FS26,
Prop. II.1.1]) and [KL15, Th. 8.2.2(c)].

Step 2. The presheaf BI(−) is a v-sheaf. Let {Sj → S}j∈J be a v-covering. We wish to show that the
sequence

(2.5.3) 0→ BI(S)→
∏
j∈J

BI(Sj)→
∏
j,j′∈J

BI(Sj ×S Sj′)

is exact. Since S is quasi-compact, we can assume that J is a finite set. Then Step 1 ensures that BI(−) is
an étale sheaf. Thus, we can check that (2.5.3) is exact étale locally on S. By Remark 2.2.3, we can therefore
assume that there exists a pair α, β ∈ O+

S (S)
♭ which is well-adapted to p♭ ∈ O+

S (S)
♭ and I. In this case,

Lemma 2.5.1 immediately implies exactness of (2.5.3) because BI(−) = AI(−)[ 1p ] and p ∈ A◦◦
I (S).
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Step 3. The presheaf AI(−) is a v-sheaf. Since S is quasi-compact and AI(S1 ⊔ S2) ≃ AI(S1)×AI(S2),
it suffices to show that for every v-surjection S′ → S, the complex 0 → AI(S) → AI(S

′) → AI(S
′ ×S S′)

is exact. This follows from the fact that BI(−) is a sheaf (by Step 2) together with the observations that
YS′,I → YS,I is surjective for any v-covering S′ → S (see Lemma 2.4.9) and that

AI(T ) = H0
an(YT,I ,O+) = {f ∈ H0

an(YT,I ,O) | |f(x)| ≤ 1 for all x ∈ YT,I}

for any T ∈ Perfdaff/Qp
.

Step 4. The v-sheaves AI(−) and BI(−) are sheaves of topological rings. It suffices to show that, for
any v-covering {Sj → S}j∈J , the morphisms AI(S) →

∏
j∈J AI(Sj) and BI(S) →

∏
j∈J BI(Sj) are

homeomorphisms onto their images. Since S is quasi-compact, we can assume that J is a finite set. In this
case, the result follows immediately from [Hub94, Lem. 2.4]. □

3. Period Sheaves

The main goal of this construction is to globalize the notion of period rings from Section 2, introduce the
notion of period sheaves, and study properties of perfect complexes over these period sheaves.

Throughout this section, we will freely use the language of diamonds as developed in [Sch26a]. In particular,
we will freely use that, for a perfectoid space S of characteristic p, a map S → Spd(Qp,Zp) is equivalent to a
choice of an untilt S♯ over Spa(Qp,Zp) (see [Sch26a, §15]).

Throughout this subsection, we fix a closed interval I = [a, b] ⊂ (0,∞) with rational endpoints.

3.1. Basic properties of period sheaves. In this subsection, we introduce the period sheaves that will be
important for us throughout this paper and study their basic properties.

Definition 3.1.1. A diamond X over Spd(Qp,Zp) is equipped with the following sheaves for the v-topology:
(1) for a topological space T , the sheaf T is given by T (S) = Mapcont(|S|, T ) for any S ∈ Perf/X ;
(2) O♭,+X (resp.O♭X), given by O♭,+X (S) = O+

S (S) (resp.O♭X(S) = OS(S)) for any S ∈ Perf/X ;
(3) O+

X (resp.OX), given by O+
X(S) = O+

S♯(S
♯) (resp.OX(S) = OS♯(S♯)) for any S ∈ Perf/X ;

(4) AI (resp.BI), given by AI(S) = AI(S
♯) (resp.BI(S) = BI(S

♯)) for any S ∈ Perf/X (see Defini-
tion 2.4.10).

In what follows, we will consider sheaves of the form T only for T = Z/pnZ, Zp, or Qp (with the “p-adic”
topologies on Zp and Qp).

Remark 3.1.2. Using that the map |f | : |X| → |Y | is a quotient map for any v-covering X → Y , one easily
concludes that T is a v-sheaf for any topological space T . Furthermore, [Sch26a, Th. 8.7] ensures that O+

X ,
OX , O♭,+, and O♭X are v-sheaves. Finally, Corollary 2.5.2 implies that AI and BI are v-sheaves as well.

For the next definition, we fix a diamond X over Spd(Qp,Zp).

Definition 3.1.3. An element ϖ ∈ O+
X(X) (resp. π ∈ O♭,+X (X)) is a pseudo-uniformizer if, for any affinoid

perfectoid space S with a map S → X, the element ϖ|S ∈ O+
X(S) = O+

S♯(S
♯) (resp.π|S ∈ O♭,+X (S) = O+

S (S))
is a pseudo-uniformizer.

For future reference, we include the following lemma:

Lemma 3.1.4. Let X be a quasi-compact diamond over Spd(Qp,Zp) and let ϖ ∈ O+
X(X) be a pseudo-

uniformizer. Then we can find an integer n and an element a ∈ O+
X(X) such that pn = ϖ · a.

Proof. Choose a quasi-pro-étale covering S → X with an affinoid perfectoid S. We also choose a quasi-pro-étale
covering {Ti → S ×X S}i∈I with each Ti affinoid perfectoid. Then since p ∈ O+

S♯(S
♯) is a pseudo-uniformizer,

there is an integer n and a ∈ O+
S♯(S

♯) such that pn = ϖ|S · a in O+
S♯(S

♯). It suffices to show that a lies in the
image of O+

X(X) ↪→ O+
S♯(S

♯). To see this, it is enough to show that the two possible immages of a under the
map O+

S♯(S
♯)→

∏
i∈I O

+

T ♯
i

(T ♯i ). This follows from the fact that the same holds for ϖ|S and pn and the fact

that
∏
i∈I O

+

T ♯
i

(T ♯i ) is ϖ-torsionfree (as ϖ|Ti ∈ O+

T ♯
i

(T ♯i ) is regular since it is a pseudo-uniformizer). □
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For the next definition, we fix a diamond X over Spd(Qp,Zp) and pseudo-uniformizers ϖ ∈ O+
X(X) and

π ∈ O♭,+X (X).

Definition 3.1.5. The v-sheaves O+
X/ϖ ∈ Shv(Xv;Z) and O♭,+X /π ∈ Shv(Xv;Z) are defined as v-sheaf

quotients of O+
X and O♭,+X respectively.

Setup 3.1.6. LetX be a diamond over Spd(Qp,Zp), letϖ ∈ O+
X(X) and π ∈ O♭,+X (X) be pseudo-uniformizers,

let ℓ be a prime (possibly ℓ = p), n > 0 a positive integer, and let

A ∈ {Q
ℓ
,Zℓ,Z/n,BI ,AI ,OX ,O+

X ,O
+
X/ϖ,O

♭
X ,O

♭,+
X ,O♭,+X /π}

be one of the above v-sheaves.

Remark 3.1.7. If A ∈ {Q
ℓ
,Zℓ,Z/n} in Setup 3.1.6, then one can drop the assumption that X is defined

over Spd(Qp,Zp).

Notation 3.1.8. Let X and A be as in Setup 3.1.6. By a slight abuse of notation, we also denote by
A ∈ Shv(Xqproét;Z) the restriction of A to the (small) quasi-pro-étale site of X. We will sometimes write Aτ
for τ ∈ {qproét, v} to emphasize the topology we are working with.

Remark 3.1.9. We note that Corollary C.2.5 and Lemma C.2.10 implies that Hiqproét(S;O+
Sqproét

/ϖ) ≃
Hiv(S;O+

Sv
/ϖ) for any perfectoid S over Spd(Qp,Zp). This implies that (O+

Xv
/ϖ)|Xqproét

≃ O+
Xqproét

/ϖ for
any diamond X over Spd(Qp,Zp) and a pseudo-uniformizer ϖ ∈ O+

X(X). Therefore, there is no ambiguity in
the meaning of O+

X/ϖ. The same applies to O♭,+X /π for a pseudo-uniformizer π ∈ O♭,+X (X).

Now we are ready to establish some basic properties of period sheaves.

Proposition 3.1.10. Let S be an affinoid perfectoid space with a morphism S → Spd(Qp,Zp), let S♯ be the
corresponding untilt, and let X be a diamond over S. Let p♭ ∈ O♭,+S (S) be an element as in Notation 2.1.1
corresponding to S♯, let α, β ∈ O♭,+S (S) be two elements well-adapted to p♭ and I (see Definition 2.2.2), and
let τ ∈ {ét, qproét, v}. Then there is a canonical isomorphism

AI/p ≃

⊕
i≥0

O♭,+X /α

⊕
⊕
i≥1

O♭,+X /β


in Shv(Xτ ;Z).

Proof. This follows immediately from Corollary 2.2.17 and the fact that sheafification commutes with any
colimits. □

Lemma 3.1.11. Let X be a diamond over Spd(Qp,Zp) and let τ ∈ {qproét, v}. Then BI ≃ AI [
1
p ] in

Shv(Xτ ;Z) and the natural morphisms

AI → lim
N

AI/p
n and AI → R lim

N
AI/

Lpn.

are isomorphisms in Shv(Xτ ;Z) and D(Xτ ;Z), respectively. In particular, AI is a derived p-adically complete
sheaf.

Proof. All these questions are τ -local on X, so we can assume that X is an affinoid perfectoid space. Then
the isomorphism AI [

1
p ] ≃ BI follows from the fact that Xτ is a coherent topos.

Now we note that AI is a p-torsionfree sheaf due to Corollary 2.2.18. Therefore, AI/p
n ≃ AI/

Lpn.
Therefore, it suffices to show that AI is a derived p-adically complete and the natural map limN AI/p

n →
R limN AI/p

n is an isomorphism. The first claim follows from Lemma C.4.2, while the second claim follows
from [BS15, Prop. 3.1.10] and the fact that Xτ is a replete topos (see Lemma 3.3.10). □

Corollary 3.1.12. Let X, ϖ ∈ O+
X(X), π ∈ O♭,+X (X), ℓ, n, and A be as in Setup 3.1.6, and let T be a

profinite set. Then there is a functorial bijection A(X × T ) ≃ Mapcont
(
T,A(X)

)
.
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Proof. Since any such A is a quasi-pro-étale sheaf of topological abelian groups, we conclude that both
A(−× T ) and Mapcont(T,A(−)) are also quasi-pro-étale sheaves of topological abelian groups. Therefore, it
suffices to construct the desired functorial bijection only for strictly totally disconnected X.

In this case, [BS15, Lem. 4.3.7] reduces the cases A ∈ {Q
ℓ
,BI ,OX ,O♭X} to A ∈ {Zℓ,AI ,O+

X ,O
♭,+
X }. If

A = O+
X (resp. O♭,+X , resp. Zℓ), we use that A is ϖ-adically complete (resp. π-adically complete, resp.

ℓ-adically complete) to reduce this case to the case A = O+
X/ϖ (resp.O♭,+X /π, resp.Z/ℓn). If A = AI , we use

that A is p-adically complete (see Lemma 3.1.11), Remark 2.2.3, and Proposition 3.1.10 to reduce this case to
A = O♭,+X /π. In other words, it suffices to treat the cases when A = O+

X/ϖ, A = O♭,+X /π, and A = Z/n.
The sheaves O♭,+X /π, O+

X/ϖ, and Z/n come as pullbacks from the etale site by virtue of Lemma C.2.7,
Lemma C.2.10, and Lemma C.2.8. Therefore, [Sch26a, Prop. 8.5] ensures that

A(X × T ) ≃ colim
Iop
A(X × Ti) ≃ colim

Iop
A(X)|Ti| ≃ colim

Iop
Mapcont(Ti,A(X)) ≃ Mapcont(T,A(X)),

where T = limI Ti is a cofiltered limit of finite sets. □

Corollary 3.1.13. Let X, ϖ ∈ O+
X(X), π ∈ O♭,+X (X), ℓ, n, and A be as in Setup 3.1.6. If X is a strictly

totally disconnected perfectoid space, then RΓτ (X,A) ≃ A(X)[0] for τ ∈ {qproét, v}.

In particular, this result implies that RΓqproét(X,A) ≃ RΓv(X,A).

Proof. Arguing as in Corollary 3.1.12, we can reduce to the case A = O+
X/ϖ, A = O♭,+X /π, or A = Z/n. In

either of these cases, the result follows immediately from Corollary C.2.5, Lemma C.2.10, and Lemma C.2.8,
and the fact that Hiét(X,F) = 0 for any étale sheaf F and i > 0. □

For future reference, we also mention the following result.

Lemma 3.1.14. Let X, ϖ ∈ O+
X(X), π ∈ O♭,+X (X), ℓ, n, and A be as in Setup 3.1.6. Then the pullback

functor µ∗ : Perfqproét(X;A)→ Perfv(X;A) is an equivalence.

Proof. The claim is quasi-pro-étale local, so we can assume that X is a strictly totally disconnected perfectoid
space. Then the cases when A = O+

X/ϖ, O♭,+X /π, or Z/n follow from Corollary C.2.5, Lemma C.2.10, and
Lemma C.2.8, the case of Zℓ follows from Corollary C.7.11 (ii), the case of Q

ℓ
follows from Theorem C.7.20 (ii),

the case A = O+
X or A = O♭,+X follows from Theorem C.3.16, the case A = OX or A = O♭X follows

from Theorem C.5.7, the case A = AI follows from Theorem C.4.3, and the case A = BI follows from
Theorem C.6.8. □

3.2. Condensed global sections. In this subsection, we recall the definition of condensed (derived) global
sections and prove some properties of condensed global sections of perfect complexes over period rings.

Definition 3.2.1. Let X be a diamond and let τ ∈ {qproét, v}. Let Xτ → ∗proét be the natural morphism of
sites which maps a profinite set T = limi Ti ∈ ∗proét to X × T = limiX × Ti. The condensed global sections
functor

Γτ (X,−) : Shv(Xτ ;Z)→ ModZ(Cond)

is the pushforward along Xτ → ∗proét. We denote the corresponding derived condensed global sections functor
by

RΓτ (X,−) : D(Xτ ;Z)→ D(ModZ(Cond)).

Variant 3.2.2. Let S be an affinoid perfectoid space over Spd(Qp,Zp), let ϖ ∈ O+
S (S) and π ∈ O♭,+S (S) be

pseudo-uniformizers, let X be a diamond over S, let ℓ be a prime number, let n > 0 be a positive integer, let
τ ∈ {qproét, v}, and let A be as in Setup 3.1.6. Then the functor of the derived condensed global sections
factors as

RΓτ (X,−) : D(Xτ ;A)→ D(ModA(S)(Cond)).

We first show that quasi-pro-étale derived condensed global sections coincide with v derived condensed
global sections in our cases of interest.



28 SHIZHANG LI, WIESŁAWA NIZIOŁ, EMANUEL REINECKE, AND BOGDAN ZAVYALOV

Lemma 3.2.3. Let X, ϖ ∈ O+
X(X), π ∈ O♭,+X (X), ℓ, n, and A be as in Setup 3.1.6. Let τ ∈ {qproét, v}.

Then
(i) there is a functorial isomorphism Γτ (X,A) ≃ A(X), where A(X) is the condensed Z-module corre-

sponding to the topological Z-module A(X);
(ii) the natural morphism Γτ (X,A)[0]→ RΓτ (X,A) is an isomorphism if moreover X is strictly totally

disconnected.

Proof. Part (i) follows immediately from Corollary 3.1.12. For part (ii), we note that X × T is strictly totally
disconnected for any profinite set T (see [Sch26a, Lem. 7.19]). Therefore, it suffices to show that A(X)[0]→
RΓτ (X,A) for any strictly totally disconnected X. This follows immediately from Corollary 3.1.13. □

In Setup 3.1.6, Lemma 3.2.3 can be bootstrapped to the following variants.

Lemma 3.2.4. Let X, ϖ ∈ O+
X(X), π ∈ O♭,+X (X), ℓ, n, and A be as in Setup 3.1.6, and let P ∈

Perfqproét(X;A). Then the natural morphism

RΓqproét(X,P)→ RΓv(X,µ
∗P)

is an isomorphism.

Proof. The question is quasi-pro-étale local on X, so we can assume that X is a strictly totally disconnected
perfectoid space and P is represented by a finite complex of direct summands of finite free A-modules. By
induction, we reduce to the case when P is a direct summand of A⊕n, which could be further reduced to the
case P = A. In this case, the result follows immediately from Lemma 3.2.3. □

We finish the subsection with the following result:

Lemma 3.2.5. Let X, ϖ ∈ O+
X(X), π ∈ O♭,+X (X), ℓ, n, and A be as in Setup 3.1.6, and let P ∈ Perfv(X;A).

Then the derived condensed global sections RΓv(X,P) ∈ D(Cond(Ab)) are solid.

Proof. Since D(Solid) ⊂ D(Cond(Ab)) is closed under limits (see [Sch26b, Def. 5.1]), we can argue v-locally
on X, so we can assume that X is a strictly totally disconnected perfectoid space and P is a strictly perfect
complex. Then an inductive argument reduces the question to the case when P is a direct summand of A⊕n for
some integer n ≥ 0. Since D(Solid) ⊂ D(Cond(Ab)) is closed under retracts and direct sums, we can further
reduce to the case P = A. Since D(Solid) ⊂ D(Cond(Ab)) is closed under all limits and colimits, we can run
a reduction as in the proof of Corollary 3.1.12 to reduce the question to the case A = Z/n, A = O+

X/ϖ, or
A = O♭,+X /π. In either of these cases, we note that Lemma 3.2.3 implies that RΓv(X,A) ≃ A(X), where we
topologize A(X) using the discrete topology. Therefore, the result follows from the fact that discrete abelian
groups are solid (which follows from the fact that Z is solid and solid abelian groups are closed under colimits;
see [Sch26b, Th. 5.8]). □

3.3. Digression: étale sheaves on diamonds. In this subsection, we give a brief overview of étale sheaves
on diamonds and their base change properties. Recall that given a locally spatial diamond X, one can define
the étale site Xét whose objects are diamonds X ′ together with an étale map X ′ → X and whose covers
are jointly surjective maps [Sch26a, Def. 14.1]. The resulting category D+(Xét;Z/n) embeds fully faithfully
into D+(Xτ ;Z/n) for τ ∈ {qproét, v} via the natural pullback functor [Sch26a, Prop. 14.10]. Moreover,
containment in this full subcategory can be tested v-locally; that is, if f : Y → X is a v-covering of locally
spatial diamonds, then F ∈ D+(Xτ ;Z/n) is contained in D+(Xét,Z/n) if and only if f∗F ∈ D+(Yτ ;Z/n) is
contained in D+(Yét;Z/n) [Sch26a, Th. 14.12.(i)].

Later in Section 4, we will also need to consider diamonds which are not necessarily spatial for the
construction of compactly supported cohomology; see Warning 4.1.6. In this general case, the étale site is not
large enough because Pro(Xét) may not yield a basis for Xqproét anymore. Thus, étale sheaves should instead
be defined via descent following [Sch26a].

Throughout this subsection, we fix an integer n > 0.

Definition 3.3.1 (cf. [Sch26a, Def. 14.13]). Let X be a diamond. The étale derived category of left-bounded
complexes D+

ét(X;Z/n) ⊆ D+(Xqproét;Z/n) is the full subcategory consisting of those F ∈ D+(Xqproét;Z/n)
such that f∗F ∈ D+(Yét;Z/n) for all maps from strictly totally disconnected perfectoid spaces f : Y → X.
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Before we begin studying the properties of this category, we want to make some remarks.

Remark 3.3.2. Given any qcqs morphism of diamonds f : X → Y , the derived quasi-pro-étale pushforward
functor Rfqproét,∗ : D(Xqproét;Z/n) → D(Yqproét;Z/n) preserves D+

ét by the same argument as in [Sch26a,
Cor. 16.8.(ii)]. In this setting, this quasi-pro-étale pushforward therefore agrees with the abstractly defined
pushforward Rf∗ from [Sch26a, Lem. 17.5].

Remark 3.3.3. If X is locally spatial, then D+
ét(X;Z/n) ≃ D+(Xét;Z/n) [Sch26a, Rmk. 14.14]. Throughout

this paper, we will freely use this identification. Moreover, if f : X → Y is a qcqs map of locally spatial diamonds,
then [Sch26a, Cor. 16.7] and Remark 3.3.2 imply that Rfét,∗ = Rfqproét,∗ = Rf∗ : D+

ét(X;Z/n)→ D+
ét(Y ;Z/n)

Remark 3.3.4 (cf. [Sch26a, Cor. 16.10], [AM24, Prop. 3.1]). Since the (derived) quasi-pro-étale pushforward
commutes with arbitrary quasi-pro-étale pullback, the above discussion implies that, for any qcqs morphism
of diamonds f : X → Y , the derived pushforward functor Rfét,∗ = Rfqproét,∗ : D+

ét(X;Z/n) → D+
ét(Y ;Z/n)

commutes with quasi-pro-étale base change.

Warning 3.3.5. The analog of Remark 3.3.2 for Rfv,∗ does not hold because, unlike [Sch26a, Cor. 16.8.(ii)],
we do not assume that n is prime to p. Indeed, if this were the case, then similarly to Remark 3.3.4, it would
follow that for any qcqs map f : X → Y of locally spatial diamonds, Rfét,∗ commutes with arbitrary base
change. This is already false for the projection morphism D1,♢

C → Spd(C,C◦) and the base change along an
extension (C,C◦) ⊂ (C ′, C ′,◦) of algebraically closed nonarchimedean fields.

Definition 3.3.6. Let X be a diamond and x ∈ |X| be a point. A qproét-geometric point over x is a
quasi-pro-étale map x̄ : Spa(C,C+)→ X for some algebraically closed nonarchimedean field C and bounded
open valuation subring C+ ⊂ C which sends the closed point to x. A qproét-geometric point of X is a
qproét-geometric point over some x ∈ X.

Definition 3.3.7. Let X be a diamond and x : Spa(C,C+) → X be a qproét-geometric point of X. The
stalk functor (−)x : D+

ét(X,Z/n)→ D+(Z/n) is the composite functor

RΓqproét

(
Spa(C,C+), x∗(−)

)
: D+

ét(X,Z/n)→ D
+(Z/n).

Lemma 3.3.8 (cf. [Sch26a, Prop. 14.3]). Let X be a diamond.
(i) Any point x ∈ |X| has a qproét-geometric point over it.
(ii) Choose a qproét-geometric point x : Spa(Cx, C

+
x ) → X over each point x ∈ |X|. Then the family of

functors {(−)x̄}x∈|X| : D+
ét(X,Z/n)→ D+(Z/n) is conservative.

Proof. Let f : Y → X be a quasi-pro-étale covering by a strictly totally disconnected perfectoid space Y .
Given any x ∈ |X|, we can pick y ∈ |Y | with f(y) = x. Let (C,C+) be a completed algebraic closure of
the residue field of y (as in [Hub96, (2.5.2)]). Then the induced map ȳ : Spa(C,C+)→ Y is quasi-pro-étale
because it is the limit over the (cofiltered) category of étale neighborhoods of y ∈ |Y |.5 Hence, the composition
x̄ := f ◦ ȳ is quasi-pro-étale as well, yielding (i).

Next, we claim that for any given qproét-geometric point x̄ : Spa(Cx, C
+
x )→ X over x, there is a qproét-

geometric point y : Spa(Cy, C
+
y )→ Y over y and a morphism g : Spa(Cy, C

+
y )→ Spa(Cx, C

+
x ) such that the

diagram

Spa(Cy, C
+
y ) Y

Spa(Cx, C
+
x ) X

g

y

f

x

commutes: Indeed, consider the fiber product Yx := Y ×X Spa(Cx, C
+
x ). Since x is quasi-pro-étale, we conclude

that Yx → Y is pro-étale. On the other hand, the map |Yx| → |Spa(Cx, C+
x )| ×|X| |Y | is surjective, so there is

a point y′ ∈ |Yx| lying above y. Choose a qproét-geometric point y′ : Spa(Cy, C
+
y )→ Yx over y′. Then the

composition Spa(Cy, C
+
y )

y′−→ Yx → Y does the job.

5Here we use that, for a finite separable extension K ⊂ L and a valuation subring L+ ⊂ L extending K+, the map
Spa(L,L+) → Spa(K,K+) is a composition of a pro-open immersion and a finite etale map (it does not need to be finite étale).
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Thanks to the claim from the last paragraph and the conservativity of D+
ét(X;Z/n) → D+

ét(Y ;Z/n), it
suffices to prove (ii) for Y instead of X. In this case (or, more generally, for any locally spatial diamond), the
assertion follows from [Sch26a, Prop. 14.3]. □

Lemma 3.3.9. Let f : X → Y be a qcqs morphism of diamonds and F ∈ D+
ét(X;Z/n). Let ȳ : Spa(C,C+)→

Y be a qproét-geometric point of Y and set Xȳ := X ×Y,ȳ Spa(C,C+). Then the natural map

(Rfqproét,∗F )ȳ −→ RΓqproét(Xȳ, Fȳ)

in D(Z/n) is an equivalence.

Proof. Denote by fȳ : Xȳ → Spa(C,C+) and ι : Xȳ → X the morphisms induced by f and ȳ, respectively.
After unwinding the definitions, [Sch26a, Prop. 14.10] implies that it suffices to show that the natural morphism

RΓqproét(Spa(C,C
+), y∗Rfqproét,∗F )→ RΓqproét(Xy, Fy)

is an isomorphism. This morphism is induced by the base change map ȳ∗Rfqproét,∗F → Rfȳ,qproét,∗ι
∗F , so it

suffices to show that this latter map is an isomorphism. This follows directly from Remark 3.3.4. □

For future reference, we include proofs for two lemmas for which we could not find precise references. The
first of these is widely known.

Lemma 3.3.10. Let X be a diamond and let τ ∈ {qproét, v}. Then Xτ is a replete topos (in the sense of
[BS15, Def. 3.1.1]).

Proof. If τ = qproét, this was proven in [MW23, Lem. 1.2]. Thus, we only need to deal with τ = v. For a
tower of surjective morphisms

· · ·↠ Fn+1 ↠ · · ·↠ F1 ↠ F0,

we need to show that limn Fn → F0 is surjective. Since affinoid perfectoid spaces form a basis for Xv, it
suffices to show that for any affinoid perfectoid S0 and a section s0 ∈ F0(S0), there is a v-covering S ↠ S0

such that s0|S ∈ F0(S) lies in the image of (limn Fn)(S)→ F0(S).
For S0 and s0 ∈ F0(S0) as above, there is an affinoid perfectoid space S1 and a v-covering S1 → S0 such

that s0 lifts to an element s1 ∈ F1(S1). By induction, we can construct a tower of v-coverings Sn → Sn−1 of
affinoid perfectoid spaces and sections sn ∈ Fn(Sn) such that sn lifts sn−1 for each n. Then S := limn Sn → S0

is still a v-covering and the system {sn|S ∈ Fn(S)} defines a section s ∈ (limFn)(S) which lifts s0|S ∈ F0(S).
This finishes the proof. □

Lemma 3.3.11. Consider a fiber square of small v-sheaves

Z ′ X ′

Z X

i′

π′ π

i

in which all maps are proper in the sense of [Sch26a, Def. 18.1], i is a monomorphism, and π is an isomorphism
over the open |X| ∖ |i|(|Z|). Then the fiber square is also a pushout square in Shv(Perfv; Set) and in
Shv(Perfv; Ani).

Proof. By assumption, the map of v-sheaves Z ⊔ X ′ i⊔π−−→ X is quasi-compact and induces a surjection
|Z ⊔X ′| ≃ |Z| ⊔ |X ′| |i|⊔|π|−−−−→→ |X|. Therefore, it is surjective thanks to [Sch26a, Lem. 12.11]. In particular,
it suffices to prove that the diagram becomes a pushout square after base change along i and π. Moreover,
colimits in a topos (resp. ∞-topos) are universal [SGA4, Prop. II.4.3.1)] (resp. [Lur09, Prop. 6.1.3.10]), so
this is equivalent to proving that the diagrams of v-sheaves

Z ×X Z ′ Z ×X X ′

Z ×X Z Z

and
X ′ ×X Z ′ X ′ ×X X ′

X ′ ×X Z X ′

are pushout squares. Now we proceed in two steps.
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Step 1. Proof for the left square. Since i is a monomorphism, the bottom horizontal map Z ×X Z → Z is
an isomorphism. As the diagram is already a fiber square, one can then verify directly the universal property
that it is also a pushout square.

Step 2. Proof for the right square. This square identifies with the right square in the larger diagram

Z ′ Z ′ ×Z Z ′ Z ′

X ′ X ′ ×X X ′ X ′.

i′

∆

i′×i′ i′

∆

Since the horizontal compositions are the identity, one can check again directly from the universal properties
that it suffices to show that the left square of the larger diagram is a pushout square. In this square, all

morphisms are proper monomorphisms, and X ′ ⊔ (Z ′ ×Z Z ′)
∆⊔(i′×i′)−−−−−−→ X ′ ×X X ′ is again surjective, thanks

to the assumption that π is an isomorphism over the open |X|∖ |i|(|Z|) and hence ∆ is an isomorphism over
the open |X ′ ×X X ′|∖ |i′ × i′|(|Z ′ ×Z Z ′|). Therefore, the same proof as in Step 1 applied to the pullbacks
along both ∆ and i′ × i′ shows that the left square of the larger diagram is a pushout square. □

3.4. Digression: perfect complexes on locally spatial diamonds. In this subsection, we study perfect
Z/n, O+

X/ϖ, and O♭,+X /π-complexes on locally spatial diamonds. In particular, we show that these categories
are independent of whether we work with the étale, quasi-pro-étale, or v-topologies. We also compare different
versions of (derived) pushforwards. We start with the case of Z/n-complexes.

Lemma 3.4.1. Let X be a locally spatial diamond, let τ ∈ {qproét, v}, let n ≥ 1 be an integer, and let
λτ : (Xτ ;Z/n)→ (Xét;Z/n) be the natural morphism of ringed sites. Then the functor

λ∗τ : Perf ét(X;Z/n)→ Perfτ (X;Z/n)

is an equivalence.

Proof. First, [Sch26a, Prop. 14.10] implies that λ∗τ is fully faithful. Therefore, we only need to show that λ∗τ
is essentially surjective. Let P ∈ Perfτ (X;Z/n). We proceed by first proving that the counit of adjunction
ϵP : λ∗τRλτ,∗P → P is an equivalence, and then that Rλτ,∗P ∈ D(Xét;Z/n) is a perfect complex.

For the first claim, note that there exists Pét ∈ D+(Xét;Z/n) such that λ∗τPét ≃ P: since this can be
checked τ -locally thanks to [Sch26a, Th. 14.12(i)], it suffices to prove it when X is a perfectoid space, where
we can apply Corollary C.2.5 and Lemma C.2.8. Thus, we are reduced to showing that

ϵλ∗
τPét

: λ∗τRλτ,∗λ
∗
τPét −→ λ∗τPét

is an equivalence. The axioms of units-counits imply that the composition

λ∗τPét

λ∗
τ (ηPét

)
−−−−−→ λ∗τRλτ,∗λ

∗
τPét

ϵλ∗
τPét−−−−→ λ∗τPét

is equal to idλ∗
τPét

, where ηPét
: Pét → Rλτ,∗λ

∗
τPét is the unit of the (λ∗τ ,Rλτ,∗)-adjunction. Now ηPét

is an
isomorphism because λ∗τ is fully faithful. In particular, we conclude λ∗τ (ηPét

) is an isomorphism. This yields
the claim ϵλ∗

τPét
= ϵP is isomorphisms as well.

Finally, to see that Rλτ,∗P ∈ D(Xét;Z/n) is a perfect complex, it suffices to show that Rλτ,∗P is dualizable
[SP26, Tag 0FPV]. For this, we set P∨ := RH om(P,Z/n) and consider the cup product map

∪ : Rλτ,∗P ⊗L
Z/n Rλτ,∗P∨ −→ Rλτ,∗

(
P ⊗L

Z/n P
∨).

We claim that it is an equivalence. Since λ∗τ is fully faithful, it suffices to show that λ∗τ (∪) is an equivalence.
Using that λ∗τRλτ,∗Q ≃ Q for any Q ∈ Perfτ (X;Z/nZ), we conclude that λ∗τ (∪) ≃ idP⊗LP∨ , so ∪ is an
equivalence.

Now let c : Z/n→ P ⊗L
Z/n P

∨ and e : P ⊗L
Z/n P

∨ → Z/n be the co-evaluation and evaluation morphisms
for P. Then we define the coevaluation and evaluation maps for Rλτ,∗P as follows

c′ : Z/n
ηZ/n

−−−→
∼

Rλτ,∗
(
Z/n

) Rλτ,∗(c)−−−−−→ Rλτ,∗
(
P ⊗L

Z/n P
∨)

∪−1

−−→
∼

Rλτ,∗P ⊗L
Z/n Rλτ,∗P∨,

https://stacks.math.columbia.edu/tag/0FPV
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e′ : Rλτ,∗P ⊗L
Z/n Rλτ,∗P∨ ∪−→

∼
Rλτ,∗

(
P ⊗L

Z/n P
∨)

Rλτ,∗(e)−−−−−→ Rλτ,∗
(
Z/n

) η−1
Z/n

−−−→
∼

Z/n.

One checks directly that this defines the structures of a dualizable object on Rλτ,∗P and, thus, it is perfect. □

Now we start showing that quasi-pro-étale and v pushforwards of perfect Z/n-complexes are canonically
identified. For this, we would need the following definition.

Definition 3.4.2. A map of diamonds f : X → Y over Spd(Zp,Zp) is fiberwise proper if for every morphism
ȳ : Spd(C(ȳ), C(ȳ)+)→ Y , where C(ȳ) is an algebraically closed nonarchimedean field and C(ȳ)+ ⊂ C(ȳ) a
bounded open valuation subring, the fiber product Xȳ := X ×Y Spd(C(ȳ), C(ȳ)+) is the diamond attached to
a proper finite type adic space X♯

ȳ over Spa(C(ȳ)♯, C(ȳ)♯,+).

Warning 3.4.3. In Definition 3.4.2, the adic space X♯
ȳ over Spa(C(ȳ)♯, C(ȳ)♯,+) is not unique. For example,

for any such X♯
ȳ, we have (X♯

ȳ)
♢ ≃ (X♯

ȳ,red)
♢.

Lemma 3.4.4. Let g : S′ → S be a morphism of strictly totally disconnected perfectoid spaces over Spd(Zp,Zp),
let X be a spatial diamond with a morphism f : X → S which is fiberwise proper, let n ≥ 1 be an integer, and
let P ∈ Perf ét(X;Z/n). Set XS′ := X ×S S′ with the projection morphisms g′ : XS′ → X and f ′ : XS′ → S′.
Then the natural morphisms

(3.4.5) α : g∗étRfét,∗P → Rf ′ét,∗g
′∗P, and

(3.4.6) β : RΓét(X,P)⊗L
Z/n(S) Z/n(S

′)→ RΓét(XS′ , g′∗étP)

are isomorphisms.

Proof. Since S′ and S are strictly totally disconnected, one sees that RΓét(XS′ , α) = β, so it suffices to show
that α is an isomorphism. Since X is spatial (in particular, it is qcqs), the morphism f : X → S is qcqs.
Hence, Lemma 3.3.8, Remark 3.3.3, and Lemma 3.3.9 imply that we can argue on stalks at qproét-geometric
points and so we can reduce the question to showing that the base change map

RΓét(X,P)→ RΓét(X ×Spa(C,C+) Spa(C
′, C ′+), g′∗étP)

is an isomorphism, where C ⊂ C ′ is an extension of algebraically closed nonarchimedean fields with open
bounded valuation subrings C+ ⊂ C ∩ C ′+ and C ′+ ⊂ C ′, and X is the diamond attached to a proper finite
type adic space over Spa(C♯, C♯,+). Then [Sch26a, Lem. 15.6], [Zav23b, Lem. 10.3] imply that it suffices to
show an analogous claim when C+ = OC , C ′+ = OC′ , and X is a proper rigid-analytic space over C♯. In this
case, the result follows immediately from [Heu24, Th. 1.4]. □

Proposition 3.4.7. Let Y be a diamond over Spd(Zp,Zp) and let f : X → Y be a fiberwise proper morphism
which is representable in spatial diamonds. Let n ≥ 1 be an integer, let P ∈ Perfqproét(X;Z/n), and let
µX : (Xv,Z/n)→ (Xqproét,Z/n) be the projection morphism. Then the base change morphism

c : µ∗
Y Rfqproét,∗P → Rfv,∗µ

∗
XP

is an isomorphism.

Proof. The statement is quasi-pro-étale local on Y , so we may assume that Y is a strictly totally disconnected
perfectoid space. Then it suffices to show that for any strictly totally disconnected space S → Y and any
factorization S → T → Y such that T is an affinoid perfectoid space and T → Y is pro-étale, the natural base
change map

RΓqproét(X ×Y T,P)⊗L
Z/n(T ) Z/n(S)→ RΓv(X ×Y S, µ∗P)

is an isomorphism. Now [Sch26a, Lem. 7.19] implies that T is strictly totally disconnected as well. Therefore,
we can replace T with Y and reduce the question to showing that the natural map

RΓqproét(X,P)⊗L
Z/n(Y ) Z/n(S)→ RΓv(X ×Y S, µ∗P)
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is an isomorphism for any morphism of strictly totally disconnected perfectoid spaces S → Y . In this case,
both X and XS are spatial, and so Lemma 3.4.1 implies that the question boils down to showing that, for
any Pét ∈ Perf ét(X;Z/n), the natural map

RΓét(X,Pét)⊗L
Z/n(Y ) Z/n(S)→ RΓét(X ×Y S, g′∗étPét)

is an isomorphism, where g′ : X ×Y S → X is the projection morphism. This follows immediately from
Lemma 3.4.4. □

Our next goal is to show analogs of Lemma 3.4.1 and Proposition 3.4.7 for perfect O+/ϖ and O♭,+/π-
complexes.

Lemma 3.4.8. Let X be a locally spatial diamonds over Spd(Qp,Zp), let ϖ ∈ O+
X(X) (resp.π ∈ O♭,+X (X)) be

a pseudo-uniformizer, let τ ∈ {qproét, v}, and let λτ : Xτ → Xét be the projection morphism. Set A := O+
X/ϖ

(resp.A := O♭,+X /π) and Aét := λτ,∗A. Then the following hold:

(1) if τ = qproét, then the natural morphism λ−1
qproétAét → A is an isomorphism;

(2) the functor λ∗τ : Perf ét(X;Aét)→ Perfτ (X;A) is an equivalence.

Proof. We explain the proof when A = O+
X/ϖ, the other case being very similar. Since both claims are étale

local on X, we can assume that X is a spatial diamond. In particular, it is qcqs.
We first show 1. First, we know that Lemma 3.1.4 implies that A is a sheaf of Z/pn-modules for some

integer n. Thus, [Sch26a, Prop. 14.8] implies that it suffices to show that A lies in the essential image of the
fully faithful functor Shvét(X;Z/pn) ↪→ Shvqproét(X;Z/pn). Then [Sch26a, Th. 14.12] ensures that we can
check this qproét-locally on X, so we can assume that X is an affinoid perfectoid space. In this case, the
result follows immediately from Lemma C.2.7 and Lemma C.2.10. This finishes the proof of 1

Now we address Part 2. Lemma 3.1.14 ensures that it suffices to deal with τ = qproét. In this case, the
proof is completely analogous to the proof of Lemma 3.4.1. The only difference is that we use Lemma C.2.10
instead of Lemma C.2.8. □

We next show the following version of Proposition 3.4.7.

Proposition 3.4.9. Let f : X → Y be a qcqs morphism of diamonds over Spd(Qp,Zp), let ϖ ∈ O+
Y (Y )

(resp.π ∈ O♭,+Y (Y )) be a pseudo-uniformizer, let P ∈ Perfqproét(X;O+
X/ϖ) (resp.P ∈ Perfqproét(X;O♭,+X /π)).

Then the natural base change map

c : µ∗
Y Rfqproét,∗P → Rfv,∗µ

∗
XP

is an O◦◦
Y -almost (resp. O♭,◦◦Y -almost) isomorphism.6

Proof. For brevity, we set A := O+
Y /ϖ (resp. A := O♭,+Y /π). Then, arguing as in Proposition 3.4.7, we reduce

the question to showing that the natural morphism

RΓqproét(X,P)⊗L
A(Y ) A(S)→ RΓv(X ×Y S,P)

is an almost isomorphism when S → Y is a morphism of strictly totally disconnected perfectoid spaces over
Spd(Qp,Zp).

For this, we choose a simplicial quasi-pro-étale hypercovering X• → X by strictly totally disconnected
perfectoid spaces such that P

∣∣
Xn

is a strictly perfect complex for all n ∈ ∆. The products Xn×Y S are affinoid
perfectoid, so we have RΓqproét(Xn ×Y S,P) ≃ RΓv(Xn ×Y S,P) by Corollary C.2.5 and Lemma C.2.10. In
particular,

RΓv(X ×Y S,P) ≃ R lim
∆

RΓv(Xn ×Y S,P) ≃ R lim
∆

RΓqproét(Xn ×Y S,P).

6This means that, for any affinoid perfectoid S with a map S → Y , we have fib(c)(S) ⊗L O◦◦
Y (S) = 0 (resp.fib(c)(S) ⊗L

O♭,◦◦
Y (S) = 0).
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Therefore, it suffices to show that the morphism RΓqproét(X,P)⊗L
A(Y ) A(S)→ R lim∆ RΓqproét(Xn ×Y S,P)

is an almost isomorphism. Now we write this morphism as a composition

RΓqproét(X,P)⊗L
A(Y ) A(S)

α−→ R lim
∆

(
RΓqproét(Xn,P)⊗L

A(Y ) A(S)
) β−→ R lim

∆
RΓqproét(Xn ×Y S,P)

and separately show that α and β are almost isomorphisms. First, we show that α is an (actual) isomorphism.
Since quasi-pro-étale cohomology satisfy quasi-pro-étale descent, it suffices to prove that the natural map(

R lim
∆

RΓqproét(Xn,P)
)
⊗L

A(Y ) A(S)→ R lim
∆

(
RΓqproét(Xn,P)⊗L

A(Y ) A(S)
)

is an isomorphism. This is a consequence of the facts that D
(
A(S)

)
is right t-complete (see e.g. [Lur17,

Prop. 1.3.5.21.(3)]), that A(Y )→ A(S) is flat (see [Sch26a, Prop. 7.23]), and that totalizations of uniformly
bounded below complexes commute with left t-exact functors as long as the target is right t-complete (see
[KP24, Cor. C.0.6] for a precise statement). To conclude the proof, it is then enough to show that the natural
base change map

RΓqproét(Xn,P)⊗A(Y ) A(S)→ RΓqproét(Xn ×Y S,P)
is an almost isomorphism for all n ∈ ∆. Since P

∣∣
Xn

is strictly perfect, a standard argument allows us to

reduce to the case P = A[0]. In that case, [Sch26a, Prop. 8.5(iii)] implies that RΓqproét(Xn,P)
a≃ A(Xn)[0]

and RΓqproét(Xn ×Y S,P)
a≃ A(Xn ×Y S)[0] because Xn and Xn ×Y S are affinoid perfectoid, respectively.

Thus, the assertion follows from Lemma 2.3.3. □

3.5. Digression: lattices in perfect complexes of Q
ℓ
-modules. Throughout this subsection, we fix an

arbitrary prime number ℓ. We show that every perfect complex of Q
ℓ
-sheaves on a locally spatial diamond X

admits an integral lattice étale locally. We then apply this result to deduce that Perfv(X;Q
ℓ
) possesses a

standard t-structure when X is the diamondification of a rigid-analytic space.
In Notation B.3.3, we defined the ∞-category Perf [r,r

′]
τ (X;A) for any r, r′ ∈ Z ∪ {−∞,∞}, A ∈ {Q

ℓ
,Zℓ},

and τ ∈ {qproét, v}. By Lemma B.2.8, this is a full ∞-subcategory of Perf [−∞,∞]
τ (X;A) ≃ Perfτ (X;A),

and thus embeds naturally into D(Xτ ;A) as a full ∞-subcategory. Furthermore, when X is a strictly
totally disconnected perfectoid space, Corollary C.7.14 and Corollary C.7.21 imply that Perf [r,r

′]
v (X;A) ≃

Perf
[r,r′]
qproét(X;A) ≃ Perf [r,r

′]
(
A(X)

)
, where the right-hand side denotes perfect complexes with tor-amplitude

in [r, r′]. Consequently, for an arbitrary diamond X, the ∞-category Perf [r,r
′]

τ (X;A) naturally forms a
full ∞-subcategory of D[r,r′](Xτ ;A), where D[r,r′](Xτ ;A) denotes the ∞-subcategory consisting of objects
concentrated in degrees [r, r′].

Lemma 3.5.1. Let X be a locally spatial diamond, let ℓ be a prime number, let τ ∈ {qproét, v}, and let
P ∈ Perf [r,r

′]
τ (X;Q

ℓ
) for some r, r′ ∈ Z ∪ {−∞,∞}. Then there is an étale covering X ′ → X and an object

P+ ∈ Perf [r,r
′]

τ (X ′;Zℓ) such that P+[ 1ℓ ] ≃ P
∣∣
X′ .

Proof. First, Lemma 3.1.14 and Remark 3.1.7 imply that we can assume that τ = qproét. Furthermore,
the question is étale local on X, so we can assume that X is spatial (in particular, that it is qcqs). Then
Lemma B.2.12 implies that we can assume that r, r′ ∈ Z are finite. Then we consider the quasi-pro-étale sheaf
of lattices

Latt
[r,r′]
qproét,P(−) := ∗ ×Perf

[r,r′]
qproét(−;Q

ℓ
)
Perf

[r,r′]
qproét(−;Zℓ) : Perf

op
/X → Cat∞,

where the morphism ∗ → Perf
[r,r′]
qproét(−;Qℓ

) corresponds to the element P ∈ Perf
[r,r′]
qproét(X;Q

ℓ
).

It suffices to show that Latt[r,r
′]

qproét,P(X
′) ̸= ∅ for some étale covering X ′ → X. Note that Latt[r,r

′]
qproét,P(−) is

a sheaf of (r′ − r + 1, 1)-categories.
Step 1. The natural map colimIop Latt

[r,r′]
qproét,P(Yi)→ Latt

[r,r′]
qproét,P(Y ) is an equivalence for any Y = limI Yi ∈

Pro(Xét,qc,sep). First, Examples A.1.2 2, Lemma A.1.3, and quasi-pro-étale descent imply that we can argue
quasi-pro-étale locally on X. So we can assume that X is a strictly totally disconnected perfectoid space. In
this case, all Yi are also strictly totally disconnected perfectoid spaces by virtue of [Sch26a, Lem. 7.19]. The
claim then follows directly from Lemma C.7.18.
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Step 2. End of proof. First, [Sch26a, Prop. 11.24] ensures that there is a strictly totally disconnected
perfectoid space Y and a quasi-pro-étale covering Y → X such that Y = limI Yi is a cofiltered limit of quasi-
compact, separated, étale morphisms Yi → X. Each of Yi → X is necessarily surjective since so is Y → X.
Then Step 1 implies that it suffices to show that Latt

[r,r′]
qproét,P(Y ) ̸≃ ∅. This follows from Lemma C.7.19 and

the fact that every étale covering of Y splits. □

For the next definition, we fix a diamond X, a prime number ℓ, and τ ∈ {qproét, v}.

Definition 3.5.2. A Q
ℓ
-local system (resp. a Zℓ-local system) on X is a τ -sheaf of Q

ℓ
-modules (resp. Zℓ-

modules) F which is τ -locally isomorphic to M⊗Qℓ
Q
ℓ

(resp. M⊗Zℓ
Zℓ) for some finite-dimensional Qℓ-vector

space M (resp. finitely generated Zℓ-module M).

Lemma 3.5.3. Let K be a nonarchimedean field of residue characteristic p, let X♯ be a rigid-analytic space
over K, and let X := (X♯)♢ be the associated diamond. Let ℓ be a prime number, let τ ∈ {qproét, v}, let
A ∈ {Zℓ,Qℓ

}, and let P ∈ Db(Xτ ;A). Then P lies in Perfτ (X;A) if and only if Hi(P) is a A-local system
for every i ∈ Z.

We warn the reader that the analogous statement does not hold for a general (locally spatial) diamond
X. In fact, it is already false for X = S × Spa(C,OC) for any infinite metrizable pro-finite set S and an
algebraically closed nonarchimedean field C of residue characteristic p.

Example 3.5.4. Let S and C be as above, and choose a non-isolated point s ∈ S. Since S is a metrizable
profinite set, there exists a decreasing sequence of clopen neighborhoods S = U0 ⊃ U1 ⊃ U2 ⊃ . . . such that
{s} = ∩n≥0Un. Define the continuous function f : S → Qp via the formula

f(x) =

{
0 if x = s

pn if x ∈ Un ∖ Un+1

.

Then the multiplication morphism ·f : Mapcont(S,Qp)→ Mapcont(S,Qp) is injective and, thus, M := coker(·f)
defines a perfect complex M [0] ∈ Perf

(
Mapcont(S,Qp)

)
. Then the associated complex of Q

p
-modules M̃ [0]

lies in Perf
(
S × Spa(C,OC)

)
, but its (only) cohomology sheaf is not a Q

p
-local system.

Proof. First, any A-local system is a perfect complex. The “if” direction therefore follows immediately from the
2-out-of-3 property for perfect complexes. Hence, we only need to show that cohomology sheaves of a perfect
complex are locally constant in the τ -topology. The claim is étale local on X, so Lemma 3.5.1 and [Sch26a,
Lem. 15.6] imply that it suffices to treat the case when P ∈ Perfτ (X;Zℓ). In this case, Corollary C.7.8 (i),
Lemma 3.4.1, and [Zav23b, Lem. 11.1] imply that Perfτ (X;Zℓ) is equivalent to Dblisse(X,Zℓ) in the sense of
[BH22, Def. 3.32]. In this case, the result follows from [BH22, Lem. 3.35]. □

Corollary 3.5.5. Keep the notation of Lemma 3.5.3. Then the standard t-structure on D(Xτ ;Qℓ
) (resp. on

D(Xτ ;Zℓ)) restricts to a t-structure on Perfτ (X;Q
ℓ
) (resp. Perfτ (X;Zℓ)).

Corollary 3.5.6. Keep the notation of Lemma 3.5.3. Then P ∈ Perf [0,0]τ (X;Q
ℓ
) (resp. P ∈ Perf [0,0]τ (X;Zℓ))

if and only if P is Q
ℓ
-local system concentrated in degree 0 (resp. P is an ℓ-torsionfree Zℓ-local system

concentrated in degree 0).

Proof. We give a proof for Zℓ-local systems. The case of Q
ℓ
-local systems is analogous (and in fact simpler).

Clearly, any ℓ-torsionfree Zℓ-local system (concentrated in degree 0) lies in Perf [0,0]τ (X;Zℓ). Thus, we only
need to show the any object in Perf [0,0]τ (X;Zℓ) is isomorphic to an ℓ-torsionfree Zℓ-local system concentrated
in degree 0.

Now Lemma 3.5.3 implies that it suffices to show that any element of Perf [0,0]τ (X;Zℓ) is concentrated in
degree 0 and is ℓ-torsionfree. This can be checked τ -locally, so we can assume that X is a strictly totally
disconnected perfectoid space. In this case, Corollary C.7.14 implies that

Perf [0,0]v (X;Zℓ) ≃ Perf
[0,0]
qproét(X;Zℓ) ≃ Perf [0,0](Mapcont(|X|,Zℓ)) ≃ Modfin.proj.Mapcont(|X|,Zℓ)

,
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where as before Perf [0,0](Mapcont(|X|,Zℓ)) denotes the category of perfect complexes with tor-amplitude in
[0, 0]. In particular, any such object is ℓ-torsionfree and concentrated in degree 0. □

For future reference, we also establish a stronger version of Corollary 3.5.6 for Q
ℓ
-perfect complexes.

Corollary 3.5.7. Keep the notation of Lemma 3.5.3. Assume that P ∈ Perfτ (X;Q
ℓ
) and let r, r′ ∈ Z. Then

P ∈ Perf [r,r
′]

τ (X;Q
ℓ
) if and only if P ∈ D[r,r′](Xτ ;Qℓ

).

Proof. First, we assume that P ∈ Perf [r,r
′]

τ (X;Q
ℓ
). We wish to show that Hi(P) = 0 for i /∈ [r, r′]. This can

be checked locally, so we can assume that X is a strictly totally disconnected perfectoid space. In this case,
Corollary C.7.21 implies that Perf [r,r

′]
τ (X;Q

ℓ
) ≃ Perf [r,r

′]
(
Mapcont(X,Qℓ)

)
. Thus, the result follows from

[SP26, Tag 0658].
Now assume that P ∈ D[r,r′](Xτ ;Qℓ

) ∩ Perfτ (X;Q
ℓ
). Then Corollary 3.5.6 ensures that Hi(P) ∈

Perf [0,0]τ (X;Q
ℓ
) and Hi(P) = 0 for i /∈ [r, r′]. We wish to show that P ∈ Perf [r,r

′]
τ (X;Q

ℓ
). This now

follows from a simple inductive argument. □

3.6. Relative primitive comparison. The main goal of this subsection is to prove two relative versions of
the primitive comparison theorem. We start with the following preliminary lemma:

Lemma 3.6.1. Let K be a nonarchimedean field of mixed characteristic (0, p), let K+ ⊂ K be an open bounded
valuation subring, and let X be a qcqs adic space over Spa(K,K+). Set X◦ := X ×Spa(K,K+) Spa(K,K

◦) and
let j : X◦ ↪→ X be the natural pro-(open immersion). Let F ∈ Db(Xét;Fp) be a bounded complex such that
each Hi(F) is overconvergent. Then the natural morphism

(3.6.2) RΓét

(
X,F ⊗L O+

Xét
/p
)
→ RΓét

(
X◦, j∗F ⊗L O+

X◦
ét
/p
)

is an almost isomorphism.

Proof. First, we may assume that F ∈ Shv(Xét;Fp) is an overconvergent sheaf of Fp-modules. Then [Zav25a,
Lem. 6.7.10] implies that both sides of (3.6.2) satisfy v-descent, so we can assume that X = Spa(R,R+) is a
strictly totally disconnected perfectoid space. In this case, [Zav25a, Lem. 6.7.6] implies that F = colimI Fi is
a filtered colimit of special sheaves on X (see [Zav25a, Def. 6.7.5] for the definition of special sheaves). Since
we have reduced to the case where X is qcqs and hence both sides of (3.6.2) commute with uniformly bounded
filtered colimits, it suffices to prove the claim when F is a special sheaf. In other words, there is a finite
disjoint clopen decomposition X = ⊔nr=1Xr such that F =

⊕n
r=1 iXr→X,∗F

⊕dr
p . Then we reduce to the case

when F = i∗Fp, where i : Y ↪→ X is a clopen subspace. In this case, we can replace X with Y and X◦ with
Y ◦ := Y ×Spa(K,K+) Spa(K,K

◦) to assume that F = Fp.
We have reduced the situation to the case when X = Spa(R,R+) is a strictly totally disconnected perfectoid

space and F = Fp. Since strictly totally disconnected perfectoid spaces do not have higher étale cohomology,
the question now boils down to showing that the natural morphism

Γ(Xét,O+
Xét

/p)→ Γ(X◦
ét,O+

X◦
ét
/p)

is an almost isomorphism. Since K◦ ⊂ R◦ and R is complete, we deduce that

X◦ = Spa(R,R+)×Spa(K,K+) Spa(K,K
◦) ≃ Spa

(
R⊗̂KK, (R⊗̂KK)+

)
≃ Spa(R,R′+)

for some open integrally closed subring R+ ⊂ R′+ ⊂ R◦. Therefore, [Sch26a, Th. 6.3] implies that we
only need to show that R+/p→ R′+/p is an almost isomorphism. This follows immediately from [Zav25a,
Lem. B.13]. □

The following statement is bootstrapped from [Sch13a].

Lemma 3.6.3 (Relative primitive comparison I). Let Y be a diamond over Spd(Qp,Zp), let f : X → Y be a
fiberwise proper morphism which is representable in spatial diamonds, let ϖ ∈ O+

Y (Y ) be a pseudo-uniformizer
(resp. π ∈ O♭,+Y (Y ) be a pseudo-uniformizer), let n ≥ 1 be an integer such that pn = ϖ · a for some a ∈ O+

Y (Y )

https://stacks.math.columbia.edu/tag/0658
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(resp. n = 1), let τ ∈ {qproét, v}, and let L ∈ Perfτ (X,Z/p
n). Set A := O+/ϖ (resp. A := O♭,+/π). Then

the natural morphism

(3.6.4)
(
Rfτ,∗L

)
⊗L

Z/pn A → Rfτ,∗
(
L⊗L

Z/pn A
)

is an almost isomorphism with respect to O◦◦
Y (resp. O♭,◦◦Y ).

Proof. First, Lemma 3.1.14, Proposition 3.4.7, and Proposition 3.4.9 imply that it suffices to consider the
case τ = qproét. Since the question is quasi-pro-étale local on Y , we can immediately reduce to the case
where S = Y is a strictly totally disconnected perfectoid space. In this case, the diamond X is spatial, so
Lemma 3.4.1 implies that λ∗qproét : Perf ét(X;Z/pn)

∼−→ Perfqproét(X;Z/pn) is an equivalence. We denote by
Lét ∈ Perf ét(X;Z/pn) the étale perfect complex corresponding to L. Furthermore, Lemma 3.4.8 implies that

(3.6.5) A ≃ λ−1
qproétλqproét,∗A.

We set Aét := λqproét,∗A. Then [Sch26a, Cor. 16.7] implies that it suffices to show that the natural morphism

(Rfét,∗Lét)⊗L
Z/pn Aét → Rfét,∗(Lét ⊗L

Z/pn Aét)

is an almost isomorphism.
Using Lemma 3.3.8 and Lemma 3.3.9, it suffices to prove that given s ∈ |S| and a qproét-geometric point

s̄ : Spa(C,C+)→ S over s, the natural map

RΓét(Xs̄,Lét)⊗L
Z/pn Aét(Spa(C,C

+))→ RΓét(Xs̄,Lét ⊗L
Z/pn Aét)

is an almost isomorphism. By assumption, we know that Xs ≃ (X♯
s)

♢ for some proper finite type Spa(C♯, C♯,+)-
adic space X♯

s. Now [Sch26a, Lem. 15.6] implies that D
(
(X♯

s)ét;Z/p
n
)
≃ D(Xs;Z/p

n), so the question boils
down to showing that

(3.6.6) RΓét(X
♯
s,Lét)⊗L

Z/pn Aét

(
Spa(C♯, C♯,+)

)
→ RΓét(X

♯
s,Lét ⊗L

Z/pn Aét)

is an almost isomorphism.
Step 1. A = O+/p ≃ O♭,+/p♭. In this case, we verify (3.6.6). First, [Zav25a, Th. 6.5.9] implies that

Aét ≃ O+

X♯
s,ét

/p. Since the pro-(open immersion) X♯
s ×Spa(C♯,C♯,+) Spa(C

♯, C♯,◦) → X♯
s induces almost

isomorphisms on the source and on the target (see [Zav23b, Lem. 10.3] and [Zav25a, Lem. B.13] for the left side
and Lemma 3.6.1 for the right hand side), we may moreover assume that C♯,+ = C♯,◦. Furthermore, using that
Aét is a sheaf of Z/p-modules and the projection formula RΓét(X

♯
s,Lét)⊗L

Z/pn Z/p ≃ RΓét(X
♯
s,Lét⊗L

Z/pn Z/p)

from [Hub96, Prop. 5.5.1(iv)], we can immediately reduce to the case n = 1. So we are left to show that the
natural morphism

RΓét(X
♯
s,Lét)⊗L

Z/p C
♯,◦/p→ RΓét(X

♯
s,Lét ⊗L

Z/p O
+

X♯
s,ét

/p)

is an almost isomorphism for a proper rigid-analytic space X♯
s over C♯ and Lét ∈ Perf ét(X

♯
s;Z/p). This follows

directly from [Zav25a, Lem. 7.3.7] (see also [Sch13a, Th. 5.1] and [Sch13b, Th. 3.17]).
Step 2. A = O+/pm or A = O♭,+/p♭,m for some integer m ≥ 1. In this case, we verify (3.6.4) directly.

The result follows immediately from Step 1 via a simple inductive argument using the short exact sequences

0→ O+/p
·pm−1

−−−−→ O+/pm → O+/pm−1 → 0 and 0→ O♭,+/p♭ ·(p♭)m−1

−−−−−−→ O♭,+/p♭,m → O♭,+/p♭,m−1 → 0.

Step 3. General A = O+/ϖ and A = O♭,+/π. In this case, we verify again (3.6.6). We explain the proof
for A = O+/ϖ, the case A = O♭,+/π being analogous. For brevity, we rename Spa(C,C+) as Y , Xs as X,
and X♯

s as X♯. Then we consider the resolution

KX :=
(
. . .

·ϖ−−→ O+
X/p

n ·a−→ O+
X/p

n ·ϖ−−→ O+
X/p

n
)

∼−→ O+
X/ϖ.

Now (3.6.5) and [Sch26a, Prop. 14.8] imply that

KX,ét :=
(
. . .

·ϖ−−→ λqproét,∗(O+
X/p

n)
·a−→ λqproét,∗(O+

X/p
n)

·ϖ−−→ λqproét,∗(O+
X/p

n)
)

∼−→ λqproét,∗(O+
X/ϖ) = Aét
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is still a resolution. We set KX,ét,i := σ≥−iKX,ét, where σ≥−i is the naive filtration. Then we see that
hocolimiKX,ét,i ≃ AX,ét. We define KY,ét,i in a similar way. In what follows, we freely use [Sch26a, Lem. 15.6]
and the identifications D(X♯

ét;Z/p
n) ≃ D(Xét;Z/p

n), D(Spa(C♯, C♯,+)ét;Z/pn) ≃ D(Yét;Z/pn). Then an
inductive argument and Step 2 imply that the natural morphism

RΓét(X
♯,Lét)⊗L

Z/pn KY,ét,i(Spa(C
♯, C♯,+))→ RΓét(X

♯,Lét ⊗L
Z/pn KX,ét,i)

is an almost isomorphism for any i ≥ 1. Since RΓét(X
♯,−) and Aét(−) commute with colimits (see [Zav23b,

Lem. 9.1(2)]), we get the following sequence of (almost) isomorphisms:

RΓét(X
♯,Lét)⊗L

Z/pn Aét

(
Spa(C♯, C♯,+)

)
≃ RΓét(X

♯,Lét)⊗L
Z/pn

(
hocolim

i
KY,ét,i

(
Spa(C♯, C♯,+)

))
≃ hocolim

i

(
RΓét(X

♯,Lét)⊗L
Z/pn KY,ét,i

(
Spa(C♯, C♯,+)

))
a≃ hocolim

i

(
RΓét(X

♯,Lét ⊗L
Z/pn KX,ét,i)

)
≃ RΓét(X

♯,Lét ⊗L
Z/pn hocolim

i
KX,ét,i)

≃ RΓét(X
♯,Lét ⊗L

Z/pn Aét) □

Lemma 3.6.7 (Relative primitive comparison II). Let f : X → Y be a fiberwise proper morphism of
diamonds over Spd(Qp,Zp) which is representable in spatial diamonds, let (A,B) ∈ {(O+,O), (AI ,BI)}, let
τ ∈ {qproét, v}, and let L ∈ Perfτ (X,Zp). Then the natural morphism

(3.6.8)
(
Rfτ,∗L

)
⊗̂L

Zp
A → Rfτ,∗

(
L⊗L

Zp
A
)

is an almost isomorphism with respect to A◦◦
I if A = AI and with respect to O◦◦

Y if A = O+
Y . In particular,

after inverting p, the map (
(Rfτ,∗L)⊗̂

L

Zp
A
)[

1
p

]
→ Rfτ,∗(L⊗L

Zp
B)

is an isomorphism.

Here, the symbol ⊗̂L denotes the derived p-adic completion of the derived tensor product. See also
[ALBM24, Prop. 5.2.2] for a related statement.

Proof. The question is τ -local on Y , so we can immediately reduce to the case when Y is a strictly totally
disconnected perfectoid space. In this case, we choose elements α, β ∈ O♭,+Y (Y ) which are well-adapted to p♭
and I (see Remark 2.2.3). Then Corollary 2.2.18 and Proposition 3.1.10 imply that

A◦◦
I /p ≃

⋃
n≥1

(p♭)1/p
n

(AI/p) ≃
⊕
N

(⋃
n≥1

(p♭)1/p
n(
O♭,+Y /α

))
⊕
⊕
N

(⋃
n≥1

(p♭)1/p
n(
O♭,+Y /β

))
.

Therefore, we can use Lemma 3.1.11 and [Zav25a, Lem. A.5] to reduce the case A = AI to the cases
A = O♭,+Y /α and A = O♭,+Y /β. Then the result follows immediately from Lemma 3.6.3.

A similar argument reduces the case A = O+
Y to the case A = O+

Y /p, which also follows immediately from
Lemma 3.6.3. For the last statement, we note that Rfτ,∗(L⊗L

Zp
A)
[
1
p

]
≃ Rfτ,∗(L⊗L

Zp
B) as f is qcqs. □

4. Trace and cycle class maps

The purpose of this section is to construct the trace and cycle morphisms for the period sheaves O and BI .
We build upon the construction of Z/n-trace from [LRZ24, Section 6] for smooth morphisms between locally
noetherian analytic adic spaces. Since this level of generality is inadequate for our purposes, we first extend
this construction to smooth morphisms of sousperfectoid spaces and then to smooth proper morphisms of
diamonds over Spd(Qp,Zp). Then we use this Z/n-trace to define trace morphisms for O and BI -coefficients.

Throughout this section, we fix an integer n > 0 and a closed interval I ⊂ (0,∞) with rational endpoints.
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4.1. Proper pushforward for diamonds. In our discussion of trace maps in Section 4.2, we will need a
theory of proper pushforwards in étale cohomology for maps between suitable analytic adic spaces. While the
construction of proper pushforwards in [Hub96] probably carries over to our desired setting, Huber imposes
the blanket assumption that all his spaces be locally noetherian, which is not sufficient for our purposes. To
address this issue, we review in this subsection a slightly different perspective on proper pushforwards using
diamonds, which applies in our context.

In [Sch26a], proper pushforwards are discussed in the generality of v-stacks, but only for coefficients whose
torsion order is coprime to p. We will explain that many results (and their proofs) also work for Fp-coefficients
as long as one only uses suitable diamonds instead of v-stacks. In many places, we impose the assumption
that our morphisms are quasi-compact; although the extension of the theory from quasi-compact separated to
all separated morphisms in [Hub96, Sch26a] should still go through in our setting Remark 4.1.10, we do not
discuss this here as the quasi-compact case is sufficient for the purposes of this paper.

Definition 4.1.1 ([Sch26a, Prop. 18.6, Prop. 18.8.(iii), Prop. 22.3.(i)]). Let f : X → Y be a separated
morphism of diamonds. The canonical compactification of X over Y is the diamond X

/Y
whose values on a

totally disconnected perfectoid space Spa(R,R+) are given by

X
/Y

(R,R+) = X(R,R◦)×Y (R,R◦) Y (R,R+).

We call f compactifiable if it is separated and the natural map X → X
/Y

is an open immersion.

The induced map X
/Y → Y is always partially proper, and it is proper if f is quasi-compact [Sch26a,

Cor. 18.8.(i),(vi)]. Moreover, if X ′ → X is a surjective (resp. quasi-pro-étale) morphism of diamonds which
are separated over Y , then so is the induced morphism X ′/Y → X

/Y
[Sch26a, Cor. 18.8.(v),(vii)].

Example 4.1.2. For any morphism (A,A+)→ (B,B+) of analytic Huber pairs over Zp and any perfectoid
Huber pair (R,R+), it follows immediately from the universal properties that

Hom
(
(B,B+), (R,R◦)

)
×Hom((A,A+),(R,R◦)) Hom

(
(A,A+), (R,R+)

)
≃ Hom

(
(B,B+

A+), (R,R
+)
)
,

where B+
A+ ⊂ B+ is the integral closure of A+ + B◦◦ ⊂ B and all the homomorphisms are taken in the

category of Huber pairs over Zp. Unwinding Definition 4.1.1 and [Sch26a, Lem. 15.1.(ii)], it follows that the
natural map

Spd(B,B+)
/ Spd(A,A+)

−→ Spd(B,B+
A+)

is an isomorphism.

The next lemma shows that there are plenty of examples of compactifiable morphisms of diamonds. We
will need the following definition.

Definition 4.1.3 (cf. [Hub96, Def. 1.2.1.(ii)]). A morphism f : X → Y of analytic adic spaces is called
locally of +-weakly finite type if there exist Tate affinoid open covers Y =

⋃
Vα and f−1(Vα) =

⋃
Uαβ such

that the induced morphisms OY (Vα) → OX(Uαβ) are topologically of finite type (in the sense of [Hub94,
Lem. 3.3.(iii)]) and there exist finitely many elements b1, . . . , br ∈ O+

X(Uαβ) such that O+
X(Uαβ) ⊂ OX(Uαβ)

is the smallest integrally closed subring containing the image of O+
X(Vα) and b1, . . . , br. If f is in addition

quasi-compact, it is called of +-weakly finite type.

Lemma 4.1.4. Let f : X → Y be a separated morphism of analytic adic spaces over SpaZp. Assume that
f is locally of +-weakly finite type as in Definition 4.1.3. Then the morphism f♢ : X♢ → Y ♢ of associated
diamonds (in the sense of [Sch26a, Def. 15.5]) is compactifiable.

Proof. By [Sch26a, Prop. 22.3.(iii),(v), Lem. 15.6], we can check the statement after passing to open covers
of both X and Y , so we may assume that Y = Spa(A,A+) and X = Spa(B,B+) are affinoid, that A→ B
is topologically of finite type, and that there exist b1, . . . , br ∈ B+ such that B+ ⊂ B is the smallest
integrally closed subring of B containing the image of A+ and b1, . . . , br. Let B+

A+ ⊂ B be the integral

closure of A+ +B◦◦ ⊂ B. By Example 4.1.2, we have X♢
/Y ♢

≃ Spd(B,B+
A+). In particular, the natural map
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X♢ → X♢
/Y ♢

is the diamondification of the inclusion of the rational open subspace {|b1|, . . . , |br| ≤ 1} ⊂
Spa(B,B+

A+). □

In the locally noetherian setting, the canonical compactifications in the sense of Definition 4.1.1 agree with
the canonical compactifications from [Hub96].

Lemma 4.1.5. Let f : X → Y be a separated +-weakly finite type morphism of locally noetherian analytic

adic spaces over Zp. Then X♢
/Y ♢

is naturally isomorphic to the diamond (X ′)♢ attached to the canonical
compactification X ′ of f in the sense of Huber [Hub96, Th. 5.1.5].

Proof. We first show that (X ′)♢ → Y ♢ is proper. The claim is local on Y ♢, so we can assume that Y is an
affinoid space. Then [Hub96, Lem. 5.1.3(i)] and [Sch26a, Lem. 15.6] imply that |X ′| = |X ′♢| is taut. Therefore,
one can use [Sch26a, Prop. 18.10] and a similar valuative criterion in adic spaces (see [Hub96, Lem. 1.3.10]) to

conclude that (X ′)♢ → Y ♢ is proper. In particular, the universal property of X♢
/Y

from [Sch26a, Prop. 18.6]

produces a unique natural morphism X♢
/Y ♢

→ (X ′)♢ such that the diagram

X♢ X♢
/Y ♢

(X ′)♢ Y ♢

commutes. By virtue of [Sch26a, Lem 11.11], it suffices to show that X♢
/Y ♢

(K,K+) → (X ′)♢(K,K+) is
bijective for any perfectoid field K and any open bounded valuation subring K+ ⊂ K. Using the valuative

criterion on both sides, we reduce to showing that the map X♢(K,K◦) = X♢
/Y ♢

(K,K◦)→ (X ′)♢(K,K◦) is
bijective. For this, it suffices to show that the natural map X → X ′ is bijective on rank-1 points. This follows
from [Hub96, Lem. 1.1.10.(iv), Th. 5.1.5]. □

Warning 4.1.6. If f : X → Y is a spatial separated morphism of diamonds, it is not clear whether the
induced morphism X

/Y → Y is still spatial; cf. e.g. the resulting complication mentioned below [Sch26a,
Th. 22.5]. In our setting, we will be able to work around this issue.

Lemma 4.1.7. Let j : X ↪→ Y be an open immersion of diamonds and j! : D(Xqproét;Z/n)→ D(Yqproét;Z/n)
be the left adjoint to j∗ : D(Yqproét;Z/n)→ D(Xqproét;Z/n). Then j! preserves D+

ét.

Proof. First, [SP26, Tag 04H1] and [Sch26a, Th. 14.12(i)] imply that the claim is quasi-pro-étale locally
on Y . So we can assume that X and Y are perfectoid spaces. In this case, we have D+

ét(X;Z/n) ≃
D+(Xét;Z/n) and D+

ét(Y ;Z/n) ≃ D+(Yét;Z/n) (see [Sch26a, Prop. 14.15]). Therefore, the question re-
duces to showing that the natural transformation j!λ

∗
qproét,X → λ∗qproét,Y jét,! is an isomorphism, where

λqproét,X : Xqproét → Xét (resp.λqproét,Y : Yqproét → Yét) is the natural projection of topoi and jét,! is the left
adjoint to j∗ét : D(Yét;Z/n) → D(Xét;Z/n). This can be verified for the associated transformation of right
adjoints j∗étλqproét,Y,∗ → λqproét,X,∗j

∗
qproét, which is formal. □

Definition 4.1.8 (cf. [Sch26a, Def. 22.4]). Let f : X → Y be a compactifiable quasi-compact morphism of
diamonds. Let j : X ↪→ X

/Y
and f

/Y
: X

/Y → Y be the induced morphisms. Then using Remark 3.3.2 and
Lemma 4.1.7, the proper pushforward along f is the functor

Rf! := Rf
/Y

qproét,∗ ◦ j! : D+
ét(X;Z/n)→ D+

ét(Y ;Z/n).

If Y = Spa(C,C+) for some algebraically closed nonarchimedean field C and bounded open valuation
subring C+ ⊂ C, we also sometimes use the notation

RΓc(X,−) := Rf!(−) : D+
ét(X;Z/n)→ D+

ét(Y ;Z/n) ≃ D+(Z/n).

https://stacks.math.columbia.edu/tag/04H1
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Remark 4.1.9. Let f : X → Y be a +-weakly finite type separated morphism of locally noetherian analytic
adic spaces. Then Rf! : D+(Xét;Z/n)→ D+(Yét;Z/n) coincides with (Rf!)

♢ under the equivalence of bounded
below étale derived categories from [Sch26a, Lem 15.6] and [Sch26a, Rmk. 14.14]. Indeed, Lemma 4.1.5 implies
that it suffices to treat the case of an open immersion and proper morphisms separately. In the former case,
both j! and (j!)

♢ are left adjoints to j∗, and in the latter case, both Rf! = Rf∗ and Rf♢! = Rf♢qproét,∗ = Rf♢ét,∗
are right adjoints to f∗.

Remark 4.1.10. Assume that X is a locally spatial diamond, Y is a quasi-separated locally spatial diamond,
and f : X → Y is a compactifiable morphism (not necessarily quasi-compact). Then the proper pushforwards in

the sense of Definition 4.1.8 on the restrictions to opens with quasi-compact restriction f
∣∣
V
: V

jV
↪−→ X → Y are

all compatible by Lemma 4.1.11 below. Therefore, they define a functor Rf! : D+
ét,qc/Y (X;Z/n)→ D+

ét(Y ;Z/n)

on “complexes with quasi-compact support over Y .” Since X has a basis of quasi-compact opens and Y is
quasi-separated, any F ∈ D+

ét(X;Z/n) is a filtered colimit of jV,!j∗V F ∈ D
+
ét,qc/Y (X;Z/n), with jV : V ↪→ X

as before.7 Similarly to [Sch26a, Def. 22.13], one could thus define Rf! : D+(Xét;Z/n) → D+(Yét;Z/n) by
left Kan extension from Rf! : D+

ét,qc/Y (Xét;Z/n) → D+
ét(Y ;Z/n), which would be informally given by the

formula Rf!F = colimV R(f ◦ jV )!j∗V F . Under the diamondification functor, this again agrees with the proper
pushforward functor defined by Huber in [Hub96, § 5.4] for all locally of +-weakly finite type separated taut
morphisms of locally noetherian analytic adic spaces (which are compactifiable by [Hub96, Th. 5.1.5]). Here,
we will focus on the case of quasi-compact f because it is the one relevant for our argument and allows us to
avoid the ∞-categorical subtleties involved in the left Kan extension.

We discuss some of the properties of the proper pushforward, following [Sch26a, § 22].

Lemma 4.1.11 (cf. [Sch26a, Prop. 22.9]). Let f : X → Y and g : Y → Z be compactifiable quasi-compact
morphisms of diamonds. Then there is a natural equivalence

Rg! ◦ Rf! ≃ R(g ◦ f)!
of functors D+

ét(X;Z/n)→ D+
ét(Z;Z/n).

Proof. Unwinding the constructions and applying [Sch26a, Cor. 18.8.(iii),(vi)], we get a commutative diagram
of diamonds

X X
/Y

X
/Z

Y Y
/Z

Z

j1

f

j2

f
/Y

f
/Z

j3

g

g/Z

in which the horizontal maps are open immersions and the diagonal maps are proper. By definition,

Rg! ◦ Rf! = Rg
/Z
qproét,∗ ◦ j3,! ◦ Rf

/Y

qproét,∗ ◦ j1,! and R(g ◦ f)! = Rg
/Z
qproét,∗ ◦ Rf

/Z

qproét,∗ ◦ j2,! ◦ j1,!.

Therefore, it suffices to produce a natural equivalence

j3,! ◦ Rf
/Y

qproét,∗ ≃ Rf
/Z

qproét,∗ ◦ j2,!

of functors D+
ét

(
X
/Y

;Z/n
)
→ D+

ét

(
Y
/Z

;Z/n
)
. This is exactly the statement of the proper base change theorem

[AM24, Prop. 3.3] (whose proof is similar to that of [Sch26a, Th. 19.2]). □

We have the following analog of Lemma 3.3.9 for proper pushforwards.

7Note that the statement would in general be false if Y is not quasi-separated: For example, let K+ be an infinite rank
microbial valuation ring such that the complement of the closed point in Spec(K+) is not quasi-compact. Set K := Frac(K+)
and X := Spa(K,K+), let U ⊂ X be the complement of the closed point, and let Y be the gluing of two copies of X along U .
Then for either of the open immersions X ↪→ Y , there is no basis of opens of X which are quasi-compact over Y .
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Lemma 4.1.12 (cf. [Sch26a, Prop. 22.8]). Let f : X → Y be a compactifiable quasi-compact morphism
of diamonds and F ∈ D+

ét(X;Z/n). Let ȳ : Spa(C,C+) → Y be a qproét-geometric point of Y and set
Xȳ := X ×Y,ȳ Spa(C,C+). Then there is a natural equivalence in Dét(Spa(C,C

+);Z/n)

(Rf!F )ȳ ≃ RΓc(Xȳ, Fy).

Proof. The natural map (Xȳ)
/ Spa(C,C+)

→ X
/Y ×Y Spa(C,C+) is an isomorphism, as one can check directly

on (R,R+)-valued points for all totally disconnected perfectoid Spa(R,R+). Therefore, the statement follows
from a combination of Lemma 3.3.9 and [Sch26a, Prop. 19.1]. □

Lemma 4.1.13 (cf. [Sch26a, Prop. 22.12]). Let f : X → Y be a compactifiable quasi-compact morphism
of diamonds. Let Fj ∈ D≥0

ét (X;Z/n) be a collection of objects indexed by j ∈ J . Then the natural map⊕
j∈J Rf!Fj → Rf!(

⊕
j∈J Fj) in D+

ét(Y ;Z/n) is an isomorphism.

Proof. Thanks to Lemma 3.3.8 and Lemma 4.1.12, it suffices to show that for any qproét-geometric point
ȳ : Spd(C,C+) → Y , the induced morphism

⊕
j∈J RΓc(Xȳ, Fj) → RΓc(Xȳ,

⊕
j∈J Fj) is an isomorphism.

Since extension by zero along Xȳ → (Xȳ)
/ Spd(C,C+)

preserves direct sums and is t-exact, it suffices to show
that the functor

RΓqproét

(
(Xȳ)

/ Spd(C,C+)
,−
)
: D≥0

(
(Xȳ)

/ Spd(C,C+)

qproét ;Z/n
)
→ D≥0(Z/n)

commutes with infinite direct sums. Now an easy induction reduces to the case when each Fj is concentrated

in degree 0. Since compactifiable morphisms are separated, [Sch26a, Cor. 18.8] ensures that (Xȳ)
/ Spd(C,C+)

→
Spd(C,C+) is proper (in particular, it is qcqs). Thus the desired commutation with direct sums follows from
the commutation with finite direct sums and [SP26, Tag 0739]. □

Proposition 4.1.14 (cf. [Sch26a, Th. 22.5]). Fix d ∈ N. Let f : X → Y be a compactifiable quasi-compact
morphism of diamonds over Spd(Zp,Zp). Assume that for every qproét-geometric point ȳ : Spa(C(ȳ), C(ȳ)+)→
Y , the fiber Xȳ is the diamond associated with a separated noetherian analytic adic space of +-weakly finite type
over Spa(C(ȳ)♯, C(ȳ)♯,+) of relative dimension ≤ d (see [Hub96, Def., 1.8.1(ii)]). Then Rf! : D+

ét(X;Z/n)→
D+

ét(Y ;Z/n) has cohomological amplitude [0, 2d]; that is, for any F ∈ D+
ét(X;Z/n) concentrated in degree 0,

we have Rif!F = 0 for i ̸∈ [0, 2d].

Proof. Let F ∈ D+
ét(X;Z/n) be concentrated in degree 0. By Lemma 3.3.8 and Lemma 4.1.12, it suffices to

show that Hic(Xȳ, F ) = 0 for i ̸∈ [0, 2d] and every qproét-geometric point y of Y . We may therefore assume that
Y = Spa(C,C+) for some algebraically closed nonarchimedean field C and bounded open valuation subring
C+ ⊂ C and that X is the spatial diamond attached to a separated noetherian analytic adic space of +-weakly
finite type over Spa(C♯, C♯,+) of relative dimension ≤ d. In this case, the definition of compactly supported
cohomology from Definition 4.1.8 agrees with Huber’s definition from [Hub96, Th. 5.4.3] (see Remark 4.1.9),
so the assertion reduces to the analogous one in Huber’s setup, which is [Hub96, Prop. 5.5.8]. □

Corollary 4.1.15. Let d ∈ N and f : X → Y be as in Proposition 4.1.14.
(i) Any morphism Rf!Z/n(d)[2d]→ Z/n uniquely factors as

Rf!Z/n(d)[2d]
τ≥0

−−→ R2df!Z/n(d) −→ Z/n.

(ii) Let X =
⋃
j∈J Uj be a retrocompact open covering by subdiamonds. Denote by fj : Uj → Y and

fjk : Uj ∩ Uk → Y the induced morphisms. Then the following sequence of natural maps is exact:⊕
j,k∈J

R2dfjk,!Z/n(d)→
⊕
j∈J

R2dfj,!Z/n(d)→ R2df!Z/n(d)→ 0

Proof. Part (i) follows immediately from the fact that Rf!Z/n(d)[2d] ∈ D[−2d,0]
ét (Y ;Z/n) thanks to Propo-

sition 4.1.14. Part (ii) is a direct consequence of Lemma 4.1.11, Lemma 4.1.13, and the right-exactness of
R2df!(−). □

https://stacks.math.columbia.edu/tag/0739
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4.2. Trace maps for sousperfectoid spaces. Our next goal is to define trace maps for the period sheaves
BI for a certain class of smooth proper morphisms between diamonds. This construction will rely heavily
on the trace maps for Z/n-coefficients from [LRZ24, Th. 1.2.1]. However, the setting of locally noetherian
analytic adic spaces is not flexible enough for our applications because we will later apply it to smooth spaces
over a perfectoid base. Therefore, we dedicate this subsection to extending the statement for Z/n-coefficients
from [LRZ24, Th. 1.2.1] to the generality of sousperfectoid analytic adic spaces in the sense of [HK26, §7] and
[FS26, §IV.4.1]. Let us recall this notion.

Definition 4.2.1 ([HK26, Def. 7.1]). An analytic adic space X with p ∈ O◦◦(X) is called sousperfectoid
if there exists an affinoid open covering X =

⋃
j∈J Spa(Rj , R

+
j ) and for each j ∈ J a continuous algebra

homomorphism Rj → R̃j to a perfectoid Rj-algebra which splits in the category of topological Rj-modules.

We caution the reader that it is unknown whether the functions on a sousperfectoid space X = Spa(R,R+)

which is affinoid admit a split injection R → R̃ to a perfectoid R-algebra (so one may have to pass to an
open covering even in that case). Furthermore, it is even unclear whether any nonarchimedean field of mixed
characteristic is sousperfectoid; however, this holds if the field is perfectoid (trivial) or topologically countably
generated over Qp ([HK26, Rmk. 7.8]). On the other hand, sousperfectoid spaces enjoy useful permanence
properties under several operations:

Proposition 4.2.2 ([HK26, Prop. 3.8, Lem. 7.5, Lem. 7.3]). Let X be a sousperfectoid space. Then the
following spaces are sousperfectoid as well:

(a) any étale8 Y → X,
(b) the relative unit disk D1

X := Spa(Z[T ],Z[T ])×Spa(Z,Z) X → X

By virtue of the local structure of smooth morphisms between locally noetherian analytic adic spaces
[Hub96, Cor. 1.6.10], Proposition 4.2.2 implies that for any smooth morphism Y → X of locally noetherian
analytic adic spaces, if X is sousperfectoid, then Y is sousperfectoid as well. This local structure also motivates
the following definition of smooth morphisms between general sousperfectoid spaces:

Definition 4.2.3. A morphism f : X → Y of sousperfectoid spaces is called smooth if there exists an open
covering X =

⋃
i∈I Ui and étale maps Ui → Ddi

Y for some di ∈ Z≥0 such that f
∣∣
Ui

factors as Ui → Ddi
Y → Y .

We will again need some permanence properties.

Lemma 4.2.4 ([FS26, Prop. IV.4.10]). (i) Let f : X → Y and g : Y → Z be smooth morphisms of sous-
perfectoid spaces. Then g ◦ f is smooth as well.

(ii) Let X → Y be a smooth morphism and Y ′ → Y be an arbitrary morphism of sousperfectoid spaces.
Then fiber product X ×Y Y ′ exists in the category of adic spaces, is sousperfectoid, and the natural
morphism X ×Y Y ′ → Y ′ is again smooth.

For later reference, we also record the following fact:

Lemma 4.2.5. Let S be a perfectoid space over Spa(Qp,Zp), let Sm/S be the category of smooth sousperfectoid
S-spaces, and let Diam/S♭ be the category of diamonds over S♭ = S♢. Then the functor

(−)♢ : Sm/S → Diam/S♭

is fully faithful.

Proof. Pick X,Y ∈ Sm/S . We wish to show that the natural morphism HomS(X,Y )→ HomS♭(X♢, Y ♢) is
an isomorphism. Since |X| = |X♢|, |Y | = |Y ♢|, |S| = |S♭| [Sch26a, Lem. 15.6], a standard gluing argument
allows us to reduce to the case when X = Spa(B,B+), Y = Spa(A,A+) and S = Spa(R,R+) are affinoid
spaces. Furthermore, we can localize even further to assume that the morphisms (R,R+) → (A,A+) and
(R,R+)→ (B,B+) are smooth in the naïve sense in the sense of [HK26, Def. 5.11], i.e., both morphisms can
be obtained as compositions of rational localizations, finite étale morphisms, and Tate algebra extensions.

8We recall that a morphism Y → X is étale if for each y ∈ Y , there is an open neighborhood y ∈ U ⊂ Y such that f |U : U → X

factors as a composition of open immersions and finite étale maps, see [KL15, Def. 8.2.16].
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In this case, [Hub94, Prop. 2.1] implies that HomS(X,Y ) is in bijection with the set of (R,R+)-linear
continuous homomorphisms (A,A+)→ (B,B+). While the set HomS♭(X♢, Y ♢) is in bijection with the set of
(R,R+)-linear continuous homomorphisms (A,A+)→ (OX♢(X♢),O+

X♢(X
♢)), see Definition 3.1.1. Therefore,

it suffices to show that the natural morphism

(B,B+)→ (OX♢(X♢),O+
X♢(X

♢))

is a homeomorphism, i.e., X is v-complete in the sense of Definition 2.4.4. This follows from [HK26,
Th. 11.18]. □

With these preliminaries in place, we now extend the construction of traces with Z/n-coefficients to the
setting of smooth morphisms of sousperfectoid spaces. To make sense of the corresponding étale sites, we will
work with the associated diamonds using [Sch26a, Lem. 15.6] and put the theory explained in Section 4.1 to
use.

To simplify notation, we will conflate X with X♢ and drop the symbols (−)♢ throughout. In particular,
for a separated +-weakly finite type morphism f : X → Y of sousperfectoid spaces, we write Rf! instead of
Rf♢! ; we refer to Lemma 4.1.4 and Definition 4.1.8 for the existence of Rf♢! . If f : X → Y is a map between
locally noetherian analytic adic spaces, then Remark 4.1.9 ensures Rf! coincides with Rf! from [Hub96]. We
also write Rfqproét,∗ instead of Rf♢qproét,∗.

Proposition 4.2.6. There is a unique way to assign to any quasi-compact separated smooth of equidimension
d morphism f : X → Y of sousperfectoid spaces with n ∈ O×

Y a trace map trf : Rf!Z/n(d)[2d] → Z/n in
D+

ét(Y ;Z/n) such that for any y ∈ |Y | and qproét-geometric point ȳ : Spa(C,C+)→ Y over y, the pullback

(trf )ȳ : (Rf!Z/n(d)[2d])ȳ ≃ RΓc(Xȳ,Z/n(d))[2d]→ Z/n

agrees under the equivalence from Remark 4.1.9 with the trace map for the morphism of noetherian analytic
adic spaces fȳ : Xȳ → Spa(C,C+) constructed in [LRZ24, Th. 1.2.1].

Here, the base change isomorphism (Rf!Z/n(d)[2d])ȳ ≃ RΓc(Xȳ,Z/n(d))[2d] follows from Lemma 4.1.12.
Before giving the proof of Proposition 4.2.6, we explain the example of P1,an

Y → Y ; this special case will also
play an important role in the treatment of the general statement.

Construction 4.2.7. Let Y be sousperfectoid space with n ∈ O×
Y and f : P1,an

Y → Y be the relative
analytic projective line (see [FS26, Prop. IV.4.9]). Then there is a natural element OP1,an

Y
(1) ∈ Pic(P1,an

Y ) ≃
H0(Y,Rfét,∗Gm[1]), given as the pullback of OP1

Z
(1) ∈ Pic(P1

Z) under the natural map of locally ringed
spaces P1,an

Y → P1,an
Spa(Z,Z) → P1

Z. This defines a morphism Z → Rfét,∗Gm[1]. Since n ∈ O×
Y , the Kummer

sequence produces a map of étale sheaves Rfét,∗Gm[1]→ Rfét,∗µn[2]. Composing, we obtain a natural map
Z→ Rfét,∗µn[2] which uniquely determines a map c : Z/n→ Rfét,∗µn[2]. Combined with [Sch26a, Lem. 15.6
and Prop. 16.6], we get a map

c : Z/n→ Rfqproét,∗µn[2].

Lemma 4.2.8. Let Y be sousperfectoid space with n ∈ O×
Y and f : P1,an

Y → Y be the relative analytic projective
line. Let η : Z/n → Rfqproét,∗Z/n be the natural morphism coming from adjunction and c be the one from
Construction 4.2.7. Then

η(1)[2]⊕ c : Z/n(1)[2]⊕ Z/n
∼−−→ Rfqproét,∗Z/n(1)[2]

is an isomorphism such that for any y ∈ |Y | and qproét-geometric point ȳ : Spa(C,C+) → Y over y, the
induced projection

(
Rfqproét,∗Z/n(1)[2]

)
ȳ
≃ RΓét

(
P1,an

(C,C+),Z/n(1)
)
[2]→ Z/n agrees under the equivalence of

étale sites from [Sch26a, Lem. 15.6] with the trace map from [LRZ24, Th. 1.2.1].

Proof. The Kummer sequence and the unit of adjunction Z/n → Rfqproét,∗Z/n are both compatible with
pullbacks, so ηȳ and cȳ are again given by the same construction on the fibers under the isomorphism from
Lemma 3.3.9. In this locally noetherian setting, the resulting map is known to be an isomorphism (cf. e.g.
[Zav23a, Prop. 6.1.6]), so we can conclude that η(1)[2]⊕ c is an isomorphism (thanks to Lemma 3.3.8. (ii)).
Moreover, as the algebraic trace map in [SGA4, Exp. XVIII, Th. 2.9] (which in this case ultimately reduces to
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[SGA4, Exp. XVIII, Prop. 1.1.6]) or [Fu15, p. 424] is constructed via the algebraic Kummer sequence and the
algebraic Kummer sequence is compatible with the analytic one under the analytification map, we conclude
that the projection given by “c−1

ȳ ” : RΓét

(
P1,an

(C,C+),Z/n(1)
)
[2]→ Z/n is the analytification of the algebraic

trace map and therefore coincides with the one from [LRZ24, Th. 1.2.1]. □

Proof of Proposition 4.2.6. Note that f♢ is compactifiable by Lemma 4.1.4, so the functor Rf! is well-
defined. We first show uniqueness. Since f is of equidimension d, Corollary 4.1.15. (i) implies that maps
Rf!Z/n(d)[2d] → Z/n amount to maps of abelian sheaves of Z/n-modules R2df!Z/n(d) → Z/n. Thus,
Lemma 3.3.8 guarantees that one can check on stalks at all ȳ whether two maps Rf! Z/n(d)[2d] → Z/n
coincide. This yields the uniqueness.

To prove the existence statement, we first construct the trace when there exists an étale map X → Dd
Y

such that f factors as X → Dd
Y → Y . In this case, we get the following commutative diagram of analytic adic

spaces in which j is qcqs and étale:

X Dd
Y

Y
(
P1,an
Y

)d
j

f

πY

Applying Lemma 4.2.8 iteratively to the projections
(
P1,an
Y

)r+1 →
(
P1,an
Y

)r, we obtain a natural map

trπY
: RπY,!Z/n(d)[2d] ≃ RπY,qproét,∗Z/n(d)[2d]

τ≥0

−−→ R2dπY,qproét,∗Z/n(d)
∼−−→ Z/n.

Moreover, for any y ∈ |Y | and qproét-geometric point ȳ over y, the stalk (trπY
)ȳ identifies with the algebraic

trace map under the base change isomorphism from Lemma 4.1.12, and hence with the trace map from
[LRZ24] by properties (1) and (4) of [LRZ24, Th. 1.2.1].

On the other hand, the natural counit for the adjunction between j! and j∗ gives a map

trj : j!Z/n→ Z/n.

Since the adjunction of j! and j∗ is compatible with passing to stalks at any qproét-geometric point ȳ of
Y , the stalk (trj)ȳ identifies with the trace map from [LRZ24] under the base change isomorphism from
Lemma 4.1.12 by property (3) of [LRZ24, Th. 1.2.1]. Thanks to Lemma 4.1.11, the composition yields the
desired map

trf : Rf!Z/n(d)[2d] ≃ RπY,!j!Z/n(d)[2d]
RπY,!(trj(d)[2d])−−−−−−−−−−→ RπY,!Z/n(d)[2d]

trπY−−−→ Z/n,

whose stalks are again compatible with the traces from [LRZ24]. This finishes the construction in the case
when f factors through Dd

Y .
Returning to the general case, Corollary 4.1.15 (i) implies that the maps Rf!Z/n(d)[2d]→ Z/n amount to

maps of abelian sheaves of Z/n-modules R2df!Z/n(d)→ Z/n. Thus, the uniqueness claim established above
allows us to reduce to the case when Y is an affinoid space. In particular, it is qcqs. Then the definition
of smoothness implies that we can find a covering X =

⋃
Ui by retrocompact open subspaces such that

fi := f
∣∣
Ui

factors through Dd
Y . The previous construction therefore supplies unique trace maps∑

i

trfi :
⊕
i

Rfi,!Z/n(d)[2d] −→ Z/n.

By Corollary 4.1.15 (ii) and the uniqueness of the traces, this map descends to a map

trf : Rf!Z/n(d)[2d] −→ Z/n.

At all ȳ, the stalks (trf )ȳ still coincide with the traces from [LRZ24, Th. 1.2.1] because those satisfy the same
gluing property (cf. [LRZ24, Lem. 6.1.3]). This finishes the construction in the general case. □

Remark 4.2.9. If f : X → Y is a quasi-compact separated smooth of equidimension d morphism of locally
noetherian sousperfectoid spaces with n ∈ O×

Y , then the trace map trf from Proposition 4.2.6 agrees with
the one constructed in [LRZ24, Th. 1.2.1]. Using that both traces amount to maps of abelian sheaves
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R2df!Z/n(d)→ Z/n, this can again be checked on stalks at qproét-geometric points ȳ over all y ∈ |Y | thanks
to Lemma 3.3.8 and thus be reduced to the compatibility in Proposition 4.2.6.

Remark 4.2.10. The trace maps trf from Proposition 4.2.6 still satisfy the same compatibilities as the ones
constructed in [LRZ24, Th. 1.2.1]:

(i) compatibility with compositions;
(ii) compatibility with pullbacks;
(iii) compatibility with étale traces; and
(iv) compatibility with the algebraic trace for P1 → SpecC where C is any complete, algebraically closed

extension of Qp.
The compatibility (iv) follows immediately from the construction.

For compatibility (ii), Lemma 4.1.12 and the compatibility of the trace with fibers imply that it suffices to
prove compatibility with pullbacks of the form Spa(C ′, C ′+)→ Spa(C,C+), where C and C ′ are algebraically
closed nonarchimedean fields and C+ ⊂ C, C ′+ ⊂ C ′ are open and bounded valuation subrings. Since these
spaces are locally noetherian, compatibility follows from [LRZ24, Th. 1.2.1].

Finally, compatibilities (i) and (iii) can once more be checked on stalks at qproét-geometric points over all
points of the base. In this case, it follows from [LRZ24, Th. 1.2.1].

4.3. Trace maps for diamonds. In this subsection, we extend the construction of the Z/n-trace to smooth
proper morphisms of diamonds (see Definition 4.3.3). Using this, we then also construct a trace morphism for
O and BI -coefficients.

Before we make these constructions, we need to introduce some new definitions regarding smooth and
proper morphisms of sousperfectoid spaces and diamonds.

Definition 4.3.1. A morphism of sousperfectoid spaces f : X → Y is proper (resp. separated) if it is
qcqs, locally of +-weakly finite type (resp. quasi-separated, locally of +-weakly finite type), and for every
algebraically closed nonarchimedean field C with an open and bounded valuation subring C+ ⊂ C, and any
diagram

Spa(C,OC) X

Spa(C,C+) Y,

f

there exists a unique (resp. at most one) dotted arrow making the diagram commute.

Lemma 4.3.2. Let f : X → Y be a proper (resp. separated) morphism of sousperfectoid spaces or locally
noetherian analytic adic spaces. Then f♢ : X♢ → Y ♢ is a proper (resp. separated) morphism of diamonds in
the sense of [Sch26a, Def. 18.1].

Proof. We give a proof for proper morphisms; the case of separated morphisms is analogous. First, [Zav25a,
Lem. 6.1.13] implies that f♢ : X♢ → Y ♢ is a qcqs morphism. Therefore, [Sch26a, Prop. 18.3] implies that
it suffices to show that f♢ satisfies the valuative criterion of properness. The proof of [Sch26a, Prop. 18.3]
ensures that it suffices to test the valuative criterion only for algebraically closed nonarchimedean fields K
with an open bounded valuation subring K+ ⊂ K. Then the result follows immediately from Definition 4.3.1
in the case of sousperfectoid spaces or from [Hub96, Lem. 1.3.10] in the case of locally noetherian analytic
spaces. □

Now we are ready to define the notion of a smooth proper morphism between diamonds over Zp.

Definition 4.3.3. A morphism of diamonds f : X → Y over Spd(Qp,Zp) is smooth proper (resp. smooth
proper of equidimension d, resp. smooth proper of dimension d) if, for every strictly totally disconnected
perfectoid space S with a morphism S → Y , the fiber product fS : XS := X ×Y S → S is equal to the
diamondification of a smooth proper morphism f ♯S : X

♯
S → S♯ (resp. smooth proper of equidimension d,

resp. smooth proper of relative dimension d).

Remark 4.3.4. Lemma 4.2.5 ensures that f ♯S : X
♯
S → S♯ is unique. Furthermore, it is functorial in f .
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Example 4.3.5. Let f : X → Y be a smooth proper morphism of equidimension d between analytic noetherian
(resp. sousperfectoid) adic Spa(Qp,Zp)-spaces. Then f♢ : X♢ → Y ♢ is a smooth proper of equidimension d
morphism in the sense of Definition 4.3.3.

Let f : X → Y be a smooth proper of equidimension d morphism between diamonds over Spd(Qp,Zp).
Then Definition 4.1.8, Lemma 4.3.2, and Proposition 3.4.7, imply that

(4.3.6) µ∗
Y (Rf!Z/nZ) ≃ µ∗

Y (Rfqproét,∗Z/nZ) ≃ Rfv,∗Z/nZ,

where µY : Yv → Yqproét is the natural projection.

Proposition 4.3.7. There is a unique way to assign to any smooth proper of equidimension d morphism
f : X → Y between diamonds over Spd(Qp,Zp) a trace map trf : Rfv,∗Z/n(d)[2d] → Z/n in D+(Yv;Z/n)
such that

(1) for any pullback diagram of diamonds over Spd(Qp,Zp)

X ′ X

Y ′ Y,

g′

f ′ f

g

in which f and f ′ are smooth proper of equidimension d, the following diagram is commutative:

g∗Rfv,∗Z/nZ(d)[2d] g∗Z/nZ

Rf ′v,∗Z/nZ(d)[2d] Z/nZ

g∗ trf

≀ ≀
trf′

(2) if S is a strictly totally disconnected perfectoid space over Spd(Qp,Zp) and f : X → S is a smooth
proper morphism of equidimension d, then we have under the isomorphism (4.3.6)

trf = µ∗
S(trf♯)

in D(Sv;Z/n), where f ♯ : X♯ → S♯ is the morphism from Definition 4.3.3 and trf♯ is the trace map
from Proposition 4.2.6.

Furthermore, the trace morphism satisfies the following compatibilities:
(1) Let S♯ be a sousperfectoid adic space over Spa(Qp,Zp) and let f ♯ : X♯ → S♯ be a smooth proper

morphism of equidimension d. Set S := (S♯)♢, X := (X♯)♢, and f := (f ♯)♢. Under the isomorphism
(4.3.6), we then have trf = µ∗

S(trf♯) in D(Sv;Z/n), where trf♯ is the trace map from Proposition 4.2.6.
(2) Let S♯ be a locally noetherian analytic adic space over Spa(Qp,Zp) and let f ♯ : X♯ → S♯ be a

smooth proper morphism of equidimension d. Set S := (S♯)♢, X := (X♯)♢, and f := (f ♯)♢. Let
λS♯ : Sv → Sét ≃ S♯ét be the natural projection morphism. Under the isomorphisms from (4.3.6) and
[Sch26a, Prop. 16.6], we then have trf = λ∗S♯(trf♯) in D(Sv;Z/n), where trf♯ is the trace map from
[LRZ24, Th. 1.2.1].

Proof. Fix a smooth proper of equidimension d morphism f : X → Y between diamonds over Spd(Qp,Zp).
Step 1. The complex Rfv,∗Z/nZ(d)[2d] is concentrated in degrees [−2d, 0]. The claim is v-local on Y , so

we can assume that S = Y is a strictly totally disconnected perfectoid space. In this case, Definition 4.3.3
guarantees that f : X → S is equal to (f ♯S)

♢ for a smooth proper morphism f ♯S : X
♯
S → S♯ of equidimension d.

Then the claim follows immediately from Proposition 4.1.14 and (4.3.6).
Step 2. The presheaf H om

(
Rfv,∗Z/nZ(d)[2d],Z/nZ

)
is a v-sheaf. Step 1 implies that

RH om
(
Rfv,∗Z/nZ(d)[2d],Z/nZ

)
∈ D≥0(Yv;Z/nZ).

Therefore, the claim follows from [BBDG18, Prop. 3.2.2].
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Step 3. Construction and uniqueness of trf . For any smooth proper of equidimension d morphism f : X →
Y , Step 2 implies that H om

(
Rfv,∗Z/nZ(d)[2d],Z/nZ

)
forms a sheaf on the v-site Yv. We wish to construct

an element trf ∈H om
(
Rfv,∗Z/nZ(d)[2d],Z/nZ

)
(Y ) satisfying Conditions (1) and (2). Since strictly totally

disconnected perfectoid spaces form a basis on Yv, any such element is equivalent to a system of elements

{trf,S ∈ Hom
(
RfS,v,∗Z/nZ(d)[2d],Z/nZ

)
= H om

(
Rfv,∗Z/nZ(d)[2d],Z/nZ

)
(S) | α∗

v(trf,S) = trf,S′ for any S′ α−→ S}S→Y ,

where the set is indexed by strictly totally disconnected perfectoid spaces S with a map S → Y . Conditions (1)
and (2) tell us that we must have trf,S = µ∗

S(trf♯
S
). Therefore, trf is unique if it exists, and it exists if and

only if
α∗
v

(
µ∗
S(trf♯

S
)
)
= µ∗

S′

(
trf♯

S′

)
for any morphism α : S′ → S of strictly totally disconnected perfectoid spaces over Y . To prove this, we note
that Lemma 4.2.5 implies that X♯

S ×S♯ S′♯ ≃ X♯
S′ as adic (S′)♯-spaces. Therefore, the claim follows from the

sequence of equalities
α∗
v

(
µ∗
S(trf♯

S
)
)
= µ∗

S′

(
α∗
qproét(trf♯

S
)
)
= µ∗

S′(trf♯

S′
),

where the second equality is due to Remark 4.2.10 (ii).
This argument shows that we get a unique element trf ∈ Hom

(
Rfv,∗Z/nZ(d)[2d],Z/nZ

)
such that

(trf )|S = µ∗
S(trf♯

S
) for any strictly totally disconnected perfectoid S with a map S → Y . By construction, this

trace map satisfies Condition (2). To show that it also satisfies Condition (1), we see that the uniqueness
property from the previous sentence ensures that it suffices to verify Condition (1) when Y ′ = S is a strictly
totally disconnected perfectoid space. Then it follows automatically from the construction of trf .

Step 4. Compatibility with Proposition 4.2.6 and [LRZ24] We pick a sousperfectoid (resp. locally noetherian)
analytic adic space S♯ over Spa(Qp,Zp) and a smooth proper morphism f ♯ : X♯ → S♯ of equidimension d.
We wish to show that µ∗

S(trf♯) = trf (resp. λ∗S♯(trf♯) = trf ). Now Proposition 3.4.7 and Remark 3.3.2 imply
that Rfv,∗Z/nZ(d)[2d] lies in Dét(S;Z/nZ). Since all trace maps commute with pullbacks (see Lemma 3.3.9
and Remark 4.2.10 (ii), resp. [LRZ24, Th. 6.1.1(2) and Lem. 6.3.1]), we can check that two trace maps agree
on each qproét-geometric point of S (see Lemma 3.3.8). In other words, we can assume that S = Spa(C,C+)
for an algebraically closed nonarchimedean field C and an open bounded valuation subring C+ ⊂ C. In this
case, the trace map from Proposition 4.2.6 coincides (up to a canonical identification) with the trace map
from [LRZ24] and, furthermore, we have trf = µ∗(trf♯) by the construction of trf . □

Finally, we are almost ready to define the desired trace maps.

Definition 4.3.8. Let f : X → Y be a smooth proper of equidimension d morphism of diamonds over
Spd(Qp,Zp) and let n ≥ 1 be an integer.
(1) The mod-n trace map of f is the morphism in D+

ét(Y ;Z/n)

tr
Z/n
f : Rfv,∗Z/n(d)[2d]→ Z/n

obtained from the maps trf in Proposition 4.3.7 under the identification Rf! Z/n ≃ Rfv,∗Z/n.
(2) The p-adic trace map of f is the morphism in D+(Yv;Zp)

tr
Zp

f : Rfv,∗Zp(d)[2d]→ Zp

which corresponds to R limr tr
Z/pr

f under the natural identifications Zp ≃ R limr Z/p
r (see e.g. [BS15,

Prop. 3.1.10] and Lemma 3.3.10) and R limr Rfv,∗
(
Z/pr

)
≃ Rfv,∗

(
R limr Z/p

r
)

(see e.g. [SP26, Tag 0A07]).
(3) The Q

p
-trace map of f is the morphism in D(Yv;Qp

)

tr
Qp

f : Rfv,∗Qp
(d)[2d]→ Q

p

obtained as tr
Zp

f [ 1p ]. Here we are using the fact that Rfv,∗ commutes with uniformly bounded below
colimits as f is qcqs.

https://stacks.math.columbia.edu/tag/0A07
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(4) Let (A,B) ∈ {(O+,O), (AI ,BI)}. The A-trace map of f is the morphism in the almost9 category
D+(Yv;A)a

trAf : Rfv,∗A(d)[2d]
∼−→ (Rfv,∗Zp(d)[2d])⊗̂

L

Zp
A

tr
Zp
f ⊗ id
−−−−−→ A.

Here the first arrow is the inverse of the almost equivalence from Lemma 3.6.7. The B-trace map of f is
the morphism in D+(Yv;B)

trBf : Rfv,∗B(d)[2d]→ B.
obtained as trAf [

1
p ]. Here we are using the fact that Rfv,∗ commutes with uniformly bounded below

colimits as f is qcqs.

All trace maps from Definition 4.3.8 are compatible with pullbacks in the following sense.

Proposition 4.3.9. Let f : X → Y be a smooth proper of equidimension d morphism of diamonds over
Spd(Qp,Zp). Let g : Y ′ → Y be a map of diamonds over Spd(Qp,Zp), giving rise to the Cartesian diagram

X ′ := Y ′ ×Y X X

Y ′ Y.

g′

f ′ f

g

Let A ∈ {Z/n,Zp,Qp
,O,BI} (resp. A ∈ {O+,AI}). Then the following diagram

g∗Rfv,∗AX(d)[2d] Rf ′v,∗AX′(d)[2d]

g∗AY AY ′

BC

g∗(trAf ) trA
f′

∼

commutes in (the homotopy category of) D+(Y ′
v ;A) (resp. in D+(Y ′

v ;A)a).

Proof. For A = Z/n, this is the compatibility with pullbacks explained in Proposition 4.3.7 (1). Thanks to the
functoriality of R lim, the statement for all A = Z/pr yields the statement for A = Zp by taking R limr tr

Z/pr .
Next, we treat the case A = O+ or AI . First, we note that the v-site Y ′

v is naturally identified with the
slice site (Yv)/Y ′ . Therefore, we have g−1AY ≃ AY ′ . In particular, we see that g∗ = g−1. This implies that
g∗ commutes with limits and, hence, it commutes with completed derived tensor products. Combining it
with Lemma 3.6.7, we see that the natural morphism (g∗Rfv,∗Zp(d)[2d])⊗̂

L

Zp
g∗AY → g∗Rfv,∗AX(d)[2d] is an

almost isomorphism. Now we consider the following diagram:

(g∗Rfv,∗Zp(d)[2d])⊗̂
L

Zp
g∗AY (Rf ′v,∗Zp(d)[2d])⊗̂

L

Zp
AY ′

g∗Rfv,∗AX(d)[2d] Rf ′v,∗AX′(d)[2d]

g∗AY AY ′ ,

BC ⊗̂L
id

≀ ≀

g∗(trAf )

BC

trA
f′

∼

where both upper vertical arrows are isomorphisms. Therefore, in order to show that the bottom square
commutes, it suffices to show that the top square and the outer square commute. The top square commutes
by functoriality of the base change morphisms. As for the outer square, we note that Definition 4.3.8 (4)
implies that the composition of the left vertical arrows is equal to g∗(trZp

f )⊗̂L
id while the composition of the

right vertical arrows is equal to tr
Zp

f ′ ⊗̂
L
id. Therefore, the outer square commutes due to the case A = Zp

treated above.
Finally, since g∗ preserves colimits (being a left adjoint), we get the statement for A = Q

p
,O or BI . □

9Here the almost mathematics is with respect to A◦◦
I if A = AI and with respect to O◦◦

Y if A = O+
Y
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4.4. Cycle class maps. In this subsection, we discuss cycle class maps for the period sheaves BI . As for
trace maps, we must begin by extending the construction in [LRZ24, § 3] for Z/n-coefficients from the setting
of locally noetherian analytic adic spaces to that of sousperfectoid spaces.

Recall that for any closed immersion (in the sense of [Sch26a, Def. 10.7.(ii)]) of locally spatial diamonds
i : X ↪→ Y the pushforward functor iét,∗ : Shv(Xét;Z/n) → Shv(Yét;Z/n) is exact and preserves small
direct sums (using Lemma 3.3.8, this can be checked on qproét-geometric points), and thus preserves all
small colimits. For any G ∈ Shvét(Y ;Z/n), the functor Hom(iét,∗(−), G) is therefore representable [SGA4,
Exp. XVIII, Lem. 3.1.3], producing a right adjoint to iét,∗.

Definition 4.4.1. Let i : X → Y be a closed immersion of locally spatial diamonds. We denote by

i! : Shv(Yét;Z/n) −→ Shv(Xét;Z/n) and Ri! : D+
ét(Y ;Z/n) −→ D+

ét(X;Z/n)

the right adjoint of iét,∗ : Shv(Xét;Z/n)→ Shv(Yét;Z/n) and its derived functor, respectively.

Remark 4.4.2. Concretely, we have iét,∗Ri! = RH om(iét,∗Z/n,−). As we will not need this description, we
leave the proof to the interested reader.

Remark 4.4.3. It follows directly from Definition 4.4.1 that for a composition of two closed immersions
X

i
↪−→ Y

j
↪−→ Z, we have a natural isomorphism of functors R(j ◦ i)! ≃ Ri! ◦ Rj!.

Lemma 4.4.4. Consider a cartesian diagram of locally spatial diamonds

U X

V Y,

u′

i′ i

u

in which i and i′ are closed immersions.
(i) There is a natural transformation of functors

u′,∗Ri! → Ri′,!u∗ : D+
ét(Y ;Z/n) −→ D+

ét(U ;Z/n).

(ii) The transformation from (i) is compatible with compositions in u and i.
(iii) If u and u′ are étale, the base change transformation from (i) is an isomorphism.

Proof. (i). Since iét,∗ and i′ét,∗ are exact, [Sch26a, Cor. 16.10, case (i)] shows that the natural base change
transformation of functors

u∗iét,∗ → i′ét,∗u
′,∗ : D+

ét(X;Z/n) −→ D+
ét(V ;Z/n)

is an isomorphism. Composing its inverse with the counit ϵi for the adjunction between iét,∗ and Ri!, we
obtain a natural transformation

i′ét,∗u
′,∗Ri! ≃ u∗iét,∗Ri!

u∗(ϵi)−−−−→ u∗ : D+
ét(Y ;Z/n) −→ D+

ét(V ;Z/n).

Its adjoint under the adjunction of i′ét,∗ and Ri′,! is the desired natural transformation.
(ii). Denote the unit of the adjunction of i′ét,∗ and Ri′,! by ηi′ . Then the natural transformation from (i) is

given by

u′,∗Ri!
ηi′−−→ Ri′,!i′ét,∗u

′,∗Ri! ≃ Ri′,!u∗iét,∗Ri
! Ri′,!u∗(ϵi)−−−−−−−→ Ri′,!u∗.

The statement therefore follows from the naturality of ηi′ and ϵi and their compatibility with compositions.
(iii). Passing to left adjoints, we may instead show that the natural transformation of functors

(4.4.5) u!i
′
ét,∗ → iét,∗i

∗u!i
′
ét,∗ ≃ iét,∗u′!i′,∗i′ét,∗ → iét,∗u

′
! : D+

ét(U ;Z/n) −→ D+
ét(Y ;Z/n)

is an isomorphism, where the first (resp. last) arrow is induced by the unit (resp. counit) of the adjunction
between i∗ and iét,∗ (resp. i′,∗ and i′ét,∗). By Lemma 3.3.8, it suffices to check this on qproét-geometric stalks.
Then Remark 3.3.2, Remark 3.3.3, and [SP26, Tag 04H1] imply that we can assume that Y = Spa(C,C+) for
an algebraically closed nonarchimedean field with open bounded valuation subring C+ ⊂ C. But then either
X is empty or i : X → Y is an isomorphism. In either of these cases, (4.4.5) is an equivalence. □

https://stacks.math.columbia.edu/tag/04H1
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The cycle class maps will be defined for Zariski-closed immersions of sousperfectoid spaces.

Definition 4.4.6 ([FS26, Prop. IV.4.19, Def. IV.4.20]). Let S be a sousperfectoid space and f : X → S
and g : Y → S be smooth morphisms of sousperfectoid spaces. Then an S-morphism i : X → Y is called a
Zariski-closed immersion (over S) if the following equivalent conditions are satisfied:

• For some open covering Y =
⋃
α Vα with Vα = Spa(Aα, A

+
α ) affinoid, the fiber products X ×Y Vα =:

Spa(Bα, B
+
α ) are again affinoid, the induced maps Aα → Bα are surjective, and the B+

α are the
integral closures of the image of A+

α in Bα.
• For any affinoid open V = Spa(A,A+) ⊂ Y , the fiber product X×Y V =: Spa(B,B+) is again affinoid,

the induced map A→ B is surjective, and B+ is the integral closure of the image of A+ in B.

Proposition 4.4.7 ([FS26, Prop. IV.4.19]). Let S be a sousperfectoid space and f : X → S and g : Y → S
be smooth morphisms of sousperfectoid spaces of equidimension dX and dY , respectively. Let i : X ↪→ Y
be a Zariski-closed immersion over S. Then there exists an open covering Y =

⋃
α Vα and étale maps

hα : Vα → DdY
S such that the preimages Uα := X ×Y Vα fit into cartesian diagrams

Uα Vα

DdX
S DdY

S ,

i|Uα

hα

i0

in which i0 is the natural inclusion of the first dX coordinates given by (z1, . . . , zdX ) 7→ (z1, . . . , zdX , 0, . . . , 0).

In particular, Proposition 4.4.7 implies (together with [FS26, Lem. IV.4.13]) that the pullback of a
Zariski-closed immersion i : X ↪→ Y over S along S′ → S is again a Zariski-closed immersion.

Proof. By [FS26, Prop. IV.4.19], we can find an open covering Y =
⋃
α Vα and for each Vα sections f1, . . . , fdY ∈

O(Vα) such that df1, . . . , dfdY is a basis of Ω1
Vα/S

and Uα = {fdX+1 = · · · = fdY = 0}. After rescaling, we
may assume that fr ∈ O+(Vα) for all 1 ≤ r ≤ dY . Then the induced maps hα := (f1, . . . , fdY ) : Vα → DdY

S

are étale thanks to [FS26, Prop. IV.4.15] and fit into the desired cartesian diagrams. □

For the construction of cycle class maps, we will need the computation of the Z/n-étale cohomology of the
relative affine line. We remind the reader that we identify the étale sites of our sousperfectoid spaces with
those of the associated diamonds using [Sch26a, Lem 15.6] and leave the diamondification (−)♢ implicit to
ease notation.

Lemma 4.4.8. Let S be a sousperfectoid space with n ∈ O×
S and h : A1,an

S → S be the relative affine line.
Then the natural map Z/n→ Rhét,∗Z/n in D+

ét(S;Z/n) is an isomorphism.

Proof. When S is a locally noetherian analytic adic space over Zp, this was shown in part (III) of the proof of
[Hub96, Th. 3.9.1]. Let b be the same constant as in that proof, which comes from [Lüt93, Th. 2.1] and only
depends on p and n. Let

U(m)S A1
S

S

jm

hm h

be the relative disk of radius pmb over S. By arguing on each U(m) separately, one can check that the natural
map Z/n→ R limmRjm,ét∗Z/n is an isomorphism. Since Rh∗ preserves limits, we conclude that

Rhét,∗Z/n ≃ Rhét,∗
(
R lim

m
Rjm,ét,∗Z/n

)
≃ R lim

m
Rh∗Rjm,ét,∗Z/n ≃ R lim

m
Rhm,ét,∗Z/n.

We claim that for all m ∈ N

• the natural maps Z/n→ R0hm,ét,∗Z/n are isomorphisms and
• the natural maps R>0hm+1,ét,∗Z/n→ R>0hm,ét,∗Z/n are 0.
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Indeed, by Lemma 3.3.8 again, it suffices to check both statements on stalks at qproét-geometric points
s̄ : Spa(C,C+)→ S. Since the hm are quasi-compact, we can then use base change (Lemma 3.3.9) to reduce
to the case when S = Spa(C,C+), which is covered by the locally noetherian statement in part (III) of the
proof of [Hub96, Th. 3.9.1] (more precisely, statements (α)′, (β)′ and (γ)′ therein). Put together, these two
claims show that the natural map

{Z/n}m∈N → {Rhm,ét,∗Z/n}m∈N

from the constant pro-system is an isomorphism of pro-systems. In particular, the natural map Z/n →
R limmRhm,ét,∗Z/n is an isomorphism in D+

ét(S;Z/n), finishing the proof. □

Proposition 4.4.9. Let S be a sousperfectoid space with n ∈ O×
S and f : X → S and g : Y → S be smooth

morphisms of sousperfectoid spaces of equidimension dX and dY , respectively. Set c := dY −dX . Let i : X ↪→ Y
be a Zariski-closed immersion over S. Then:

(i) (compatibility with pullbacks in S) For any morphism of sousperfectoid spaces u : T → S and induced
pullbacks uX : XT → X and iT : XT ↪→ YT , the maps u∗XRi!Z/n→ Ri!TZ/n from Lemma 4.4.4. (i) are
isomorphisms.

(ii) (purity) There is a unique isomorphism γ : Z/n
∼−→ Ri!Z/n(c)[2c] such that for any map u : T → S from

a locally noetherian sousperfectoid space, the induced map in D+
ét(XT ;Z/n)

Z/n
∼−→ u∗XRi!Z/n(c)[2c] ≃ Ri!TZ/n(c)[2c]

given by γT and the isomorphism from (i) is adjoint to the cycle class map from [LRZ24, Var. 3.3.3] for
the lci immersion iT of locally noetherian analytic adic spaces.

Recall that by Lemma 4.2.4. (ii), the base changes fT : XT → T and gT : YT → T are again smooth
morphisms of sousperfectoid spaces.

Proof of Proposition 4.4.9. We prove (i) and (ii) simultaneously, proceeding in several steps.
Step 1. The isomorphism γ in (ii) is unique. First, note that once the existence of an isomorphism

Z/n ≃ Ri!Z/n(c)[2c] in (ii) is established, we know in particular that Ri!Z/n(c)[2c] is concentrated in degree
0. By virtue of Lemma 3.3.8, the map γ is then uniquely determined by its restrictions γs̄ to the fibers over
qproét-geometric points s̄ : Spa(C,C+) → S over all points s ∈ |S|. As the Spa(C,C+) are in particular
locally noetherian sousperfectoid spaces, it therefore suffices to show (i) and the existence of an isomorphism
γ in (ii) whose pullbacks recover the locally noetherian cycle classes from [LRZ24].

Step 2. The conclusion is preserved under étale maps. More precisely, given a fiber square

(4.4.10)
V X

W Y

h′

i′ i

h

in which i and i′ are Zariski-closed immersions and h and h′ are étale, we show that if the conclusion holds
for i, then it also holds for i′. Moreover, if h and h′ are étale covers, the converse is also true.

Set c := dY − dX = dW − dV . To deal with statement (i), we extend (4.4.10) to a diagram of fiber squares

VT XT

V X

WT YT

W Y.

h′
T

uV

i′T
iT

uX

h′

ihT

uW

uY

h

i′
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By Lemma 4.4.4. (i), it induces a diagram of natural maps

h′,∗T u
∗
XRi!Z/n u∗V h

′,∗Ri!Z/n u∗V Ri
′,!Z/n

h′,∗T Ri!TZ/n Ri′,!T Z/n.

≃ ∼

∼

Lemma 4.4.4. (ii) shows that this diagram commutes and Lemma 4.4.4. (iii) applied to the front and back
shows that the horizontal maps are isomorphisms. Thus, the left vertical map is an isomorphism if and only
if the right vertical map is an isomorphism. Moreover, if h (and hence h′T ) is an étale cover, then the left
vertical map is an isomorphism if and only the natural map u∗XRi

!Z/n→ Ri!TZ/n is an isomorphism. This
finishes the assertion for (i).

Next, we discuss (ii). Given an isomorphism γ : Z/n
∼−→ Ri!Z/n(c)[2c] which realizes statement (ii) for i,

we can use the isomorphism h′,∗Ri!Z/n ≃ Ri′,!Z/n to define

γ′ : Z/n ≃ h′,∗Z/n h′,∗γ−−−→
∼

h′,∗Ri!Z/n(c)[2c] ≃ Ri′,!Z/n(c)[2c].

We now check the conditions on the pullbacks along maps u : T → S from locally noetherian sousperfectoid
spaces for γ′. Since everything in sight commutes with pullback along u, we may assume that T = S is locally
noetherian and verify the adjointness to the cycle classes from [LRZ24] for γ′ (instead of γ′T ). By chasing
diagrams, one sees that the adjoint of γ′ is equal to the pullback of the adjoint of γ. On the other hand, the
cycle classes from [LRZ24] satisfy h′,∗cli = cli′ by transversal base change ([LRZ24, Lem 3.3.4]). This shows
that if the part (ii) of the conclusion holds for i, then it also holds for i′.

Now assume that h and h′ are étale covers and let γ′ : Z/n ∼−→ Ri′,!Z/n(c)[2c] be an isomorphism which
realizes statement (ii) for i′. Let π1, π2 : W̃ :=W ×Y W ⇒W be the two étale projections and ı̃ : Ṽ ↪→ W̃ be
the base change of i′ along πj ; the two base changes of i′ along π1 and π2 agree because i′ is the base change of i.
By our previous discussion, both π1 and π2 produce isomorphisms γ̃1, γ̃2 : Z/n⇒ Rı̃!Z/n(c)[2c] which realize (ii)
for ı̃. On the other hand, such maps are unique thanks to Step 1, so γ̃1 = γ̃2. As H om(Z/n,Ri!Z/n(c)[2c])

is an étale sheaf, this implies that we can descend γ′ to an isomorphism γ : Z/n
∼−→ Ri!Z/n(c)[2c]. As before,

the pullback of the adjoint of γ under h′ is the adjoint of γ′, so the identity h′,∗cli = cli′ for the cycle classes
from [LRZ24] guarantees that part (ii) of the conclusion also holds for i.

Step 3. Proof when X = S, Y = D1
S, and i : S ↪→ D1

S is the 0-section. Consider the commutative diagram

S S

D1
S P1,an

S ,

i

in which the bottom (resp. right) map is the natural open immersion (resp. the 0-section). By Step 2 applied
to this fiber square, it suffices to prove instead the statement when X = S, Y = P1,an

S , and i : S ↪→ P1,an
S is

the 0-section.
Denote by j : A1,an

S ↪→ P1,an
S the complementary affine line around ∞ and set h := g ◦ j. The (twisted and

shifted) pushforward of the standard exact triangle

iét,∗Ri
!Z/n −→ Z/n −→ Rj∗Z/n

in D+
ét(P

1
S ;Z/n) under g : P1,an

S → S together with the identity Rgét,∗ ◦ iét,∗ = Rfét,∗ = id yields the exact
triangle

Ri!Z/n(1)[2] −→ Rgét,∗Z/n(1)[2] −→ Rhét,∗Z/n(1)[2]

in D+
ét(S;Z/n). Under the natural isomorphisms from Lemma 4.2.8, Lemma 4.4.8, and [Sch26a, Cor. 16.7], the

second map identifies with the projection Z/n(1)[2]⊕Z/n↠ Z/n(1)[2] onto the first factor (corresponding to
R0gét,∗Z/n ≃ R0hét,∗Z/n). Therefore, we get a canonical isomorphism γ−1 : Ri!Z/n(1)[2]

∼−→ Z/n. We denote
its inverse by γ. As this construction is compatible with pullbacks along arbitrary maps of sousperfectoid
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spaces T → S, the isomorphism γ is also compatible with pullbacks, yielding (i) in this case. Moreover,
since γ and the cycle classes in [LRZ24] in the divisor case are both defined via the Kummer sequence
(Construction 4.2.7 and [LRZ24, Def. 3.1.4, Rmk. 3.1.9]) and OP1,an

S

(
i(S)

)
= OP1,an

S
(1), one can check that

the pullbacks γT along maps T → S from locally noetherian sousperfectoid spaces are adjoint to the cycle
class maps from [LRZ24].10 Thus, γ satisfies the requirements of (ii) in this case.

Step 4. Proof when X = De
S, Y = Dd

S, and i : De
S ↪→ Dd

S is the natural inclusion of the first e coordinates
given by (z1, . . . , ze) 7→ (z1, . . . , ze, 0, . . . , 0). We proceed by induction on d ≥ 0. The base case d = 0 (and
thus i = id) is trivial. For the induction step, assume that the statement has been proven for d− 1 ≥ 0.

We may assume that d > e and factor i as i : De
S

i1
↪−→ Dd−1

S

i2
↪−→ Dd

S . First, we claim that it suffices to
prove the statement for i1 and i2 separately: Indeed, once the statement is established for both i1 and i2,
part (i) for i follows directly from the compatibility of the maps from Lemma 4.4.4. (i) with compositions
(Lemma 4.4.4. (ii)). Likewise, the isomorphism γ for i in part (ii) can simply be defined as

γ : Z/n
∼−−→ Ri!1Z/n(d− e− 1)[2d− 2e− 2]

∼−−→ Ri!1Ri
!
2Z/n(d− e)[2d− 2e] ≃ R(i2 ◦ i1)!Z/n(d− e)[2d− 2e].

For any locally noetherian T → S, the adjoint of γT is given by the composition of the adjoints, so the
compatibility with the cycle class maps from [LRZ24, Var. 3.3.3] follows from the fact that these cycle class
maps are compatible with compositions as well [LRZ24, Cor. 3.3.8], establishing the claim.

Next, the statement for i1 follows from the induction hypothesis. As for i2, since we show the statement for
arbitrary sousperfectoid S and the relative unit disk over a (locally noetherian) sousperfectoid space is again
(locally noetherian) sousperfectoid, we can replace S by Dd−1

S and identify Dd−1
S ↪→ Dd

S with the 0-section
Dd−1
S ↪→ D1

Dd−1
S

. The assertion then follows again from the case of the 1-dimensional unit disk (relative over

Dd−1
S ) proved in Step 3.
Step 5. General case. By the second part of Step 2, the statement is étale-local on Y . Thanks to the local

structure of Zariski-closed immersions between smooth sousperfectoid spaces from Proposition 4.4.7, it is
therefore a direct consequence of Step 2 and Step 4. □

With Proposition 4.4.9 in place, it is now natural to define cycle classes for sousperfectoid spaces as follows:

Definition 4.4.11. Let S be a sousperfectoid space over Spa(Qp,Zp) and i : X ↪→ Y be a Zariski-closed
immersion of sousperfectoid spaces which are smooth over S of equidimension dX and dY , respectively. Set
c := dY −dX . Note that in this case Remark 3.3.3 and Proposition 3.4.7 imply that iét,∗Z/n ≃ Riqproét,∗Z/n ≃
Riv,∗Z/n for any integer n ≥ 1.11

(1) The mod-n cycle class map of i is the morphism

cl
Z/n
i : Riv,∗Z/n ≃ iét,∗Z/n −→ Z/n(c)[2c]

in D+
ét(Y ;Z/n) ⊂ D+(Yv;Z/n) which is adjoint to the isomorphism γ : Z/n

∼−→ Ri!Z/n(c)[2c] from
Proposition 4.4.9. (ii).

(2) The p-adic cycle class map of i is the morphism

cl
Zp

i : Riv,∗Zp −→ Zp(c)[2c]

in D+(Yv;Zp) under the natural identifications Zp ≃ limr Z/p
r ≃ R limr Z/p

r (see e.g. [BS15, Prop. 3.1.10]
and [MW23, Lem. 1.2]) and R limr Riv,∗Z/p

r ≃ Riv,∗R limr Z/p
r.

(3) Let (A,B) ∈ {(O+,O), (AI ,BI)}. The A-cycle class map of i is the morphism

clAi : Riv,∗A ≃
(
(Riv,∗Zp)⊗̂Zp

A
) cl

Zp
i ⊗id
−−−−−→ A(c)[2c]

10Alternatively, one can use that both constructions are compatible with the algebraic cycle classes by Lemma 4.2.8 and
[LRZ24, Lem. 3.1.7], respectively.

11Unlike iét,∗, we use the notation Riqproét,∗ and Riv,∗ because we do not know whether the functors iqproét,∗ and iv,∗ are
exact.
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in the almost12 category D+(Yv;A)a in which the first almost isomorphism uses the relative primitive
comparison Lemma 3.6.7. The B-cycle class map of i is the morphism

clBi : Riv,∗B → B(c)[2c]

in D+(Yv;B) obtained as clAi [1/p]. Here we are using the fact that Rfv,∗ commutes with uniformly
bounded below colimits as f is quasi-compact and quasi-separated.

We caution the reader that the cycle class maps from Definition 4.4.11 might a priori depend on the
structure morphisms to S (though their fibers over each qproét-geometric point s̄ of S are uniquely determined
by Proposition 4.4.9. (ii)). However, this will not cause any problems in this paper.

To finish this section, we record the following compatibility between the trace maps from Section 4.2 and
the cycle class maps from Section 4.4. For this, we will need the following general lemma.

Lemma 4.4.12. Let Y be a sousperfectoid space, let f : X → Y be a separated qcqs smooth morphism, and
let s : Y → X be a section of f . Then s is a Zariski-closed immersion.

We refer to Definition 4.3.1 for the definition of a separated morphism of sousperfectoid spaces.

Proof. Step 1. s is a locally closed immersion, i.e., s = j ◦ i such that i is a Zariski-closed immersion and j
is an open immersion. First, [FS26, Prop. IV.4.19] implies that the claim is local on Y , so we can assume that
Y = Spa(R,R+) is an affinoid. Since s(Y ) is quasi-compact, we can replace X with a quasi-compact open
neighborhood of s(Y ) to assume that X is qcqs. In particular, we can assume that s is a spectral map of
spectral spaces.

Choose a point y ∈ Y . Then [FS26, Lem. IV.4.14] implies that there are open subspaces y ∈ Uy ⊂ Y and
s(y) ∈ Vy ⊂ X such that Vy ≃ Dd

Uy
as an Uy-space. Without loss of generality we can assume that Uy is a

quasi-compact open subset (and, therefore, Vy ≃ Dd
Uy

is also quasi-compact). Since s is a spectral map of
spectral spaces, [Sch26a, Lem. 2.3] ensures that s(Uy) ⊂ X is pro-constructible. Therefore, [SP26, Tag 0A2X]
implies that we can shrink Uy to assume that y ∈ Uy is affinoid and s(Uy) ⊂ Vy.

Since the claim is local on Y , it suffices to show that s|Uy
: Uy → f−1(Uy) is a locally closed immersion.

For this, it is enough to show that the map s|Uy : Uy → Vy is a Zariski-closed immersion. Note that Vy ≃ Dd
Uy

is affinoid since Uy is affinoid. Therefore, [FS26, Prop. IV.4.19] guarantees that it suffices to show that
s♯ : O(Vy)→ O(Uy) is surjective and O+(Uy) is the integral closure of s♯

(
O+(Vy)

)
. Both results easily follow

from the observation that the composition(
O(Uy),O+(Uy)

) f♯

−→
(
O(Vy),O+(Vy)

) s♯−→
(
O(Uy),O+(Uy)

)
is equal to the identity.

Step 2. s is topologically a closed immersion. Step 1 already implies that s is a topological immersion (i.e.,
s defines a homeomorphism of Y onto its image), so it suffices to show that the image of s is closed. For
this, [Sch26a, Lem. 15.6] implies that it suffices to show that s♢ : Y ♢ → X♢ has a closed image. Using the
cartesian diagram

Y ♢ X♢

X♢ X♢ ×Y ♢ X♢,

s♢

s♢

(id,s♢◦f♢)

∆X♢/Y ♢

we see that it suffices to show that f♢ : X♢ → Y ♢ is separated in the sense of [Sch26a, Def. 10.7]. This follows
from Lemma 4.3.2.

Step 3. s is a Zariski-closed immersion. Step 1 implies that we can decompose s as a composition
Y

i
↪−→ V

j
↪−→ X such that i is a Zariski-closed immersion and j is an open immersion. Step 2 implies that s(Y )

is a closed subset of X. Therefore, X = V ∪ (X ∖ s(Y )) gives a covering of X by two open subsets such
that Y ∩ V = Y → V and Y ∩ (X ∖ s(Y )) = ∅→ (X ∖ s(Y )) are Zariski-closed immersions. Thus, [FS26,
Prop. IV.4.19] implies that s is a Zariski-closed immersion as well. □

12Here the almost mathematics is with respect to A◦◦
I if A = AI and with respect to O◦◦

Y if A = O+
Y .

https://stacks.math.columbia.edu/tag/0A2X
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Finally, we are ready to prove the desired compatibility between the cycle and trace morphisms.

Proposition 4.4.13. Let S be a sousperfectoid space over Spa(Qp,Zp), let fX : X → S and fY : Y → S
be smooth morphisms of sousperfectoid spaces of equidimension dX and dY , respectively. Let f : X → Y
be a smooth proper S-morphism of equidimension d := dX − dY , let s : Y → X be a section of f , and let
A ∈ {Z/n,Zp,BI ,O}. Then the following composition

A ≃ Rfv,∗Rsv,∗A
Rfv,∗(cl

A
s )−−−−−−−→ Rfv,∗A(d)[2d]

trAf−−→ A
is equal to identity.

We note that clAs is well-defined due to Lemma 4.4.12.

Proof. Step 1. The case of A = Z/n. Remark 3.3.3 and Proposition 3.4.7 imply that Rfv,∗Z/nZ(d)[2d] lies
in D+

ét(Y
♢;Z/nZ). Since the composition trAf ◦Rfv,∗(cl

Z/n
s ) is a map between abelian sheaves, Lemma 3.3.8

implies that we can check that it is equal to the identity on stalks. Since tr and cl commute with arbitrary
base change (see Proposition 4.3.9 and Proposition 4.4.9), we can reduce to the case when S = Spa(C,C+)
for an algebraically closed nonarchimedean field C and an open bounded valuation subring C+ ⊂ C. In this
case, all spaces involved are locally noetherian and, furthermore, the trace and cycle class maps identify with
those from [LRZ24] by virtue of Proposition 4.3.7 and Proposition 4.4.9. (ii), respectively. Thus, the assertion
follows from [LRZ24, Th. 7.2.19].

Step 2. The case of A ∈ {Zp,O+,AI}. By the naturality of R lim, the case A = Zp follows from Step 1.
Now we consider the case of A ∈ {O+,AI}. From the construction of cycle class maps and trace maps with
A-coefficients in Definition 4.4.11 and Definition 4.3.8, we have a commutative diagram(

Rfv,∗Rsv,∗(Zp)⊗̂
L

Zp
A
) (

Rfv,∗(Zp(d)[2d])⊗̂
L

Zp
A
)

Zp⊗̂
L

Zp
A

Rfv,∗Rsv,∗A Rfv,∗A(d)[2d] A,

Rfv,∗(cl
Zp
s )⊗̂L

id

∼

tr
Zp
f ⊗̂L

id

∼ ∼

Rfv,∗(cl
A
s ) trAf

where the vertical (almost) isomorphisms follow from the relative primitive comparison theorem (see
Lemma 3.6.7). Therefore, the claim for A ∈ {AI ,O+} follows from the case A = Zp.

Step 3. The case of A ∈ {O,BI}. This follows from Step 2 by inverting p. □

5. Duality for period sheaves

The purpose of this section is to show that the derived pushforward along smooth proper maps preserves
perfect O and BI -complexes. We argue by adapting the strategy from [LRZ24, Sections 6.3-6.4]. In Section 7.3,
we extend these results to proper singular rigid-analytic spaces over a nonarchimedean field K using the
proper trace map constructed in [LRZ24, Section 7].

Throughout this section, we fix a closed interval I ⊂ (0,∞) with rational endpoints.

5.1. Digression: G-equivariant sheaves. The goal of this subsection is to define the notion of G-equivariant
sheaves for a topos (X,O) and a sheaf of groups G ∈ Shv(X; Grp). We also verify certain properties of this
definition; these properties will be crucially used in our proof of the Künneth formula Theorem 5.2.4.

For the next definition, we fix a sheaf of groups G ∈ Shv(X; Grp) with the multiplication morphism
m : G×G→ G and an object X̃ ∈ Ob(X) with an action a : G× X̃ → X̃ in X. We denote by q : G× X̃ → X̃

the projection onto X̃.
For a morphism f : Y ′ → Y in the topos X, we also denote by f : X/Y ′ → X/Y the induced morphism of

sliced topoi.

Definition 5.1.1. The quotient topos [X̃/G] is defined as the following 2-colimit in the 2-category of topoi:

[X̃/G] := 2- colim
(
X/G×G×X̃ X/G×X̃ X/X̃

)
.

id×a

m×id

id×q

a

q
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When X̃ = ∗ is the final object of X, we denote [∗/G] by [X/G].

The desired 2-colimit in Definition 5.1.1 exists due to [Moe88, Th. 1]. Furthermore, loc. cit. implies that the

underlying category of [X̃/G] is equivalent to 2- lim
(
X/X̃ X/G×X̃ X/G×G×X̃

)a−1

q−1

. This implies

the following observation:

Remark 5.1.2. If X̃ → ∗ is a G-torsor, then the induced morphism [X̃/G]→ X is an equivalence. Indeed,
combining descent along the effective epimorphism X̃ → ∗ and the above description of the underlying
category of [X̃/G], we conclude that

X ≃ 2- lim
(
X/X̃ X/G×X̃ X/G×G×X̃

)a−1

q−1

≃ [X̃/G].

Notation 5.1.3. The group ring functor Z[−] : Shv(X; Grp)→ Shv(X; Ring) is the left adjoint to the functor
(−)× : Shv(X; Ring)→ Shv(X; Grp).

For a sheaf of commutative rings R ∈ Shv(X; CAlg) and a sheaf of groups G ∈ Shv(X; Grp), we set
R[G] := R⊗Z Z[G].

The next lemma gives a clean way to think about sheaves of abelian groups on [X/G] in terms of sheaves
of abelian groups on X. Before we formulate this lemma, we note that there is always a canonical morphism
of topoi π : [X/G]→ X which corresponds to the pair of the identity morphism idX : X → X and the identity
equivalence id : idX ◦a ≃ idX ◦q : X/G → X under the universal property of [X/G]. Similarly, for any sheaf of
commutative rings R ∈ Shv(X; CAlg), the pullback π−1R ∈ Shv([X/G]; CAlg) canonically defines a sheaf of
commutative rings on [X/G], which we also denote by R.

Lemma 5.1.4. Let X be a topos, let G ∈ Shv(X; Grp) be a sheaf of groups on X, let R ∈ Shv(X; CAlg) be
a sheaf of commutative rings, and let e : X → [X/G] and π : [X/G]→ X be the natural morphisms of topoi.
Then there is an equivalence of categories Shv

(
[X/G];R

)
≃ Shv(X;R[G]) such that under this equivalence

(1) e−1 is identified with the forgetful functor Shv(X;R[G])→ Shv(X;R);
(2) e∗ is identified with HomR(R[G],−) : Shv(X;R)→ Shv(X;R[G]);
(3) π−1 is identified with the functor Shv(X;R)→ Shv(X;R[G]) induced by the augmentation morphism

R[G]→ R;
(4) π∗ is identified with the functor HomR[G](R,−) : Shv(X;R[G])→ Shv(X;R).

Proof. Denote by a : X/G → X the natural morphism and by p1, p2,m : X/G×G → X/G the morphisms
induced by the projections p1, p2 : G×G→ G and the multiplication map m : G×G→ G respectively.

For any topos T and A ∈ Shv(T ; CAlg), the category Shv(T ;A) is canonically identified with A-module
objects in T . Therefore, [Moe88, Th. 1] implies that

Shv
(
[X/G];R

)
≃ 2- lim

(
Shv(X;R) Shv(X/G;R) Shv(X/G×G;R)

)a−1

a−1

.

In other words, we have:

(5.1.5) Shv
(
[X/G];R

)
≃
{
F ∈ Shv(X;R), θ : a−1F ∼−→ a−1F | m−1(θ) = p−1

2 (θ) ◦ p−1
1 (θ)

}
Note that θ defines a morphism of sheaves of sets G→ AutR(F) and the cocycle condition is equivalent to
the fact that θ is a group homomorphism. Therefore, we conclude that

Shv
(
[X/G];R

)
≃ {F ∈ Shv(X;R), φ ∈ Mapgrp

(
G,AutR(F)

)
}.

On the other hand, we have Shv(X;R[G]) ≃ {F ∈ Shv(X;R), φ ∈ Mapring
(
R[G],EndR(F)

)
}. Combining it

with the ⊗-forget-adjunction and the adjunction from Notation 5.1.3, we conclude that

Shv(X;R[G]) ≃ {F ∈ Shv(X;R), φ ∈ Mapgrp
(
G,AutR(F)

)
} ≃ Shv

(
[X/G];R

)
.

By construction, one sees that e−1 is identified with the forgetful functor Shv(X;R[G]) → Shv(X;R). By
passing to right adjoints, we conclude that e∗ is identified with HomR(R[G],−) : Shv(X;R)→ Shv(X;R[G]).
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Similarly, we see that π−1 is identified with the functor that sends a sheaf F ∈ Shv(X;R) to the pair
(F , id : a−1F ∼−→ a−1F) under the equivalence from (5.1.5). After unraveling all the identifications, one
sees that this functor corresponds to the functor Shv(X;R) → Shv(X;R[G]) induced by the augmenta-
tion morphism R[G] → R. By passing to right adjoints, we see that π∗ is identified with the functor
HomR[G](R,−) : Shv(X;R[G])→ Shv(X;R). □

Now we are ready to formulate the main result of this subsection.

Proposition 5.1.6. Let f : X → Y be a morphism of topoi, let G ∈ Shv(Y,Grp) be a sheaf of groups on
Y , let R ∈ Shv(Y,CAlg) be a sheaf of commutative rings on Y , let X̃ → ∗ be a f−1G-torsor on X with the
induced morphism j : X/X̃ → X, and let f̃ : X/X̃ → Y be the composite morphism. Then there is a natural
morphism of topoi g : X → [Y/G] such that the diagram

(5.1.7)

D(X; f−1R) D
(
X/X̃ ; f−1R

)
D(Y ;R) D([Y/G];R) ≃ D(Y ;R[G]) D(Y ;Z)

Rf∗ Rg∗

j−1

Rf̃∗

RHomR[G](R,−) forget

commutes (up to a canonical equivalence).

Proof. We denote by a : Y/G → Y the slice morphism, we denote by α, q : f−1G× X̃ → X̃ the action and the
projection morphisms, and (by slight abuse of notation) we also denote by α, q : X/f−1G×X̃ → X/X̃ the associ-

ated morphisms of slice topoi. Finally, we denote by f̃/G : X/f−1G×X̃ → Y/G and f̃/G×G : X/f−1G×f−1G×X̃ →
Y/G×G induced by f̃ (see [SP26, Tag 04H1]). Then the diagram of topoi

(5.1.8)

X/f−1G×f−1G×X̃ Y/G×G

X/f−1G×X̃ Y/G

X/X̃ Y

f̃/G×G

qα

f̃/G

aa

f̃

commutes (up to a canonical equivalence). We wish to show that two possible bottom squares in Diagram (5.1.8)
are cartesian. First, the diagram

(5.1.9)

X/f−1G×X̃ Y/G

X/X̃ Y

q

f̃/G

a

f̃

is cartesian by virtue of [SGA4, Exp. IV, Prop. 5.11]. Furthermore, let α̃ : f−1G× X̃ → f−1G× X̃ be the
morphism defined via the formula α̃(g, x) = (g, α(g, x)) and let α̃ : X/f−1G×X̃ → X/f−1G×X̃ be the associated

morphism of slice topoi. Then the assumption that X̃ is a f−1G-torsor implies that α̃ is an isomorphism and
that the diagram

X/f−1G×X̃ X/f−1G×X̃

X/X̃

α̃

α
q

https://stacks.math.columbia.edu/tag/04H1
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commutes (up to a canonical equivalence). Combining this with the fact that Diagram (5.1.9) is cartesian, we
deduce that the diagram

(5.1.10)

X/f−1G×X̃ Y/G

X/X̃ Y

α

f̃/G

a

f̃

is cartesian as well.
Now the universal property of 2-colimits, Remark 5.1.2, Diagram (5.1.8) induce an essentially unique

morphism of topoi g : X ≃ [X/X̃/f
−1G]→ [Y/G] such that the following diagram of topoi commutes

X/X̃ Y

X [Y/G] Y,

f̃

j
ide

g

f

π

where the morphisms π and e are as in Lemma 5.1.4. Combining this with the identifications Shv([Y/G];R) ≃
Shv(Y ;R[G]) and π∗ = HomR[G](R,−) from Lemma 5.1.4, we immediately see that the left triangle in
(5.1.7) commutes (up to a canonical equivalence). To see that the right square commutes (up to a canonical
equivalence), it suffices to show that the natural transformation of functors

e−1 ◦ g∗ → f̃∗ ◦ j−1 : Shv(X;Z)→ Shv(Y ;Z)

is an equivalence. For this, we note that the functor g−1 sends a descent pair
{
F ∈ Shv(Y ;Z), φ : a−1F

∼−→
a−1F

}
to the pair

{
f̃−1F ∈ Shv(X/X̃ ;Z), α−1f̃−1F ≃ f̃−1

/Ga
−1F

f̃−1
/G

(φ)
−−−−→ f̃−1

/Ga
−1F ≃ q−1f̃−1F

}
.

Since g∗ is the right adjoint to this functor, we see that

g∗

({
G ∈ Shv(X/X̃ ;Z), ψ : α−1G

∼−→ q−1G
})

=
{
f̃∗G ∈ Shv(Y ;Z), a−1f̃∗G ≃ f̃/G,∗α−1G

f̃/G,∗(ψ)−−−−−→ f̃/G,∗q
−1G ≃ a−1f̃∗G

}
,

where the isomorphisms a−1f̃∗G ≃ f̃/G,∗α
−1G and f̃/G,∗q

−1G ≃ a−1f̃∗G come from the fact that Dia-
grams (5.1.9) and (5.1.10) are cartesian and the trivial base change (see [SP26, Tag 04H1]).

With this description, one sees directly that the natural transformation of functors e−1 ◦ g∗ → f̃∗ ◦ j−1 is
an equivalence. □

5.2. Künneth formula. The main goal of this subsection is to prove a solid version of the Künneth formula
for perfect O and BI -complexes.

Construction 5.2.1 (Künneth map, cf. [LRZ24, Construction 6.3.4]). Let

(5.2.2)
W X

X ′ S

g

g′ h f

f ′

be a commutative diagram of diamonds over Spd(Qp,Zp), let A ∈ {BI ,O}, and let E ∈ D(Xv;A) and
E ′ ∈ D(X ′

v;A).13

13We caution the reader that throughout this construction, all instances of (−)∗ mean the (derived) pullback in the setting of
maps of ringed sites. Namely, f∗(E) := f−1(E)⊗L

f−1(AY )
AX for a map of ringed sites f : (X,AX) → (Y,AY ).

https://stacks.math.columbia.edu/tag/04H1
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(1) We define the Künneth map

KMf,f ′ : Rfv,∗E ⊗L
A Rf ′v,∗E ′ → Rhv,∗(g

∗E ⊗L
A g′∗E ′)

as the adjoint to the map

h∗
(
Rfv,∗(E)⊗L

A Rf ′v,∗(E ′)
)
≃ (g∗f∗Rfv,∗E)⊗L

A (g′∗f ′∗Rf ′v,∗E ′)
g∗(ϵf )⊗Lg′∗(ϵf′ )
−−−−−−−−−−−→ g∗E ⊗L

A g′∗E ′,
where ϵf (resp. ϵf ′) denotes the counit of the (f∗,Rfv,∗)-adjunction (resp. the (f ′∗,Rf ′v,∗)-adjunction).

(2) Combining the above Künneth map with Variant 3.2.2, we get the condensed Künneth map as the
following composition:

RΓv(X, E)⊗L
Γv(S,A) RΓv(X

′, E ′) RΓv(S,Rf∗E)⊗L
Γv(S,A) RΓv(S,Rf

′
∗E ′) RΓv(S,Rfv,∗E ⊗L

A Rf ′v,∗E ′)

RΓv(W, g
∗E ⊗L

A g′∗E ′) RΓv(S,Rhv,∗(g
∗E ⊗L

A g′∗E ′)),
KMcond

X,X′

∼ ∪

KMf,f′

∼

where ∪ is the cup-product map from [SP26, Tag 0B6C].
(3) If RΓv(X, E), RΓv(X ′, E ′), and RΓv(W, g

∗E ⊗L
A g′∗E ′) are solid, then KMcond factors through the solid

tensor product

KM□
X,X′ : RΓv(X, E)⊗L□

Γv(S,A) RΓv(X
′, E ′)→ RΓv(W, g

∗E ⊗L
A g′∗E ′),

which we will refer to as the solid Künneth map. If there is no risk of confusion, we denote it simply by
KM□.

We will also often denote g∗E ⊗L
A g′∗E ′ simply by E ⊠L E ′ unless there is some risk for confusion.

Remark 5.2.3. The solid assumption in Construction 5.2.1 (3) is automatic if E ∈ Perfv(X;A) and
E ′ ∈ Perfv(X

′;A) (see Lemma 3.2.5).

The main result of this subsection is the following Künneth formula statement.

Theorem 5.2.4. Let S be a strictly totally disconnected perfectoid space over Spd(Qp,Zp), let S♯ be the
corresponding untilt. Let f ♯ : X♯ → S♯ and f ′♯ : X ′♯ → S♯ be qcqs smooth maps of sousperfectoid spaces and
let A ∈ {BI ,O}. Set X := (X♯)♢ and X ′ := (X ′♯)♢. Let E ∈ Perfv(X,A) and E ′ ∈ Perfv(X

′,A). Then the
solid Künneth map

KM□ : RΓv(X, E)⊗L□
Γv(S,A) RΓv(X

′, E ′)→ RΓv(X ×S X ′, E ⊠L E ′).

is an isomorphism.

We start the proof of Theorem 5.2.4 with the following preliminary lemmas.

Lemma 5.2.5. Let γ ∈ Zp be a topological generator of Zp, let M ∈ D(Zp[Zp]), and let γ∗ : M →M be the
associated automorphism of M . If the underlying condensed complex of M is solid (i.e., it lies in D□(Z)),
then the natural morphism

RHomZp[Zp]
(Zp,M)

∼ // lim
(
M

γ∗
//

id
// M
)

is an isomorphism.

We remind the reader that Zp denotes the condensed ring associated with the topological ring Zp and
Zp[Zp] denotes the associated Zp-linear group algebra (see Notation 5.1.3).

Proof. First, [Bos21, Lem.B.4(i)] implies that Zp[Zp]
□ ≃ Zp[[Zp]] := limn Zp[Z/p

n]. Therefore, [Bos21,
Lem. A.16, B.4(ii)] and our assumption that M is solid imply that RHomZp[Zp]

(Zp,M) ≃ RHomZp[[Zp]]
(Zp,M).

In other words, it suffices to show that the natural map

RHomZp[[Zp]]
(Zp,M)

∼ // lim
(
M

γ∗
//

id
// M
)

https://stacks.math.columbia.edu/tag/0B6C
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is an isomorphism. This follows directly from the fact that Zp[[Zp]]
γ−1−−−→ Zp[[Zp]] is a projective resolution of

Zp in the category of Zp[[Zp]]-modules. □

Lemma 5.2.6. Let X̃ → X be a Zp-torsor of diamonds over Spd(Qp,Zp), let γ ∈ Zp be a topological
generator, and let γ : X̃ → X̃ be the associated X-automorphism of X̃. Let E ∈ D(Xv;Zp) be a complex of
sheaves of Zp-modules such that RΓv(X̃, E) is solid, i.e., it lies D□(Z). Then the natural morphism

RΓv(X, E)
∼ // lim

(
RΓv(X̃, E

∣∣
X̃
)

γ∗
//

id
// RΓv(X̃, E

∣∣
X̃
)
)

is an isomorphism and RΓv(X, E) is solid as well.

Proof. We apply Proposition 5.1.6 to the morphism Xv → ∗proét, the group object Zp on ∗proét, and the
Zp-torsor X̃ → X to conclude that RΓv(X̃, E) is naturally an object of D(Zp[Zp]) and that RΓv(X, E) ≃
RHomZp[Zp]

(
Zp,RΓv(X̃, E

∣∣
X̃

)
. Since RΓv(X̃, E) is assumed to be solid, the isomorphism

RΓv(X, E)
∼ // lim

(
RΓv(X̃, E

∣∣
X̃
)

γ∗
//

id
// RΓv(X̃, E

∣∣
X̃
)
)

follows immediately from Lemma 5.2.5. Now the fact that RΓv(X, E) is solid follows from the fact that
D□(Z) ⊂ D(Cond(Ab)) is closed under limits (see [Sch26b, Def. 5.1]). □

Definition 5.2.7. A map of diamonds X̃ → X is called a successive Zp-torsor if there exists n ∈ Z>0 and a
factorization X̃ = Xn → Xn−1 → · · · → X0 = X such that each Xi → Xi−1 is a Zp-torsor.

Here is the main example of a successive Zp-torsors.

Example 5.2.8. Let S = Spa(R,R+) be a strictly totally disconnected perfectoid space over Spa(Qp,Zp).
We fix a compatible system (ζpr ∈ R)r∈N of p-power roots of 1. This defines a trivialization Zp

∼−→ Zp(1). Let
Td
S = Spa(R⟨T±1

1 , . . . , T±1
d ⟩, R+⟨T±1

1 , . . . , T±1
d ⟩) be the d-dimensional relative torus, and let

T̃d
S := Spa(R⟨T±1/p∞

1 , . . . , T
±1/p∞

d ⟩, R+⟨T±1/p∞

1 , . . . , T
±1/p∞

d ⟩)
be the d-dimensional perfectoid torus. Then the natural morphism(

T̃d
S

)♢ ≃ lim
m

Spd
(
R⟨T±1/pm

1 , . . . , T
±1/pm

d ⟩, R+⟨T±1/pm

1 , . . . , T
±1/pm

d ⟩
)
→ (Td

S)
♢

is a quasi-pro-étale covering and an Zdp ≃ Zp(1)
d-torsor. Furthermore, this is a successive Zp-torsor since we

may successively adjoin p-power roots of one variable at a time.

Lemma 5.2.9. Let S be a strictly totally disconnected perfectoid space over Spd(Qp,Zp) and let

(5.2.10)

W̃ X̃

W X

X ′ S

g̃′
t′

g̃

⌟
t

g

g′ f

f ′

be a commutative diagram of diamonds over Spd(Qp,Zp) such that the upper square is cartesian and the
morphism t is a successive Zp-torsor. Let A ∈ {BI ,O}, let E ∈ Perfv(X;A) and E ′ ∈ Perfv(X

′;A) such that
the solid Künneth map

KM□
X̃,X′ : RΓv(X̃, E

∣∣
X̃
)⊗L□

Γv(S,A) RΓv(X
′, E ′)→ RΓv

(
W̃ , g̃∗(E

∣∣
X̃
)⊗L g̃′,∗E ′

)
is an isomorphism. Then the following solid Künneth map

KM□
X,X′ : RΓv(X, E)⊗L□

Γv(S,A) RΓv(X
′, E ′)→ RΓv(W, g

∗E ⊗L g′,∗E ′)
is an isomorphism as well.
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Note that all RΓv(−,−) involved in the formulation of Lemma 5.2.9 are solid due to Lemma 3.2.5. Thus,
the solid Künneth map is indeed well-defined.

Proof. A straightforward inductive argument immediately reduces the question to the case when X̃ → X is a
Zp-torsor. For an object M ∈ D□(Cond(Ab)) with an endomorphism f : M →M , we set

(M)f=1 := lim

(
M

f
//

id
// M

)
≃ fib(M

f−id−−−→M).

With this notation at hand, the functoriality of the solid Künneth map from Construction 5.2.1 in the input
diagram yields a commutative diagram

RΓv(X, E)⊗L□
Γv(S,A) RΓv(X

′, E ′) RΓv(W, g
∗E ⊗L g′∗E ′)

(
RΓv(X̃, E

∣∣
X̃
)⊗L□

Γv(S,A) RΓv(X
′, E ′)

)γ=1 (
RΓv(W̃ , g̃∗(E

∣∣
X̃
)⊗L g̃′∗E ′)

)γ=1

.

KM□
X,X′

(KM□
X̃,X′ )

γ=1

Our assumption implies that (KM□
X̃,X′)

γ=1 is an isomorphism. Therefore, it suffices to show that both vertical
maps are isomorphisms. The right vertical map is an isomorphism due to Lemma 5.2.6. To see that the left
vertical map is an isomorphism, we decompose it as a composition

RΓv(X, E)⊗L□
Γv(S,A)RΓv(X

′, E ′)→
(
RΓv(X̃, E

∣∣
X̃
)
)γ=1

⊗L□
Γv(S,A)RΓv(X

′, E ′)→
(
RΓv(X̃, E

∣∣
X̃
)⊗L□

Γv(S,A) RΓv(X
′, E ′)

)γ=1

.

Then the first map is an isomorphism due to Lemma 5.2.6, while the second map is an isomorphism since γ
does not act on RΓv(X

′, E ′). This implies that both vertical maps are isomorphism and, therefore, finishes
the proof. □

For the next definition, we fix an affinoid sousperfectoid space S and a smooth morphism f : X → S of
sousperfectoid spaces.

Definition 5.2.11. The S-space X admits good coordinates if there is an integer d and an S-morphism
g : X → Td

S such that g is a composition of rational subdomains and finite étale morphisms.

Similarly to the classical situation, every smooth space over a sousperfectoid affinoid space admits good
coordinates locally in the analytic topology.

Lemma 5.2.12. Let S = Spa(R,R+) be an affinoid sousperfectoid space over Spa(Qp,Zp), let f : X → S
be a smooth morphism of sousperfectoid spaces, and let x ∈ X be a point. Then there is an open affinoid
neighborhood x ∈ Ux ⊂ X such that Ux admits good coordinates.

Proof. The definition of smooth morphisms implies that there is an open affinoid x ∈ Ux ⊂ X such that
f |Ux : Ux → S factors as a composition of an étale morphism gx : Ux → Dd

S followed by the projection Dd
S → S.

Furthermore, the definition of an étale map implies that (possibly after further shrinking Ux) we can assume
that gx is a composition of rational subdomains and finite étale maps. Furthermore, we can identify Dd

S with
a rational subdomain Td

S

(
T1−1
p , . . . , Td−1

p

)
⊂ Td

S , where T1, . . . , Td are the coordinates on Td
S . Therefore, the

composition
Ux

gx−→ Dd
S ↪→ Td

S

defines the desired good coordinates on Ux. □

Before we start proving Theorem 5.2.4, we need one more preliminary lemma.

Lemma 5.2.13. Let S be a strictly totally disconnected perfectoid space over Spd(Qp,Zp) corresponding
to an untilt S♯ → Spa(Qp,Zp). Let f ♯ : X♯ → S♯ and f ′♯ : X ′♯ → S♯ be qcqs smooth maps of sousperfectoid
spaces, and let X♯ = U ♯1 ∪ U

♯
2 be an open covering with U ♯3 := U ♯1 ∩ U

♯
2. Set X := (X♯)♢, X ′ := (X ′♯)♢ and

Ui := (U ♯i )
♢. Let E ∈ Perf(Xv,A) and E ′ ∈ Perf(X ′

v,A) for A ∈ {O,BI}. If the solid Künneth maps

KM□
Ui,X′ : RΓv(Ui, E

∣∣
Ui
)⊗L□

Γv(S,A) RΓv(X
′, E ′)→ RΓv(Ui ×S X ′, E

∣∣
Ui

⊠L E ′)
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are isomorphisms for 1 ≤ i ≤ 3, then the solid Künneth map

KM□
X,X′ : RΓv(X, E)⊗L□

Γv(S,A) RΓv(X
′, E ′)→ RΓv(X ×S X ′, E ⊠L E ′)

is an isomorphism as well.

Proof. We consider the Mayer–Vietoris exact triangle

RΓv(X, E)→ RΓv(U1, E)⊕ RΓv(U2, E)→ RΓv(U3, E).
Since the solid Künneth map is functorial, we get the commutative diagram

RΓv(X, E)⊗L□
Γv(S,A) RΓv(X

′, E ′) RΓv(X ×S X ′, E ⊠L E ′)

RΓv(U1, E
∣∣
U1
)⊗L□

Γv(S,A) RΓv(X
′, E ′)

⊕

RΓv(U2, E
∣∣
U2
)⊗L□

Γv(S,A) RΓv(X
′, E ′)

RΓv(U1 ×S X ′, E
∣∣
U1

⊠L E ′)
⊕

RΓv(U2 ×S X ′, E
∣∣
U2

⊠L E ′)

RΓv(U3, E
∣∣
U3
)⊗L□

Γv(S,A) RΓv(X
′, E ′) RΓv(U3 ×S X ′, E

∣∣
U3

⊠L E ′),

KM□
X,X′

KM□
U1,X′ ⊕KM□

U2,X′

KM□
U3,X′

where both vertical sequences are exact triangles. Since each KM□
Ui,X′ is an isomorphism, we deduce that

KM□
X,X′ must be an isomorphism as well. □

Finally, we are ready to prove Theorem 5.2.4.

Proof of Theorem 5.2.4. Case 1. X♯ and X ′♯ admit good coordinates. Choose good coordinates g♯ : X♯ →
Td
S♯ and g′♯ : X ′♯ → Td′

S♯ and set X̃♯ := T̃d
Td

S♯

×S♯ X and X̃ ′♯ := T̃d′

Td′
S♯

×S♯ X ′, where T̃d
S♯ and T̃d′

S♯ are the

affinoid perfectoid spaces from Example 5.2.8. Then [Sch12, Th. 6.3(ii) and 7.9] imply14 that X̃♯ and X̃ ′♯

are affinoid perfectoid spaces. We also set X̃ := (X̃♯)♢ and X̃ ′ := (X̃ ′♯)♢. Then Example 5.2.8 implies that
the morphisms X̃ → X and X̃ ′ → X ′ are successive Zp-torsors. Now we consider the following commutative
diagram

X̃ ′ ×S X̃ X̃

X̃ ′ ×S X X ′ ×S X X

X̃ ′ X ′ S,

successive Zp-torsor

successive Zp-torsor

in which all squares are cartesian. Now we apply Lemma 3.2.5 and Lemma 5.2.9 twice (first to X̃ ′ → X ′ and
X → S and then to X̃ → X and X̃ ′ → S) to conclude that it suffices to show that the solid Künneth map

KM□
X̃,X̃′ : RΓv(X̃, E

∣∣
X̃
)⊗L□

Γv(S,A) RΓv(X̃
′, E ′

∣∣
X̃′)→ RΓv

(
(X̃ ×S X̃ ′), E

∣∣
X̃
⊠L E ′

∣∣
X̃′

)
is an isomorphism. Now Corollary C.5.12 when A = O and Corollary C.6.12 when A = BI imply that
E
∣∣
X̃
≃ P̃ and E ′

∣∣
X̃′ ≃ P̃ ′ for some P ∈ Perf(A(X̃)) and P ′ ∈ Perf(A(X̃ ′)). In particular, P (resp.P ′) is

quasi-isomorphic to a finite complex of finite projective A(X̃)-modules (resp. A(X̃ ′)-modules). Since each
finite projective module is a retract of a finite free module, a simple inductive argument reduces the question
to the case E

∣∣
X̃

= A and E ′
∣∣
X̃′ = A. In this case, the result follows immediately from Lemma 2.3.4 when

A = O and from Proposition 2.3.5 when A = BI .

14Strictly speaking, [Sch12, Th. 6.3(ii) and 7.9] require the perfectoid spaces to be defined over a perfectoid field, but this is
not needed in the proof.
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Case 2. X♯ admits an open embedding into a sousperfectoid affinoid S♯-spaces Y ♯ and X ′♯ admits good
coordinates. We prove, by induction on n, that KM□

X,X′ is an isomorphism whenever X♯ can be covered by
n rational subdomains of Y ♯, each of which admits good coordinates. Note that by Lemma 5.2.12 and the
assumption that X♯ is quasi-compact, we can always find a finite covering X♯ = ∪ni=1U

♯
i of the desired kind.

If n = 1, then the result follows from Case 1. Now we assume that we proved the claim n− 1 ≥ 1 and try
to deduce it for n. We set U ♯ := U ♯1 , U := (U ♯)♢, V ♯ := U ♯2 ∪U

♯
3 ∪ · · · ∪U ♯n, and V := (V ♯)♢. Let g : U ♯ → Td

S♯

be good coordinates on U ♯.
We wish to show that V ♯ ∩ U ♯ has an open covering by (n− 1) affinoids admitting good coordinates. For

this, we note that each U ♯i ∩ U ♯ is a rational subdomain in U ♯. Thus, the composition U ♯i ∩ U ♯ ↪→ U ♯
g−→ Td

S♯

defines good coordinates on U ♯i ∩ U ♯ for i = 2, . . . , n. Therefore,
⋃n
i=2 U

♯
i ∩ U ♯ = V ♯ ∩ U ♯ is the desired open

cover. Hence, the inductive hypothesis implies that KM□
U,X′ , KM□

V,X′ , and KM□
U∩V,X′ are isomorphisms.

Thus, Lemma 5.2.13 ensures that KM□
X,X′ must be an isomorphism as well.

Case 3. X♯ is a general smooth qcqs S♯-space and X ′♯ admits good coordinates. We prove, by induction on
n, that KM□

X,X′ is an isomorphism whenever X♯ can be covered by n affinoid open subsets. Since X♯ is a
qcqs space, we can always find a finite open covering X♯ = ∪ni=1U

♯
i such that each U ♯i is affinoid.

If n = 1, the claim follows from Case 2. Now we assume that we proved the claim for n− 1 ≥ 1 and try to
deduce it for n. We set U ♯ := U ♯1 , U := (U ♯)♢, V ♯ := U ♯2 ∪ U

♯
3 ∪ · · · ∪ U ♯n, and V := (V ♯)♢. Then the induction

hypothesis implies that KM□
U,X′ and KM□

V,X′ are isomorphisms, while Case 2 implies that KM□
U∩V,X′ is an

isomorphism. Therefore, Lemma 5.2.13 ensures that KM□
X,X′ must be an isomorphism as well.

Case 4. general X♯ and X ′♯. We can repeat the argument in Case 2 with X♯ replaced by X ′♯ to deduce the
result for any X♯ and for X ′♯ which admit an open embedding into a sousperfectoid smooth S♯-affinoid spaces.
Then we can repeat the argument of Case 3 to deduce the result for a general qcqs smooth S♯-space X ′♯. □

Remark 5.2.14. The only reason we need to assume that S is strictly totally disconnected in the formulation
of Theorem 5.2.4 is to make sure that O(S♯) admits all p-power roots of unity. In particular, the torsor
T̃d
S♯ → Td

S♯ is a successive Zp-torsor as opposed to a successive Zp(1)-torsor. In particular, the conclusion of
Theorem 5.2.4 remains true for any affinoid perfectoid S which admits a map to Spd(Qp(µp∞),Qp(µp∞)◦).
We do not spell out the details as we will never need this fact.

In a similar way, we also get the following variants:

Theorem 5.2.15. Let S be a strictly totally disconnected perfectoid space over Spd(Qp,Zp) corresponding to
an untilts S♯ over Spa(Qp,Zp), let S′ be an affinoid perfectoid space with a map S′ → S over Spd(Qp,Zp),
let f ♯ : X♯ → S♯ be a qcqs smooth map of sousperfectoid spaces, and let A ∈ {BI ,O}. Set X := (X♯)♢. Let
E ∈ Perfv(X,A) and E ′ ∈ Perfv(S

′,A). Then the solid Künneth map

KM□ : RΓv(X, E)⊗L□
Γv(S,A) RΓv(S

′, E ′)→ RΓv(X ×S S′, E ⊠L E ′).

is an isomorphism.

Proof. If X♯ admits good coordinates g♯ : X♯ → Td
S♯ , then the proof is completely analogous to Case 1 in the

proof of Theorem 5.2.4. In general, we can argue as in Case 2 and Case 3 in the proof of Theorem 5.2.4 to
reduce the general case to the case when X admits good coordinates. □

Theorem 5.2.16. Let S be a strictly totally disconnected perfectoid space over Spd(Qp,Zp) corresponding to
an untilts S♯ over Spa(Qp,Zp), let J ⊂ I ⊂ (0,∞) be an inclusion of closed intervals with rational endpoints,
and let f ♯ : X♯ → S♯ be a qcqs smooth map of sousperfectoid spaces. Set X := (X♯)♢. Then for any object
E ∈ Perfv(X,BI), the natural maps

RΓv(X, E)⊗L□
Γv(S,BI),res

Γv(S,BJ)→ RΓv(X, E ⊗L
BI ,res BJ) and

RΓv(X, E)⊗L□
Γv(S,BI),φ

Γv(S,BI/p)→ RΓv(X, E ⊗L
BI ,φ BI/p)

are isomorphisms.
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Proof. The proof is again analogous to that of Theorem 5.2.4, except we need to use Proposition 2.3.6 in
place of Proposition 2.3.5. □

Now we wish to give a sheaf analog of Construction 2.3.7 and Corollary 2.3.9.

Construction 5.2.17. Let X be a diamond over Spd(Qp,Zp) and let I ⊂ (0,∞) be a closed interval with
rational endpoints such that 1 ∈ I. Then, by varying the map θI : BI(S)→ OX(S) from Construction 2.3.7
over all affinoid perfectoid spaces S → X, we get a homomorphism of v-sheaves of rings

θI : BI → OX .

Theorem 5.2.18. Let S be a strictly totally disconnected perfectoid space over Spd(Qp,Zp) corresponding to
an untilts S♯ over Spa(Qp,Zp), let f : X♯ → S♯ be a qcqs smooth map of sousperfectoid spaces with X := (X♯)♢,
let I ⊂ (0,∞) be a closed interval with rational endpoints such that 1 ∈ I, and let E ∈ Perfv(X;BI). Then
the natural map

RΓv(X, E)⊗L□
Γv(S,BI),θI

Γv(S,O)→ RΓv(X, E ⊗L
BI ,θI O)

is an isomorphism.

Proof. The proof is again analogous to that of Theorem 5.2.4, except that we need to use Corollary 2.3.9 in
place of Proposition 2.3.5. □

5.3. Poincaré duality. The main goal of this subsection is to prove Poincaré duality for perfect BI -complexes
(resp.O-complexes). We follow the strategy used in [LRZ24, §6.4]. Namely, we explicitly construct the
evaluation and coevaluation maps, then the duality statement boils down to the verification of commutativity
of certain diagrams.

The main result of this subsection is the following Poincaré Duality statement.

Theorem 5.3.1. Let S be a strictly totally disconnected perfectoid space with a morphism S → Spd(Qp,Zp),
let S♯ be the corresponding untilt, let f ♯ : X♯ → S♯ be a smooth proper morphism of equidimension d between
sousperfectoid spaces, let A ∈ {BI ,O}. Set X := (X♯)♢. Let E ∈ Perfv(X;A) with E∨ := RH omA(E ,A)
being its A-dual. Then the evaluation and coevaluation maps defined in Construction 5.3.3 turn RΓv(X, E) ∈
D□
(
A(S)

)
into a dualizable object with its left dual given by RΓv(X, E∨(d)[2d]). In particular, there is a

natural isomorphism

PD□
f : RΓv(X, E∨(d)[2d])

∼−→ RHomA(S)

(
RΓv(X, E),A(S)

)
We note that even though Theorem 5.3.1 is formulated using the solid formalism, it almost immediately

implies Poincaré duality for usual cohomology RΓv(X,A) (see Corollary 5.3.12). However, it is crucial to first
prove Theorem 5.3.1 in order to obtain a classical duality. The key reason why it is important for us to work
in the solid framework is the solid Künneth formula Theorem 5.2.4, which is critically used in the proof of
Theorem 5.3.1. While we will later show that the classical Künneth formula also does hold for smooth proper
X♯ (see Corollary 5.3.16), we do not know how to prove it without proving Theorem 5.3.1 first.

As a consequence of Theorem 5.3.1, we also prove a relative version of duality that applies to any smooth
proper morphism f : X → Y of equidimension d between Spd(Qp,Zp)-diamonds, see Corollary 5.3.15.

We begin with the following general version of the projection formula.

Proposition 5.3.2 ([SP26, Tag 0943]). Let f : (X,OX) → (Y,OY ) be a morphism of ringed topoi, let
E ∈ D(X,OX) and K ∈ D(Y,OY ). Then there is a canonical arrow

PFf : Rf∗E ⊗L
OY
K → Rf∗(E ⊗L

OX
Lf∗K).

Furthermore, PFf is an equivalence if K ∈ Perf(Y,OY ).

Using Proposition 5.3.2, we can give the following constructions of the evaluation and coevaluation maps.
Later, we check that these maps indeed define the structure of a dualizable object on RΓv(X, E).

Construction 5.3.3 (cf. [LRZ24, Construction 6.4.2]). Let S be a strictly totally disconnected perfectoid
space over Spd(Qp,Zp) corresponding to the untilt S♯, let X♯ be a sousperfectoid space, and let f ♯ : X♯ → S♯

be a smooth proper morphism of equidimension d, let A ∈ {BI ,O}. Set X := (X♯)♢ and f := (f ♯)♢. Let

https://stacks.math.columbia.edu/tag/0943
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E ∈ Perfv(X;A). We also set E∨ := RH om(E ,A) and denote by evE : E∨⊗L E → A and coevE : A → E ⊗L E∨
the natural evaluation and coevaluation maps.

Consider the following commutative diagram:

(5.3.4)

X

X ×S X X

X S

∆

id

id

π2

π1
h f

f

(i) (Evaluation map) We define the evaluation map

e□(f, S, E) : RΓv(X, E∨(d)[2d])⊗L□
Γv(S,A) RΓv(X, E)→ Γv(S,A)

as the composition

RΓv(X, E∨(d)[2d])⊗L□
Γv(S,A) RΓv(X, E) RΓv(X, E∨(d)[2d]⊗L E)

Γv(S,A) RΓv(S,Rfv,∗A(d)[2d]) RΓv(X,A(d)[2d])

∪

RΓv(evE(d)[2d])

RΓv(tr
A
f )

∼

where the arrow ∪ is the solid Künneth map from Construction 5.2.1 (applied to the outer square in
the above commutative diagram) and trA is the trace map from Definition 4.3.8.

(ii) (Coevaluation map) We define the coevaluation map

c□(f, S, E) : Γv(S,A)→ RΓv(X, E)⊗L□
Γv(S,A) RΓv(X, E

∨(d)[2d])

as the composition

Γv(S,A) RΓv(X,A) RΓv(X, E ⊗L E∨)

RΓv
(
X2/S ,R∆v,∗∆

∗(π∗
1E ⊗L π∗

2E∨)
)

RΓv
(
X2/S , (π∗

1E ⊗L π∗
2E∨)⊗L R∆v,∗A

)
RΓv(X, E)⊗L□

Γv(S,A) RΓv(X, E
∨(d)[2d]) RΓv(X

2/S , π∗
1E ⊗L π∗

2E∨(d)[2d]),

f∗ RΓv(X,coevE)

≀

RΓv

(
PF−1

∆

)
≀

RΓv(id⊗clA∆)

KM□,−1

∼

where X2/S denotes X×SX, clA∆ is the cycle class map from Definition 4.4.11, and KM□ is the Künneth
map from Construction 5.2.1 (applied to the bottom square in the commutative diagram above). We
crucially use Proposition 5.3.2 and the Künneth formula (Theorem 5.2.4) to invert the projection
formula map and the solid Künneth map, respectively.

(iii) (Duality map) We define the duality map PD□
f (E) : RΓv(X, E∨(d)[2d])→ RHomA(S)

(
RΓv(X, E),A(S)

)
as the map adjoint to e□(f, S, E) under the tensor-hom adjunction. In other words, PD□

f (E) is the
composition

RΓv(X, E∨(d)[2d]) −→ RHomA(S)

(
RΓv(X, E),RΓv(X,A(d)[2d])

) trAf ◦−
−−−−→ RHomA(S)

(
RΓv(X, E),A(S)

)
,

where the first map comes from [SP26, Tag 0B6D].

Now we verify certain compatibilities that will be crucial for the proof of Theorem 5.3.1.

https://stacks.math.columbia.edu/tag/0B6D
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Lemma 5.3.5 (cf. [LRZ24, Lem. 6.4.3]). Let S be a strictly totally disconnected perfectoid with a morphism
S → Spd(Qp,Zp), let S♯ be the corresponding untilt, let f ♯ : X♯ → S♯ be a smooth proper morphism of
equidimension d between sousperfectoid spaces, let A ∈ {BI ,O}. Set X := (X♯)♢, X2/S := X ×S X, and
f := (f ♯)♢. Let E ∈ Perfv(X;A) and let π1 : X2/S → X be the projection onto the first factor. Then the
diagram

RΓv(X, E)⊗L□ RΓv(X,A(d)[2d]) RΓv(X, E)

RΓv
(
X2/S , π∗

1E ⊗L A(d)[2d]
)

RΓv
(
X, E ⊗L Rπ1,v,∗A(d)[2d]

)KM□

id⊗LRΓv(tr
A
f )

RΓv(PF−1
π1

)

RΓv(id⊗
LtrAπ1

)

commutes.

Proof. We set h : X2/S → S to be the natural morphism. Then we consider the diagram

RΓv(X, E)⊗L□ RΓv(X,A(d)[2d]) RΓv(X, E)

RΓv(S,Rfv,∗E ⊗L Rfv,∗A(d)[2d]) RΓv(S,Rfv,∗E)

RΓv
(
X2/S , π∗

1E ⊗L A(d)[2d]
)

RΓv
(
S,Rh∗(π

∗
1E ⊗L A(d)[2d])

)
RΓv

(
S,Rfv,∗(E ⊗L Rπ1,v,∗A(d)[2d])

)

RΓv
(
X, E ⊗L Rπ1,v,∗A(d)[2d]

)
,

∪

KM□

id⊗RΓv(tr
A)

RΓv(id⊗L trAf )

RΓv(KMf,f )

RΓv(PF−1
π1

)

α

RΓv(Rfv,∗(id⊗L trAπ1
)) RΓv

(
id⊗LtrAπ1

)

where α = RΓv
(
Rfv,∗(PF

−1
π1

)
)
. After unravelling all the definitions, we see that all external “squares” commute.

Therefore, it suffices to show that the red square commutes. For this, it suffices to show that the following
diagram commutes:

Rfv,∗E ⊗L Rfv,∗A(d)[2d] Rfv,∗E

Rhv,∗(π
∗
1E ⊗L A(d)[2d]) Rfv,∗(E ⊗L Rπ1,v,∗A(d)[2d])

KM

id⊗L trAf

Rfv,∗(PF−1
π1

)

Rfv,∗(id⊗LtrAπ1
)

Now the proof of [LRZ24, Lem. 6.4.3] applies essentially verbatim. Indeed, [LRZ24, Lem. 6.3.8] works for
any commutative diagram of ringed sites, and [LRZ24, Th. 6.1.1(2)] can be replaced by Proposition 4.3.9. □

Lemma 5.3.6 (cf. [LRZ24, Lem. 6.4.5]). Let S be a strictly totally disconnected perfectoid with a morphism
S → Spd(Qp,Zp), let S♯ be the corresponding untilt, let X♯ and Y ♯ be smooth sousperfectoid spaces over
S♯ of relative equidimension dX and dY , respectively. Let f ♯ : X♯ → Y ♯ be a smooth proper morphism of
equidimension d := dX − dY , let s♯ : Y ♯ → X♯ be a section of f ♯, and let A ∈ {BI ,O}. We set X := (X♯)♢,
Y := (Y ♯)♢, f := (f ♯)♢, and s := (s♯)♢. Then the compositions

AY ≃ Rfv,∗Rsv,∗AY
Rfv,∗cl

A
s−−−−−→ Rfv,∗AX(d)[2d]

trAf−−→ AY and

AY (d)[2d] ≃ Rfv,∗Rsv,∗
(
AY (d)[2d]

) Rfv,∗(cl
A
s ⊗Lid)−−−−−−−−−−→ Rfv,∗(AX(d)[2d]⊗L AX(d)[2d])

PF−1
f−−−→ Rfv,∗

(
AX(d)[2d]

)
⊗L AY (d)[2d]

trAf ⊗L id
−−−−−−→ AY (d)[2d]
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are equal to the identity morphisms.

Proof. The first composition is equal to the identity morphism due to Proposition 4.4.13. As for the second
composite, the proof of [LRZ24, Lem. 6.4.5] works verbatim and implies that the second composite is the first
composite shifted by 2d and twisted by d, from which the claim follows. □

Proof of Theorem 5.3.1. Keep the notation of Theorem 5.3.1. We shall mimic the proof of [LRZ24, Th. 6.4.1].
With the Construction 5.3.3, the only thing we need to check is that the compositions15

RΓv(X, E) RΓv(X, E)⊗L□ RΓv(X, E∨(d)[2d])⊗L□ RΓv(X, E) RΓv(X, E),
“c□(f,S,E)⊗L□id” “id⊗L□e□(f,S,E)”

RΓv(X, E∨(d)[2d]) RΓv(X, E∨(d)[2d])⊗L□ RΓv(X, E)⊗L□ RΓv(X, E∨(d)[2d]) RΓv(X, E∨(d)[2d])
“id⊗L□c□(f,S,E)” “e□(f,S,E)⊗L□id”

are equivalent to the identity morphisms. For brevity, we denote the first composition by φ(f, S, E) and the
second composition by ψ(f, S, E). We give a full justification for why φ(f, S, E) ≃ id, and then only describe
the necessary changes to justify that ψ(f, S, E) ≃ id.

Recall that we denote by η the unit of the (derived) pullback-pushforward adjunction, by KM□ the
solid Künneth map from Construction 5.2.1, by PF the projection formula map, and, for any objects
F ,G ∈ D(Xv;A), by σ : F ⊗L G ∼−→ G ⊗L F the morphism that “swaps factors”. In what follows, we also freely
use Theorem 5.2.4 and Proposition 5.3.2 which guarantee that the Künneth map and the projection formula
map are isomorphisms under some assumptions that are always satisfied in this proof.

That being said, we resume the notation of Construction 5.3.3 and consider the diagram in Fig. 1. Using
the definitions of PF, KM, and the basic properties of adjunctions, one can check that this diagram commutes.
For the most part, commutativity follows from functoriality of various constructions. The following two points
need extra arguments: triangle (5.3.7) commute since evE and coevE define a duality datum on E (see [SP26,
Tag 0FPU]), and trapezoid (5.3.8) commutes due to Lemma 5.3.5.

The mapA(S)⊗L□RΓv
(
X, E

)
→ RΓv(X, E)⊗L□A(S) obtained by going down the entire left column is equal

to φ(f, S, E) by its very construction. The commutativity of the diagram in Fig. 1 implies that this composition
can be computed by going around the outer diagram from the top left corner to the bottom left corner in a
clockwise direction. Furthermore, we see that Lemma 5.3.6 and the formula Rf∗(PF

−1
π1

) ◦Rh∗(PF−1
∆ ) = id

imply that(
id⊗L□e□(f, S, E)

)
◦
(
c□(f, S, E)⊗L□id

)
= KM−1 ◦RΓv(X,σ)◦KM = σ : A(S)⊗RΓv

(
X, E

)
→ RΓv(X, E)⊗A(S).

This formally implies that φ(f, S, E) = id: RΓv(X, E)→ RΓv(X, E).
To see that ψ(f, S, E) = id, we need to use a diagram similar to that of Fig. 1; we leave it to the reader to

figure out the exact shape of the diagram. We only mention that every instance of π1 should be replaced with
π2 (and vice versa) and one needs to use the second part of Lemma 5.3.6 (as opposed to the first part used in
the proof above). □

Remark 5.3.9. Let us note that our proof of Theorem 5.3.1 is modeled on the proof of [LRZ24, Th. 6.4.1].
In fact, we can get similar result to [LRZ24, Th. 6.4.1], but in the current setting of smooth proper
maps X → Y of equidimension d between diamonds over Spd(Qp,Zp) and perfect complexes over A ∈
{Z/n,Zp}, as follows. First, for any E ∈ Perfv(X;A) and E∨ := RH om(E ,A), we get a natural map
e(f, E) : Rfv,∗(E∨(d)[2d]) ⊗L

A Rfv,∗(E) → A defined as the composition of the cup product followed by the
trace map from Definition 4.3.8. Then similar to [LRZ24, Th. 6.4.1], we claim that Rfv,∗E and Rfv,∗(E∨(d)[2d])
are in Perfv(Y,A) and the map e(f, E) induces a natural isomorphism

PDf (E) : Rfv,∗E∨(d)[2d]
∼−→ RH om(Rfv,∗E ,A

)
.

It suffices to check the statement v-locally on Y , therefore we are immediately reduced to the case when Y
is a perfectoid space and hence X is a sousperfectoid space smooth of equidimension d and proper over Y .
In this case, we claim that one can define a coevaluation map which, together with the map e(f, E), makes
Rf∗(E∨(d)[2d]) into a left dual of Rf∗E .

15In these formulas, we implicitly make the usual identifications RΓv(X, E)⊗□,L A(S) ≃ RΓv(X, E), A(S)⊗□,L RΓv(X, E) ≃
RΓv(X, E), etc. To indicate this subtlety, we use quotation marks in the maps which implicitly use these identifications.

https://stacks.math.columbia.edu/tag/0FPU
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For the construction of the coevaluation map, we shall mimic [LRZ24, Construction 6.4.2.(iii)]. The
construction made in loc. cit. has two ingredients: the cycle class map and the Künneth formula. For the
former in our new setting, we can use the cycle class maps defined in Definition 4.4.11.

As for the Künneth formula, following the strategy in [LRZ24, Section 6.3], it suffices to prove the base
change theorem for fiberwise proper morphisms. Then we may reduce to proving such a base change theorem
when A = Z/n, so we can further reduce to proving it in the étale topology. In the end, by looking at stalks
at qproét-geometric points, we are eventually reduced to the proper base change theorem [BH22, Th. 3.15]
(which itself crucially relies on Scholze’s comparison theorem).

Once all these ingredients are there, we may prove the desired dualizability by repeating the proof of
Theorem 5.3.1.

Now we wish to deduce some consequences of Theorem 5.3.1 which do not involve any condensed mathematics.
We refer the reader to Definition 4.3.3 for the definition of a smooth proper morphism (of equidimension d)
between diamonds over Spd(Qp,Zp).

Construction 5.3.10 (cf. [LRZ24, Construction 6.4.2]). Let S be a diamond over Spd(Qp,Zp), let X be a
diamond, let f : X → S be a smooth proper map of equidimension d, let A ∈ {BI ,O}, and let E ∈ Perfv(X;A).
We set E∨ := RH om(E ,A). We denote by evE : E∨ ⊗L E → A the natural evaluation map.

Consider the following commutative diagram:

(5.3.11)

X

X ×S X X

X S

∆

id

id

π2

π1
h f

f

(1) (Evaluation map I) We define the evaluation map

e(f, S, E) : RΓv(X, E∨(d)[2d])⊗L
Γv(S,A) RΓv(X, E)→ Γv(S,A)

as the composition

RΓv(X, E∨(d)[2d])⊗L
Γv(S,A) RΓv(X, E) RΓv(X, E∨(d)[2d]⊗L E)

Γv(S,A) RΓv(S,Rfv,∗A(d)[2d]) RΓv(X,A(d)[2d])

∪

RΓv(evE(d)[2d])

RΓv(tr
A
f )

∼

where trAf is the trace map from Definition 4.3.8.
(2) (Evaluation map II) We define the sheafy evaluation map

e(f, E) : Rfv,∗(E∨(d)[2d])⊗L
AS

Rfv,∗(E)→ AS
as the composition

Rfv,∗(E∨(d)[2d])⊗L
AS

Rfv,∗(E) Rfv,∗(E∨(d)[2d]⊗L E)

A Rfv,∗A(d)[2d]

∪

Rfv,∗(evE(d)[2d])

trAf

where trAf is the trace map from Definition 4.3.8.
(3) (Duality map I) We define the duality map

PDA
f (E) : RΓv(X, E∨(d)[2d])→ RHomA(S)(RΓv(X, E),A(S)

)
as the map adjoint to e(f, S, E) from (1) under the tensor-hom adjunction.
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(4) (Duality map II) We define the sheafy duality map

PDA
f (E) : Rfv,∗(E∨(d)[2d])→ RH omD(Sv;AS)(Rfv,∗E ,AS

)
as the map adjoint to e(f, E) from (2) under the tensor-hom adjunction.

For the next corollary, we will need to use the condensification functor from [And21, Def. 5.8 and Th. 5.9].
Namely, let (A,A+) be a complete analytic Huber pair. Then loc. cit. constructs a fully faithful “condesification”
functor

(−) : D(A) ↪→ D□
(
(A,A+)

)
which is exact, commutes with filtered colimits, and satisfies M(∗) ≃ M for any M ∈ D(A). Furthermore,
this functor is symmetric monoidal: since M ⊗L N lies in D□

(
(A,A+)

)
by construction, there is a canonical

map M ⊗L,□ N →M ⊗L N that we need to show to be an isomorphism. Since all functors involved are exact
and commute with colimits, we reduce the question to the case when M = A[d] and N = A[d′] where the
claim is evident.

Corollary 5.3.12. In the notation of Theorem 5.3.1, the complex RΓv(X
♢, E) lies in Perf(A(S)) and the

duality morphism
PDA

f (E) : RΓv(X, E∨(d)[2d])→ RHom
(
RΓv(X, E),A(S)

)
is an isomorphism.

Proof. First, [And21, Th. 5.50 and Cor. 5.51.1] imply that the fully faithful “condensification” functor
(−) : D(A(S)) → D□(A(S)) induces an equivalence between the subcategory of perfect A(S)-complexes
and the subcategory of dualizable objects in D□(A(S)). Thus, Theorem 5.3.1 implies that there exists
P ∈ Perf(A(S)) such that P ≃ RΓv(X, E). Since P ≃ P (∗), we conclude that

P ≃ P (∗) ≃ RΓv(X, E)(∗) ≃ RΓv(X, E).

Hence, we see that P ≃ RΓv(X, E) ∈ Perf(A(S)). Similarly, we conclude that RΓv(X, E∨(d)[2d]) ∈ Perf(A(S)).
Since the condensification functor is symmetric monoidal, we see that e□(f, S, E) is equal to the condensification
of e(f, S, E). Thus, the fact that the condensification functor is fully faithful and Theorem 5.3.1 imply that
PD must be an isomorphism. □

Corollary 5.3.13. Let Y be a diamond over Spd(Qp,Zp), let f : X → Y be a smooth proper map, let
A ∈ {BI ,O}, and let E ∈ Perfv(X;A). Then Rfv,∗E ∈ Perfv(Y ;A). Furthermore, for any affinoid perfectoid
space S with a map S → Y , the complex RΓv(XS , E

∣∣
XS

) is perfect and the natural morphism

˜RΓv(XS , E
∣∣
XS

)→ (Rfv,∗E)
∣∣
S

is an isomorphism. Consequently, for any inclusion J ⊂ I ⊂ (0,∞) of closed intervals with rational endpoints
and any object E ∈ Perfv(X,BI), the natural maps

Rfv,∗E ⊗L
BI ,res BJ → Rfv,∗(E ⊗L

BI ,res BJ) and Rfv,∗E ⊗L
BI ,φ BI/p → Rfv,∗(E ⊗L

BI ,φ BI/p)

are isomorphisms.

Proof. First, we show that Rfv,∗E is a perfect complex. We can check this v-locally on Y . Therefore, we
may and do assume that Y = S is a strictly totally disconnected perfectoid space. Then f comes as a
diamondification of a smooth proper morphism f ♯ : X♯ → S♯. Furthermore, S♯ and X♯ are quasi-compact
in this case. Therefore, X♯ can be decomposed into a disjoint union of clopen subsets X♯

i such that each
X♯
i → S♯ is smooth of equidimension i. Thus, in order to prove both claims of this corollary, it suffices to

further assume X♯ = X♯
d is smooth proper of equidimension d. In this case, Corollary 5.3.12 ensures that

RΓv(XS , E
∣∣
XS

) is a perfect complex. Thus, it suffices to show that the natural morphism

˜RΓv(XS , E
∣∣
XS

)→ (Rfv,∗E)
∣∣
S
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is an isomorphism. After unravelling the definition, the question boils down to showing that the natural
morphism

RΓv(XS , E
∣∣
XS

)⊗L
A(S) A(S

′)→ RΓv(XS′ , E
∣∣
XS′

)

is an isomorphism for any morphism S′ → S of strictly totally disconnected perfectoid spaces. This follows
immediately from Lemma 3.2.3, Theorem 5.2.15, and the fact that RΓv(XS , E

∣∣
XS

) is perfect (so its solid
tensor product coincides with the usual one).

Now we wish to show that RΓv(XS , E
∣∣
XS

) is perfect and the natural morphism ˜RΓv(XS , E
∣∣
XS

)→ (Rfv,∗E)
∣∣
S

for any affinoid perfectoid S. This follows immediately from Corollary C.5.12 (resp. Corollary C.6.12) and the
proven above fact that (Rfv,∗E) is a perfect complex.

The last statement now follows from the statements already established so far, together with Theorem 5.2.16.
□

Corollary 5.3.14. Let f : X → Y be a smooth proper morphism of diamonds over Spd(Qp,Zp), let I ⊂ (0,∞)
be a closed interval with rational endpoints such that 1 ∈ I, and let E ∈ Perfv(X;BI). Then the natural map

Rfv,∗E ⊗L
BI ,θI O → Rfv,∗(E ⊗L

BI ,θI O)

is an isomorphism. Furthermore, if Y is an affinoid perfectoid space, then the natural map

RΓv(X, E)⊗L
Γv(S,BI),θI

Γv(S,O)→ RΓv(X, E ⊗L
BI ,θI O)

is an isomorphism.

We refer to Construction 5.2.17 for the definition of the homomorphism θI .

Proof. The first statement is v-local on Y . Thus, we may assume that Y = S is an affinoid perfectoid space
in the proof of both claims. By Corollary 5.3.13, it suffices to show that the natural map

RΓv(X, E)⊗L
Γv(S,BI),θI

Γv(S,O)→ RΓv(X, E ⊗L
BI ,θI O)

is an isomorphism. This in turn follows from Theorem 5.2.18 and the fact that RΓv’s involved in the formula
above are perfect complexes (again by Corollary 5.3.13). □

Corollary 5.3.15. Let Y be a diamond over Spd(Qp,Zp), let f : X → Y be a smooth proper map of
equidimension d, let A ∈ {BI ,O}, let E ∈ Perfv(X;A), and set E∨ := RH om(E ,A). Then the following hold:

(1) the sheafy duality morphism

PDA
f (E) : Rfv,∗E∨(d)[2d]→ RH om

(
Rfv,∗E ,A

)
is an isomorphism;

(2) if Y = S is an affinoid perfectoid space, then the duality morphism

PDA
f (E) : RΓv(X, E∨(d)[2d])→ RHomA(S)

(
RΓv(X, E),A(S)

)
is an isomorphism as well.

Proof. Part 1 is v-local on Y , so we can assume that Y = S is a strictly totally disconnected perfectoid space.
Then the result follows immediately from Corollary 5.3.13 and Corollary 5.3.12. Part 2 follows from Part 1,
Corollary 5.3.13, and Corollary C.6.12. □

Corollary 5.3.16. Let Y be a diamond over Spd(Qp,Zp), let f : X → Y and f ′ : X ′ → Y be smooth
proper maps between diamonds, let h : X ×Y X ′ → Y be the fiber product morphism, let A ∈ {BI ,O}, let
E ∈ Perfv(X;A), and let E ′ ∈ Perfv(X

′;A). Then the following hold:
(1) the Künneth morphism

Rfv,∗E ⊗L
A Rf ′v,∗E ′ → Rhv,∗(E ⊠L E ′)

is an isomorphism;
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(2) if Y = S is an affinoid perfectoid space, then the Künneth morphism

RΓv(X, E)⊗L
A(S) RΓv(X

′, E ′)→ RΓv(X ×S X ′, E ⊠L E ′)
is an isomorphism as well.

Proof. Part 1 is v-local on Y , so we can assume that Y = S is a strictly totally disconnected perfectoid space.
Then the claim follows immediately from Corollary 5.3.13, Theorem 5.2.4, and the fact that (derived) solid
tensor product of perfect complexes coincides with the usual (derived) tensor product. Part 2 follows from
Part 1, Corollary 5.3.13, and Corollary C.6.12. □

5.4. Cohomological dimension. The main goal of this subsection is to show that a smooth proper morphism
of equidimension d has cohomological dimension 2d, at least when restricted to perfect BI - and O-complexes.

For this, we will need some preliminary lemmas.

Lemma 5.4.1. Let S be an affinoid perfectoid space with a morphism S → Spd(Qp,Zp) corresponding
to an untilt S♯ → Spa(Qp,Zp), let A ∈ {BI ,O}, and let P ∈ Perf

(
A(S)

)
be a perfect complex. Fix

r, r′ ∈ Z ∪ {−∞,∞}. Then P lies in Perf [r,r
′]
(
A(S)

)
if and only if P ⊗L

A(S) A
(
Spa(k̂(s), k̂(s)

+
)
)

lies in

Perf [r,r
′]
(
A(Spa(k̂(s), k̂(s)

+
))
)

for every s ∈ S.

We recall that, for a ring R, we use Perf [r,r
′](R) to denote the full ∞-subcategory of D(R) consisting of

perfect complexes with tor-amplitude in [r, r′].

Proof. To simplify the exposition, we will use the notation YS,I for YS♯,I as defined in Definition 2.1.5. This
notation is consistent with [FS26]; see Remark 2.1.4.

We give the proof for A = BI as the other case is similar (in fact, easier). For brevity, we write

BI

(
k̂(s), k̂(s)

+)
instead of BI

(
Spa(k̂(s), k̂(s)

+
)
)
. The forward direction of the lemma is obvious. So we only

need to show that P has tor-amplitude in [r, r′] if P ⊗L
BI(S)

BI

(
k̂(s), k̂(s)

+)
has tor-amplitude in [r, r′] for

every s ∈ S.
Thanks to [SP26, Tag 068V], it suffices to prove that, for any maximal ideal m ⊂ BI(S), the tensor

product P ⊗L
BI(S)

(
BI(S)/m

)
lies in D[r,r′]

(
BI(S)/m

)
. Then [Hub94, Lem. 1.4] implies that we can find a

point xm ∈ YS,I = Spa
(
BI(S),AI(S)

)
such that supp(xm) = m. Consider the continuous map |YS,I | → |S|

from (the sentence after) [FS26, Prop. II.1.2] and let sm be the image of xm under this map. Then [FS26,
Prop. II.1.3] implies that xm lies in the image of the pro-(open immersion)

im : Spa
(
BI

(
k̂(sm), k̂(sm)

+)
,AI

(
k̂(sm), k̂(sm)

+))
= Ysm,I ↪→ YS,I = Spa

(
BI(S),AI(S)

)
.

Pick ym ∈ Ysm,I such that im(ym) = xm and set n := supp(ym) ∈ SpecBI

(
k̂(sm), k̂(sm)

+)
. Then we have the

following commutative diagram:

BI(S) BI(S)/m

BI

(
k̂(sm), k̂(sm)

+)
BI

(
k̂(sm), k̂(sm)

+)
/n

Now our assumption guarantees that P ⊗L
BI(S)

BI

(
k̂(sm), k̂(sm)

+)
lies in Perf [r,r

′]
(
BI

(
k̂(sm), k̂(sm)

+))
. This

formally implies that

P⊗L
BI(S)

BI(S)/m⊗L
BI(S)/m

BI

(
k̂(sm), k̂(sm)

+)
/n ≃ P⊗L

BI(S)
BI

(
k̂(sm), k̂(sm)

+)
⊗L

BI

(
k̂(sm),k̂(sm)

+
)BI

(
k̂(sm), k̂(sm)

+)
/n

lies inD[r,r′]
(
BI

(
k̂(sm), k̂(sm)

+)
/n
)
. Finally, since BI(S)/m is a field, the morphism BI(S)/m→ BI

(
k̂(sm), k̂(sm)

+)
/n

is faithfully flat. Thus, we conclude that P ⊗L
BI(S)

BI(S)/m lies in D[r,r′]
(
BI(S)/m

)
, as desired. □

We also need the following general lemma.

https://stacks.math.columbia.e$du/tag/068V
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Lemma 5.4.2. Let (C,C+) be a pair consisting of an algebraically closed nonarchimedean field C and an
open bounded valuation subring C+ ⊂ C, let S := Spd(C,C+)→ Spd(Qp,Zp) be a morphism, and let S′ → S
be a morphism of affinoid perfectoid spaces. Let A ∈ {O,BI} and let a ∈ A(S) be a non-zero element. Then
the image of a in A(S′) is a nonzerodivisor.

Proof. We give a proof for A = BI as the other case is similar (in fact, easier). First, Lemma 2.1.11 ensures that
we can replace S with S◦ := Spd(C,C◦) and S′ with (S′)◦ := S′×S S◦ for the purposes of proving this lemma.
Therefore, we can assume that S = Spd(C,C◦). Moreover, we can assume that S′ ̸= ∅, as 0 is a nonzerodivisor
in the 0-ring. Then Lemma 2.1.12 and Lemma 2.1.11 ensure that we can assume that S′ = Spa(K ′,K ′◦)
for some perfectoid field K ′ with a map C → K ′. Let (C ′, C ′◦) be the completed algebraic closure of
(K ′,K ′◦). Then Corollary 2.5.2 ensures that the natural map BI

(
Spa(K ′,K ′◦)

)
→ BI

(
Spa(C ′, C ′◦)

)
is

injective since Spa(C ′, C ′◦)→ Spa(K ′,K ′◦) is a v-covering. So we can assume that S′ = Spa(C ′, C ′◦). Since
Spa(C ′, C ′◦)→ Spa(C,C◦) is a v-covering, Corollary 2.2.19 and Corollary 2.5.2 imply that BI(S) ↪→ BI(S

′)
is an injective map of domains. Therefore, the element a remains a nonzerodivisor in BI(S

′). □

Before proving the main result of this section, we recall that we defined in Notation B.3.3 the ∞-
category Perf [r,r

′]
v (X;A) for r, r′ ∈ Z ∪ {−∞,∞} and A ∈ {O,BI}. By Lemma B.2.8, this is a full

∞-subcategory of Perf [−∞,∞]
v (X;A) ≃ Perfv(X;A), and thus embeds naturally as a full ∞-subcategory of

D(Xv;A). Furthermore, Theorem C.6.10 (resp. Theorem C.5.10) ensures that when X is an affinoid perfectoid
space, we have an equivalence Perf [r,r

′]
v (X;A) ≃ Perf [r,r

′]
(
A(X)

)
, where the latter denotes perfect complexes

with tor-amplitude in [r, r′]. Consequently, for an arbitrary diamond X, the ∞-category Perf [r,r
′]

v (X;A)
naturally forms a full ∞-subcategory of D[r,r′](Xv;A), where D[r,r′](Xv;A) denotes the ∞-subcategory
consisting of objects concentrated in degrees [r, r′].

Now we are ready to prove the main result of this subsection.

Corollary 5.4.3. Let Y be a diamond over Spd(Qp,Zp), let f : X → Y be a smooth proper map of dimension
d, let A ∈ {BI ,O}, and let E ∈ Perf [r,r

′]
v (X;A) for some r, r′ ∈ Z ∪ {−∞,∞}. Then the following hold:

(1) the derived pushforward Rfv,∗E lies in Perf [r,r
′+2d]

v (Y ;A);
(2) if Y = S is an affinoid perfectoid space, then RΓv(X, E) lies in Perf [r,r

′+2d]
(
A(Y )

)
.

Proof. Step 1. Reduce to the case of Part 2 with Y = Spd(C,C+) for an algebraically closed nonarchimedean
field C and an open bounded valuation subring C+ ⊂ C and r = 0, r′ ∈ Z. First, we note that Notation B.3.3,
Corollary 5.3.13, and Theorem C.6.10 (resp. Theorem C.5.10) imply that it suffices to to show that RΓv(X, E) ∈
Perf [r,r

′+2d](A(Y )) under the additional assumption that Y is a strictly totally disconnected perfectoid space.
In this case, we can use Corollary 5.3.13 once again together with Lemma 5.4.1 to reduce to the case when

Y = Spa(C,C+) for an algebraically closed nonarchimedean field C and an open bounded valuation subring
C+ ⊂ C. Now the observation that X is qcqs and Lemma B.2.12 imply that colimN Perf [−n,n]v (X;A) →
Perf [−∞,∞]

v (X;A) ≃ Perfv(X;A) is an isomorphism. Thus, we can assume that E ∈ Perf [r,r
′]

v (X;A) for some
finite r, r′ ∈ Z. After an appropriate cohomological shift, we can moreover take r = 0.

Step 2. RΓv(X, E) ∈ Perf [0,k](A(Y )) for some k ∈ Z. We already know that RΓv(X, E) ∈ Perf(A(Y ))

by virtue of Corollary 5.3.13. If A = O, we note that A(Y ) = C is a field. So since E ∈ Perf [0,r
′]

v (X;A) ⊂
D[0,r′](X;A), it is therefore clear that RΓv(X, E) ∈ Perf [0,k](A(Y )) = D[0,k]

coh (A(Y )) when A = O.
If A = BI , then Corollary 2.2.19 guarantees that A(Y ) is a principal ideal domain. Thus, in this case,

it suffices to show that RΓv(X, E) ⊗L
BI(Y ) BI(Y )/(a) ∈ D≥0

(
BI(Y )

)
for any non-zero a ∈ BI(Y ). Now

Proposition 5.3.2 guarantees that

RΓv(X; E)⊗L
BI(Y ) BI(Y )/(a) ≃ RΓv(X; E ⊗L

BI
BI/

LaBI).

Hence, it suffices to prove that E ⊗L
BI

BI/
LaBI is in D≥0(Xv;A). This can be checked v-locally on X. So,

until the end of this step, we drop the assumption that X is smooth proper over Y and instead assume that X
is an affinoid perfectoid space and E = P̃ for P ∈ Perf [0,r

′]
(
BI(X)

)
(see Lemma B.2.1 and Corollary C.6.12).

Then the question boils down to showing that

P ⊗L
BI(X) BI(X)/LaBI(X) lies in D≥0

(
BI(X)

)
.
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This follows immediately from Lemma 5.4.2 and the definition of Perf [0,r
′]
(
BI(X)

)
.

Step 3. RΓv(X, E) ∈ Perf [0,r
′+2d](A(Y )). Assuming again that X is smooth proper over Y = Spd(C,C+)

of dimension d (so it is the diamondification of a smooth proper adic space over Spa(C♯, C♯,+) of relative
dimension d), there is a finite clopen decomposition X = ⊔0≤n≤dXn such that Xn → Y = Spd(C,C+) is
smooth proper of equidimension n. Therefore, we can replace X with Xn to assume that X → Y is of
equidimension n for some integer n ≤ d.

In this case, Corollary 5.3.12 ensures that RΓv(X, E) ≃ RΓv(X, E∨(n)[2n])∨. Since E ∈ Perf [0,r
′]

v (X;A), we
conclude that E∨(n)[2n] ∈ Perf [−r

′−2n,−2n]
v (X;A). Hence, Step 2 applied to E∨(n)[2n] (shifted by r′ + 2n)

implies that RΓv(X; E∨(n)[2n]) ∈ Perf [−r
′−2n,t](A(Y )) for some t ∈ Z. From this, we deduce

RΓv(X, E) ≃ RΓv(X, E∨(n)[2n])∨ ∈ Perf [−t,r
′+2n](A(Y )).

Invoking Step 2 once more, we conclude that RΓv(X, E) ∈ Perf [0,r
′+2n]

(
A(Y )

)
. Finally, the result follows

from the fact that n ≤ d. □

As a formal consequence of Corollary 5.4.3, we get a similar result for cohomological amplitude in place of
the tor-amplitude.

Corollary 5.4.4. Let Y be a diamond over Spd(Qp,Zp), let f : X → Y be a smooth proper map of dimension
d, let A ∈ {BI ,O}, and let E ∈ Perfv(X;A)∩D[r,r′](Xv;A) for some r, r′ ∈ Z∪ {−∞,∞}. Then Rfv,∗E lies
in Perfv(Y ;A) ∩ D[r,r′+2d](Yv;A).
Proof. We only need to show that Rfv,∗E lies in D[r,r′+2d](Yv;A) as we already know that it is a perfect
complex (Corollary 5.3.13). Clearly, this complex lies in D≥r(Yv;A), so we only need to show that it lies in
D≤r′+2d(Yv;A). Now we note that Perfv(X;A) ∩ D≤r′(Xv;A) ⊂ Perf [−∞,r′]

v (X;A). Thus, Corollary 5.4.3
implies that Rfv,∗E lies in Perf [−∞,r′+2d]

v (Y ;A) ⊂ D≤r′+2d(Yv;A). This finishes the proof. □

6. Relative duality

In this section, we establish the first main result of the paper: relative geometric duality for Q
p
-coefficients.

More precisely, we prove a version of Poincaré duality for smooth proper morphisms and perfect complexes
of Q

p
-modules. For this, we first develop a theory of (analytic) perfect complexes on the relative Fargues–

Fontaine curve and establish a duality theorem for such complexes with respect to smooth proper morphisms
of diamonds. A crucial input in this step is the duality for BI -coefficients established in Corollary 5.3.15.
We then use the Riemann–Hilbert and solution functors to deduce the corresponding duality statement for
Q
p
-coefficients. Finally, we show that a smooth proper morphism of dimension d has cohomological dimension

2d on the subcategory of perfect complexes of Q
p
-modules.

6.1. The Fargues–Fontaine curve. In this subsection, we recall the definition of the relative (analytic)
Fargues–Fontaine curve FFS associated to a perfectoid space S over Spa(Qp,Zp), following [FS26, §II.1].
We then collect several fundamental properties of these curves. In particular, we express the ∞-category of
analytic perfect complexes on FFS in terms of the ∞-categories of perfect complexes of BI -modules on the
v-site of S for I = [1, 1] and I = [1, p]. This will be crucial in later subsections for defining and studying the
category Perfan(FFX ;O) for an arbitrary diamond X over Spd(Qp,Zp).

Throughout this subsection, we let S be a fixed affinoid perfectoid space over Spa(Qp,Zp). We also let
(Adic)AN denote the category of analytic adic spaces endowed with the (big) analytic topology. While this
forms a site in the sense of [SP26, Tag 00VH], we caution that (Adic)AN does not admit arbitrary finite limits.

For S as above, Definition 2.1.3 yields the relative Fargues–Fontaine punctured open disk YS , equipped
with the Frobenius automorphism φ : YS → YS . By [FS26, Prop. II.1.16], the action of φZ on YS is free and
totally discontinuous. Consequently, the naive quotient FFS := YS/φ

Z, formed in the category of topologically
locally v-ringed spaces (see [Zav24, Def. 4.1.2]16), naturally inherits the structure of an analytic adic space.

16Strictly speaking, [Zav24, Def. 4.1.2, Rmk. 4.1.3, and Lem. 2.1.2] ensure that X/G is a categorical quotient in the category
of topologically locally v-ringed spaces only when the group G is finite. However, the argument in loc. cit. never used that G is
finite and, thus, it applies to any group G.

https://stacks.math.columbia.edu/tag/00VH
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Definition 6.1.1. The relative Fargues–Fontaine curve FFS := YS/φ
Z is the quotient of YS by the action of

Frobenius. We denote by πS : YS → FFS the projection morphism.

Since the action of φZ is free and totally discontinuous, every point x ∈ FFS admits an open neighborhood
Ux such that the map π−1

S (Ux)→ Ux is isomorphic over Ux to the projection Ux ×Z→ Ux. This leads to the
following conclusion:

Remark 6.1.2. The projection morphism πS : YS → FFS realizes FFS as the φZ-quotient of YS formed in
the category Shv

(
(Adic)AN; Set

)
. Indeed, this claim is local on FFS in the analytic topology, so it suffices to

prove an analogous claim for the projection U × Z→ U , which is evident.

The primary downside of Remark 6.1.2 is that YS is not affinoid or even quasi-compact: this complicates
the use of descent along πS to compute the category of perfect complexes (or vector bundles) on FFS . To
remedy this, we present FFS as a gluing of two affinoid subsets by identifying a suitable “fundamental domain”
for the action of φZ on YS . But before we do this, we need the following general lemma.

Lemma 6.1.3. Let X be an adic space over Spa(Zp,Zp) which is either locally noetherian or sousperfectoid.
Let j : U ↪→ X be an open immersion and let π : X ′ → X be an étale map. Set U ′ := U ×X X ′, Z := |X|∖ |U |,
and Z ′ := |X ′|∖ |U ′|. Suppose that |π|

∣∣
Z′ : Z

′ → Z is bijective and the induced map
( ̂k(π(x′)), ̂k(π(x′))

+)
→(

k̂(x′), k̂(x′)
+)

is an isomorphism for any x′ ∈ Z ′. Then the fiber square of analytic adic spaces

U ′ X ′

U X

j′

π′ π

j

is a pushout square in Shv
(
(Adic)AN; Set

)
and in Shv

(
(Adic)AN; Ani

)
.

While the assumptions on X should not be necessary, we included them to streamline the proof.

Proof. The proof of Lemma 3.3.11 applies almost verbatim in this situation. We only need to address two

things: {U
j
↪−→ X,X ′ π−→ X} and {X ′ ∆

↪−→ X ′ ×X X ′, U ′ ×U U ′ j′×Xj
′

↪−−−−→ X ′ ×X X ′} are coverings in the big
analytic topology.

For the first claim, it suffices to show that, for each x ∈ Z, there is an open subspace x ∈ Vx ⊂ X
such that π

∣∣
π−1(Vx)

: π−1(Vx)→ Vx admits a section. By assumption, there is x′ ∈ X ′ such that π(x′) = x.
Since π is étale, we know that π is an open map. Thus it suffices to find an open subspace x′ ∈ V ′

x ⊂ X ′

such that π
∣∣
V ′
x
: V ′

x → π(V ′
x) is an isomorphism. This follows immediately from our assumption that( ̂k(π(x′)), ̂k(π(x′))

+)
→
(
k̂(x′), k̂(x′)

+)
is an isomorphism and [FS26, Lem. IV.4.14] (note that d = 0 due to

étaleness of π).17

For the second claim, we first observe that X ′ ∆
↪−→ X ′×X X ′ and U ′×U U ′ j′×Xj

′

↪−−−−→ X ′×X X ′ are both open
immersions due to the assumption that π is étale and j is an open immersion. Therefore, it suffices to show
that ∆ and j′ ×X j′ are jointly surjective, i.e., |X ′ ×X X ′ ∖ U ′ ×U U ′| lies inside |∆|(|X ′|). The assumption
on residue fields and the assumption that |π|

∣∣
Z′ : Z

′ → Z is bijective imply that |X ′ ×X X ′ ∖ U ′ ×U U ′| ≃
Z ′ ×Z Z ′ ≃ |∆|(Z ′) ⊂ |∆|(|X ′|). This finishes the proof. □

To apply Lemma 6.1.3 to our setting, recall from Definition 2.1.5 that every closed interval I ⊂ (0,∞)
with rational endpoints determines an open affinoid subspace YS,I ⊂ YS , which we call the Fargues–Fontaine
annulus of radius I.

Notation 6.1.4. Let S be an affinoid perfectoid space over Spa(Qp,Zp).
(1) (Inclusion map) We denote by incl : YS,[1,1] ↪→ YS,[1,p] the natural inclusion of relative Fargues–Fontaine

annuli.

17The statement of [FS26, Lem. IV.4.14] assumes that X is sousperfectoid, but the proof applies to any locally noetherian
adic space over Spa(Zp,Zp).
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(2) (Frobenius map) We denote by φ̃ : YS,[1,1] ↪→ YS,[1,p] the composition YS,[1,1]
φ−→
∼
YS,[p,p] ↪→ YS,[1,p] of

the Frobenius isomorphism followed by the natural inclusion.

With this notation, we are finally ready to prove the following lemma:

Lemma 6.1.5. Let S be an affinoid perfectoid space over Spa(Qp,Zp) and let FFS be the associated Fargues–
Fontaine curve. Then the following square

(6.1.6)

YS,[1,1] ⊔ YS,[1,1] YS,[1,p]

YS,[1,1] FFS

incl⊔ φ̃

id⊔ id πS

∣∣∣
YS,[1,p]πS

∣∣∣
YS,[1,1]

is a pushout square in Shv
(
(Adic)AN; Set

)
and in Shv

(
(Adic)AN; Ani

)
.

Proof. We only need to verify that Diagram (6.1.6) satisfies the assumptions of Lemma 6.1.3. First, we note
that FFS is sousperfectoid because YS is sousperfectoid (see the proof of [FS26, Prop. II.1.1]) and the action
of φZ is free and totally discontinuous. Furthermore, this freeness and total discontinuity ensure that the
restriction πS |YS,[1,p]

: YS,[1,p] → FFS is étale and induces an isomorphism on residue fields.
To verify the remaining properties, namely, that πS |YS,[1,1]

is an open immersion, Diagram 6.1.6 is cartesian,
and πS |YS,[1,p]

is bijective away from YS,[1,1] ⊔ YS,[p,p] = Im(incl ⊔ φ̃), it suffices to show that if y ∈ YS,[1,p]
and n ∈ Z∖ {0} satisfy φn(y) ∈ YS,[1,p], then either y ∈ YS,[1,1] and n = 1, or y ∈ YS,[p,p] and n = −1.

To see this, we choose p♭ ∈ O+,♭
S (S) as in Notation 2.1.1. Suppose y ∈ YS,[1,p] is a point such that

φn(y) ∈ YS,[1,p] for some n > 0. Because φ([p♭]) = [p♭]p and φ(p) = p, the point y must satisfy the following
inequalities:

|p(y)|p ≤ |[p♭](y)| ≤ |p(y)| and |p(y)|p ≤ |[p♭](y)|p
n

≤ |p(y)|.
Given n > 0, these inequalities hold if and only if n = 1 and |[p♭](y)| = |p(y)|, which precisely means
y ∈ YS,[1,1]. A symmetric argument shows that if n < 0 and φn(y) ∈ YS,[1,p], then y ∈ YS,[p,p] and n = −1.
This completes the proof. □

Corollary 6.1.7. Let S be an affinoid perfectoid space over Spa(Qp,Zp) and let FFS be the associated

relative Fargues–Fontaine curve. Then the diagram
(
YS,[1,1] YS,[1,p]

)incl

φ̃
→ FFS is a coequalizer diagram

in Shv(AdicAN; Ani).

Proof. This follows immediately from Lemma 6.1.5 and (the dual version of) [Lur26, Tag 03HC]. □

Finally, we wish to use Corollary 6.1.7 to describe Perfan(FFS ;O) in terms of perfect complexes of BI(S)-
modules for I = [1, 1] and I = [1, p], which we can further relate to Perfv(S;BI) due to Theorem C.6.10.
Before we do this, we introduce the following notation:

Notation 6.1.8. Let S be an affinoid perfectoid space over Spa(Qp,Zp).
(1) (Restriction map) We denote by

res : B[1,p](S)→ B[1,1](S)

the map induced by the map YS,[1,1]
incl
↪−−→ YS,[1,p] (see Notation 6.1.4 1) and by res∗ : Perf

(
B[1,p](S)

)
→

Perf
(
B[1,1](S)

)
the induced pullback functor.

(2) (Frobenius map) We denote by

φ̃ : B[1,p](S)→ B[1,1](S)

the map induced by the Frobenius morphism YS,[1,1]
φ̃
↪−→ YS,[1,p], see Notation 6.1.4 2. We denote by

φ̃∗ : Perf
(
B[1,p](S)

)
→ Perf

(
B[1,1](S)

)
the induced pullback functor.

Notation 6.1.9. Let X be a diamond over Spd(Qp,Zp).

https://kerodon.net/tag/03HC
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(1) (Restriction map) Since affinoid perfectoid spaces form a basis for the v-topology on X, Notation 6.1.8 1
defines a morphism of period sheaves

res : B[1,p] → B[1,1]

on the v-site of X. We denote by −⊗L
B[1,p],res

B[1,1] : Perfv
(
X;B[1,p]

)
→ Perfv

(
X;B[1,1]

)
the induced

tensor product functor.
(2) (Frobenius map) Similarly, Notation 6.1.8 2 defines a morphism of period sheaves

φ̃ : B[1,p] → B[1,1]

on the v-site of X. We denote by −⊗L
B[1,p],φ̃

B[1,1] : Perfv
(
X;B[1,p]

)
→ Perfv

(
X;B[1,1]

)
the induced

tensor product functor.

Corollary 6.1.10. There are equivalences

Perfan(FF−;O) eq
(
Perf(B[1,p](−)) Perf(B[1,1](−))

)
≃ eq

(
Perfv(−;B[1,p]) Perfv(−;B[1,1])

)
≃

res∗

φ̃∗

⊗L
B[1,p],res

B[1,1]

⊗L
B[1,p],φ̃

B[1,1]

of functors Perfdaff,op/Qp
→ Cat⊗∞.

We recall that Cat⊗∞ ≃ CAlg(Cat∞) denotes the ∞-category of symmetric monoidal ∞-categories. Note
that [HM24, Lem. B.2.4(i)] ensures that the forgetful functor Cat⊗∞ → Cat∞ is conservative and commutes
with all limits. In particular, we note that a Cat⊗∞-valued presheaf is a sheaf if and only if the associated
Cat∞-valued presheaf is a sheaf. We will freely use this observation in the proof.

Proof. The functor Perfan(−;O) : Adicop → Cat⊗∞ is an analytic sheaf of ∞-categories. Thus, [Man22,
Lem. A.3.4] implies that Perfan(−;O) essentially uniquely extends to a limit-preserving functor

Perfan(−;O) : Shv(AdicAN; Ani)op → Cat⊗∞.

By construction, the functor Perfan(FF−;O) is equivalent to the composition of functors

Perfdaff,opQp

FF−−−−→ Shv(AdicAN,Ani)op
Perfan(−;O)−−−−−−−−→ Cat⊗∞.

Since Perfan(−;O) : Shv(AdicAN,Ani)op → Cat⊗∞ is a sheaf, it is a limit-preserving functor. Thus, Corol-
lary 6.1.7 implies that we have an equivalence of functors

Perfan(FF−;O) ≃ eq
(
Perfan(Y−,[1,p]) Perfan(Y−,[1,1])

)
.

incl∗

φ̃∗

Finally, since YS,[1,p] and YS,[1,1] are affinoid adic spaces, [And21, Th. 1.4] and Theorem C.6.10 imply that

eq
(
Perfan(Y−,[1,p]) Perfan(Y−,[1,1])

)
≃ eq

(
Perf(B[1,p](−)) Perf(B[1,1](−))

)
≃ eq

(
Perfv(−;B[1,p]) Perfv(−;B[1,1])

)
.

incl∗

φ̃∗

res∗

φ̃∗

⊗L
B[1,p],res

B[1,1]

⊗L
B[1,p],φ̃

B[1,1]

□

6.2. Analytic perfect complexes on the Fargues–Fontaine curve. In this subsection, we define and
study the correct category Perfan(FFX ;O) of “analytic perfect complexes on the relative Fargues–Fontaine
curve FFX ” for any diamond X over Spd(Qp,Zp). Unlike the case of an affinoid perfectoid space X, we
do not have any actual adic space FFX , so we cannot directly define Perfan(FFX ;O) as perfect complexes
on a certain analytic site of FFX . In fact, the relative curve FFX exists only as a diamond, which is not
good enough to capture the category of analytic perfect complexes. Instead, we define Perfan(FFX ;O) via
the formula from Corollary 6.1.10. Alternatively, one could have defined Perfan(FFX ;O) by resolving X via
perfectoids in the v-topology; we show that these two approaches give the same answer. However, we warn
the reader that Perfan(FFS ;O) is not equivalent to Perfv(FF

♢
S ;O) even when S is an affinoid perfectoid space

over Spa(Qp,Zp) (see Warning 6.2.3).
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Definition 6.2.1. We define the functor Perfan(FF−;O) : Diamop
/Qp
→ CAlg(Cat∞) as the following equalizer

Perfan(FF−;O) := eq
(
Perfv(−;B[1,p]) Perfv(−;B[1,1])

)⊗L
B[1,p],res

B[1,1]

⊗L
B[1,p],φ̃

B[1,1]

.

By construction, Perfan(FF−;O) comes equipped with a conservative symmetric monoidal functor

π∗
− : Perfan(FF−;O)→ Perfv(−;B[1,p]).

Definition 6.2.1 might initially seem counterintuitive, as we define analytic sheaves on the relative Fargues–
Fontaine curve in terms of v-sheaves on X. However, this notation is justified by Remark 6.2.2 below.
Conceptually, one can view Perfan(FFX ;O) as complexes that behave as v-sheaves in the “X-direction” and
as analytic sheaves in the “Fargues–Fontaine direction” (see Remark 6.2.7 and Remark 6.2.8 for precise
statements).

Remark 6.2.2. Corollary 6.1.10 guarantees that, for an affinoid perfectoid space S over Spa(Qp,Zp), there
is a natural equivalence Perfan(FFS♢ ;O) ≃ Perfan(FFS ;O). Here, Perfan(FFS♢ ;O) is the category from
Definition 6.2.1 and Perfan(FFS ;O) is the usual category of analytic perfect complexes on the adic space FFS
(see Definition 6.1.1). This equivalence justifies the notation Perfan(FFX ;O) used in Definition 6.2.1.

For the purposes of Definition 6.2.1, the notation “Perfan(FFX ;O)” can simply be treated as an indivisible
formal symbol. While it is true that any diamond X over Spd(Qp,Zp) yields a diamond FF♢

X := SpdQp ×
X/(φZ× id) equipped with a structure v-sheaf OFF♢

X
(via its projection to Spd(Qp,Zp) as in Definition 3.1.1),

evaluating v-complexes on this space will not recover the analytic category we just defined.

Warning 6.2.3. There is a natural functor Perfan(FFX ;O) → Perfv(FF
♢
X ;O) for any diamond X over

Spd(Qp,Zp). However, even when X is an affinoid perfectoid space over Spd(Qp,Zp), this functor fails to be
fully faithful or essentially surjective. This failure is visible on derived global sections: for X = Spd(Cp,OCp),
we have RΓan(FFX ;O) ≃ Qp[0], while RΓv(FF

♢
X ;O) ≃ Qp[0]⊕Qp[−1].

By construction, the ∞-category Perfan(FFX ;O) has a natural pullback functoriality.

Remark 6.2.4. By definition, the assignment X 7→ Perfan(FFX ;O) ∈ Cat⊗∞ is functorial in Diamop
/Qp

. In
other words, for any morphism of diamonds f : X ′ → X over Spd(Qp,Zp), there is a specified symmetric
monoidal pullback functor f∗FF : Perfan(FFX ;O)→ Perfan(FFX′ ;O) that fits into the following commutative
diagram:

(6.2.5)

Perfan(FFX ;O) Perfv(X;B[1,p]) Perfv(X;B[1,1])

Perfan(FFX′ ;O) Perfv(X
′;B[1,p]) Perfv(X

′;B[1,1])

f∗
FF

π∗
X

f∗
v,[1,p]

⊗L
B[1,p],res

B[1,1]

⊗L
B[1,p],φ̃

B[1,1]

f∗
v,[1,1]

π∗
X′

⊗L
B[1,p],res

B[1,1]

⊗L
B[1,p],φ̃

B[1,1]

Lemma 6.2.6. The functor Perfan(FF−;O) : Diamop
/Qp
→ Cat⊗∞ is a hypercomplete v-sheaf of ∞-categories.

Proof. Since hypercomplete v-sheaves are closed under limits, it suffices to show that Perfv(−;B[1,p]) and
Perfv(−;B[1,1]) are hypercomplete v-sheaves of symmetric monoidal ∞-categories. This follows immediately
from Lemma B.3.1 and the observation that Cat⊗∞ → Cat∞ is conservative and commutes with all limits (see
[HM24, Lem. B.2.4(i)]). □

Lemma 6.2.6 provides a systematic way to compute Perfan(FFX ;O) for any diamond X over Spd(Qp,Zp)
in terms of affinoid perfectoid spaces mapping to X.
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Remark 6.2.7. As a direct consequence of Remark 6.2.2 and Lemma 6.2.6, for any diamond X over
Spd(Qp,Zp), there is a canonical identification Perfan(FFX ;O) ≃ limS→X Perfan(FFS♯ ;O), where the limit
is taken over the category of affinoid perfectoid spaces equipped with a morphism S → X.

In fact Perfan(FF−;O) is the essentially unique way to extend Perfan(FF−;O) : Perfdaff,opQp
→ Cat⊗∞ to a

hypercomplete v-sheaf on Diamop
/Qp

, by the following remark:

Remark 6.2.8. Recall that affinoid perfectoid spaces over Spd(Qp,Zp) form a basis of the v-site of Spd(Qp,Zp).
Therefore, [Aok23, Cor.A.7] ensures that Perfan(FF−;O) : Diamop

/Qp
→ Cat∞ is the (essentially) unique

extension of Perfan(FF−;O) : Perfdaff,op/Qp
→ Cat∞ to a hypercomplete sheaf on Diam/Qp

.

While we could have used [Aok23, Cor.A.7] in order to define Perfan(FFX ;O), we find Definition 6.2.1
easier to work with for our purposes.

We end the section by recording the following construction:

Construction 6.2.9. Let X be a diamond over Spd(Qp,Zp). We define the functor ι∗∞ : Perfan(FFX ;O)→
Perfv(X;O) as the composition of functors

Perfan(FFX ;O) π∗
X−−→ Perfv(X;B[1,p])

−⊗L
B[1,p],θ[1,p]

O

−−−−−−−−−−→ Perfv(X;O),
where π∗

X is from Definition 6.2.1 and θ[1,p] is from Construction 5.2.17.
When X = S is an affinoid perfectoid space with a map S → Spd(Qp,Zp) corresponding to an untilt S♯ of

S, Corollary C.5.12 and Remark 6.2.2 allow us to identify ι∗∞ with a functor

Perfan(FFS♯ ;O)→ Perf
(
O(S♯)

)
.

In Section 6.4, we will also discuss the pushforward functoriality of Perfan(FFX ;O).

6.3. Riemann–Hilbert and solution functors. In this subsection, we discuss the Riemann–Hilbert and
solution functors relating Perfv(X;Q

p
) to Perfan(FFX ;O) for any diamond X over Spd(Qp,Zp). To rigorously

define these functors, we introduce an auxiliary ∞-category D′(FFX ;O) that contains Perfan(FFX ;O) as a
full subcategory. While our definition of D′ is somewhat ad hoc, its primary advantage is presentability, which
allows us to construct the desired adjoints via the Adjoint Functor Theorem.

Throughout this subsection, we fix a diamond X over Spd(Qp,Zp). In what follows, we will freely use the
fact that the ∞-category D(Xv;BI) is presentable for any small v-stack X and closed interval I ⊂ (0,∞)
with rational endpoints (see [Lur17, Prop. 1.3.5.21]).

Definition 6.3.1. We define the functor D′(FF−;O) : Diamop
/Qp
→ CAlg(PrL) as the equalizer

D′(FF−;O) := eq
(
D(−v;B[1,p]) D(−v;B[1,1])

)⊗L
B[1,p],res

B[1,1]

⊗L
B[1,p],φ̃

B[1,1]

.

By construction, the∞-category D′(FF−;O) comes equipped with a conservative symmetric monoidal functor
π∗
− : D′(FF−;O)→ D((−)v;B[1,p]).

Let us first unpack this definition to see what kind of structure D′(FFX ;O) admits.

Remark 6.3.2. Recall that CAlg(PrL) is the ∞-category of presentably symmetric monoidal ∞-categories.
Therefore, for each diamond X over Spd(Qp,Zp), the ∞-category D′(FFX ;O) is presentable and is naturally
a symmetric monoidal category such that the tensor product functor, which we denote by

−⊗L
O − : D′(FFX ;O)×D′(FFX ;O)→ D′(FFX ;O),

commutes with colimits in each variable. Furthermore, the CAlg(PrL)-functoriality of this construction ensures
that, for every morphism f : X ′ → X in Diam/Qp

, there is a specified symmetric monoidal colimit-preserving
pullback functor f∗FF : D′(FFX ;O)→ D′(FFX′ ;O). This pullback functor fits into a diagram analogous to
(6.2.5).
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Remark 6.3.3. Since D′(FFX ;O) is a presentably symmetric monoidal category, it is a closed symmetric
monoidal category in the sense of [Lur17, Def. 4.1.1.15].18 Thus, [Lur17, Rmk. 4.2.1.31 and Ex. 4.2.1.32]
imply that we get an internal Hom functor on D′(FFX ;O), which we denote by

RH omFFX
(−,−) : D′(FFX ;O)op ×D′(FFX ;O)→ D′(FFX ;O).

We also provide a more explicit description of objects of D′(FFX ;O).

Remark 6.3.4. Since the forgetful functor CAlg(PrL)→ Cat∞ commutes with limits ([Lur09, Prop. 5.5.3.13],
[Lur17, Cor. 3.2.2.5]), we can apply [Lur26, Tag 03H9] to explicitly describe the objects of D′(FFX ;O).
Specifically, they can be identified with pairs (F, α), where F ∈ D(Xv;B[1,p]) and α is an isomorphism
α : F ⊗L

B[1,p],φ̃
B[1,1]

∼−→ F ⊗L
B[1,p],res

B[1,1].

Furthermore, the symmetric monoidal ∞-category D′(FFX ;O) recovers Perfan(FFX ;O) by passing to the
subcategory of dualizable objects.

Construction 6.3.5. [Lur17, Prop. 4.3.1.11] and [SP26, Tag 0FPV] ensure that the category of dualizable
objects in D′(FFX ;O) is canonically identified with Perfan(FFX ;O). In particular, we have a canonical fully
faithful functor

jFFX
: Perfan(FFX ;O) ↪→ D′(FFX ;O).

We now turn to the construction of the Riemann–Hilbert functor RHX : D(Xv;Qp
)→ D′(FFX ;O) and its

right adjoint SolX : D′(FFX ;O)→ D(Xv;Qp
). The definition of RH relies on the following universal property

of our auxiliary category:

Remark 6.3.6. For any C ∈ CAlg(PrL), the mapping space into the equalizer D′(FFX ;O) is naturally
identified as:

MapCAlg(PrL)

(
C,D′(FFX ;O)

)
≃ eq

 MapCAlg(PrL)

(
C,D(Xv;B[1,p])

)
MapCAlg(PrL)

(
C,D(Xv;B[1,1])

)⊗L
B[1,p],res

B[1,1]

⊗L
B[1,p],φ̃

B[1,1]

 .

By [Lur26, Tag 03HA] and [Lur26, Tag 03H9], this implies that constructing a colimit-preserving symmetric
monoidal functor D(Xv;Qp

) → D′(FFX ;O) is equivalent to specifying a symmetric monoidal, colimit-
preserving functor F : D(Xv;Qp

)→ D(Xv;B[1,p]) together with a natural equivalence

α : F (−)⊗L
B[1,p],φ̃

B[1,1]
∼−→ F (−)⊗L

B[1,p],res
B[1,1].

To use this observation, we note that, for each closed interval I ⊂ (0,∞) with rational endpoints, there is
a canonical morphism ιI : Zp → AI coming from the fact that AI is a p-complete sheaf of Zp-algebras (see
Lemma 3.1.11). In particular, it induces a canonical morphism ιI : Qp

→ BI . This leads to the following
construction:

Construction 6.3.7. To define the functor RHX : D(Xv;Qp
) → D′(FFX ;O) in CAlg(PrL), we use the

equivalence from Remark 6.3.6 and specify the pair (F, α). First, we set the functor F to be:

F := −⊗L
Q

p
,ι[1,p]

B[1,p] : D(Xv;Qp
)→ D(Xv;B[1,p]).

Next, we define α as the natural isomorphism arising from the fact that the two distinct compositions mapping
Q
p

to B[1,1] are identical; namely, both(
Q
p

ι[1,p]−−−→ B[1,p]
res−−→ B[1,1]

)
and

(
Q
p

ι[1,p]−−−→ B[1,p]
φ̃−→ B[1,1]

)
are equal to the canonical map ι[1,1] : Qp

→ B[1,1].

18To justify that D′(FFX ;O) is closed, it suffices to show that F ⊗L − : D′(FFX ;O) → D′(FFX ;O) admits a right adjoint.
This follows from the fact that it commutes with colimits and [Lur09, Cor. 5.5.2.9]

https://kerodon.net/tag/03H9
https://stacks.math.columbia.edu/tag/0FPV
https://kerodon.net/tag/03HA
https://kerodon.net/tag/03H9
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Variant 6.3.8. Because RHX : D(Xv;Qp
) → D′(FFX ;O) is a symmetric monoidal functor, it preserves

dualizable objects. Consequently, by Construction 6.3.5 and [SP26, Tag 0FPV] applied to D(Xv;Qp
), it

restricts to a symmetric monoidal functor RHX : Perfv(X;Q
p
)→ Perfan(FFX ;O) that fits into the following

commutative diagram:

Perfv(X;Q
p
) Perfan(FFX ;O)

D(Xv;Qp
) D′(FFX ;O),

jX

RHX

jFFX

RHX

where jX is the natural embedding.

Variant 6.3.9. We also denote by RH
Zp

X : Perfv(X;Zp)→ Perfan(FFX ;O) the composite functor

Perfv(X;Zp)→ Perfv(X;Q
p
)

RHX−−−→ Perfan(FFX ;O).

Remark 6.3.10. By construction, the composition Perfv(X;Zp)
RH

Zp
X−−−−→ Perfan(FFX ;O) π∗

X−−→ Perfv(X;B[1,p])

is canonically identified with the functor −⊗L
Zp

B[1,p] : Perfv(X;Zp)→ Perfv(X;B[1,p]).

We now define the solution functor.

Construction 6.3.11. Because RHX : D(Xv;Qp
)→ D′(FFX ;O) is a colimit-preserving symmetric monoidal

functor between presentable categories, the Adjoint Functor Theorem [Lur09, Cor. 5.5.2.9] and [HM24,
Lem. B.1.12(i)] guarantee the existence of a lax symmetric monoidal right adjoint:

SolX : D′(FFX ;O)→ D(Xv;Qp
).

By a slight abuse of notation, we also use SolX : Perfan(FFX ;O)→ D(Xv;Qp
) to denote the restriction of

this adjoint to the subcategory Perfan(FFX ;O).

This functor admits an explicit description.

Remark 6.3.12. Using the identification from Remark 6.3.4 and [HM24, Lem. D.4.7], SolX : D′(FFX ;O)→
D(Xv;Qp

) can be computed by

(F, α) 7→ eq

(
F F ⊗L

B[1,p],res
B[1,1]

res

α◦φ̃

)
≃ fib

(
F

res−α◦φ̃−−−−−−→ F ⊗L
B[1,p],res

B[1,1]

)
,

where res : F → F ⊗L
B[1,p],res

B[1,1] and φ̃ : F → F ⊗L
B[1,p],φ̃

B[1,1] are the natural maps. Using Remark 6.2.7,
Corollary 6.1.10, and the fact that affinoid perfectoid spaces form a basis on Xv, the restricted functor
SolX : Perfan(FFX ;O)→ D(Xv;Qp

) can be informally described by the assignment

Perfan(FFX ;O) ∋ P 7→
(
S 7→ RΓan(FFS♯ ,P|FF

S♯
)
)
,

where S varies over all affinoid perfectoid spaces mapping to the diamond X.

For future reference, we record the following result.

Lemma 6.3.13. Let S be an affinoid perfectoid space over Spd(Qp,Zp) and let E ↠ E ′ be a surjection of
vector bundles on FFS. Then the following statements hold:

(i) the complex SolS(E) is concentrated in degrees 0 and 1;
(ii) the natural morphism H1

(
SolS(E)

)
→ H1

(
SolS(E ′)

)
is a surjection in Shv(Sv;Qp

).

Proof. Under the equivalence from Corollary 6.1.10, a vector bundle on FFS corresponds to a finite projective
B[1,p](S)-module M[1,p] together with an isomorphism α : res∗M[1,p]

∼−→ φ̃∗M[1,p]. Equivalently, it is given

https://stacks.math.columbia.edu/tag/0FPV
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by a (finite locally free) B[1,p]-module M̃[1,p] together with an isomorphism α : M̃[1,p] ⊗B[1,p],res B[1,1] ≃
M̃[1,p] ⊗B[1,p],φ̃ B[1,1]. Then Remark 6.3.12 ensures that

SolS(E) ≃ fib
(
M̃[1,p]

res−α◦φ̃−−−−−−→ M̃[1,p] ⊗B[1,p],res B[1,1]

)
.

So it is evidently concentrated in degrees 0 and 1. This finishes the proof of (i).
Lastly, (ii) follows immediately from (i) by observing that ker(E → E ′) is a vector bundle since it is a kernel

of a surjective morphism of vector bundles. □

Construction 6.3.14. The lax symmetric monoidal structure on SolX provides a functorial morphism
∪ : SolX(F1) ⊗L

Q
p

SolX(F2) → SolX(F1 ⊗L
O F2) for any F1,F2 ∈ D′(FFX ;O). Explicitly, this morphism is

adjoint to the morphism

RHX
(
SolX(F1)⊗L

Q
p
SolX(F2)

)
≃ RHX

(
SolX(F1)

)
⊗L

O RHX
(
SolX(F2)

) ϵF1
⊗L

OϵF2−−−−−−−→ F1 ⊗L
O F2,

where ϵFi
are the counits of the (RHX ,SolX)-adjunction.

Now we study the basic properties of the RH and Sol functors. We start with the following preliminary
lemma:

Lemma 6.3.15. Let X be a diamond over Spd(Qp,Zp). Then the natural morphism Q
p
→ fib(B[1,p]

res−φ̃−−−−→
B[1,1]) is an isomorphism.

Proof. It suffices to show that

(6.3.16) 0→ Q
p
(S)→ B[1,p](S)

res−φ̃−−−−→ B[1,1](S)→ 0

is a short exact sequence for any strictly totally disconnected perfectoid space S over X. Let S♯ be the untilt
of S corresponding to the composite map S → Spd(Qp,Zp). Then Corollary 6.1.10 and Corollary C.6.12

imply that RΓan(FFS♯ ,O) is isomorphic to fib
(
B[1,p](S)

res−φ̃−−−−→ B[1,1](S)
)
. Thus, [FS26, Prop. II.2.5] and

Theorem C.7.20 (iii) imply that the natural map

RΓv(S,Qp
) ≃ Q

p
(S)→ fib

(
B[1,p](S)

res−φ̃−−−−→ B[1,1](S)
)
≃ RΓan(FFS♯ ,O)

is an isomorphism. Thus, (6.3.16) is indeed exact. □

Proposition 6.3.17. Let X be a diamond over Spd(Qp,Zp) and let P ∈ Perfv(X;Q
p
). Then the unit of the

adjunction canP : P → SolX(RHX(P)) is an isomorphism.

Proof. Remark 6.3.12 implies that it suffices to show that the natural morphism

P → fib
(
P ⊗L

Q
p
B[1,p]

id⊗ res− id⊗φ̃−−−−−−−−−−→ P ⊗L
Q

p
B[1,1]

)
is an isomorphism. Since P is dualizable, we conclude that fib(P ⊗L

Q
p

B[1,p]
id⊗ res− id⊗φ̃−−−−−−−−−−→ P ⊗L

Q
p

B[1,1]) ≃

P ⊗L
Q

p

fib(B[1,p]
res−φ̃−−−−→ B[1,1]). Then the result follows immediately from Lemma 6.3.15. □

Finally, we finish the subsection with the theorem of Anschütz–Le Bras, which is indispensable for our
proof of the geometric duality. Before we formulate it, we note that for any F1,F2 ∈ D′(FFX ;O), there is a
natural morphism

SolX
(
RH omFFX

(F1,F2)
)
→ RH omD(Xv;Q

p
)

(
SolX(F1),SolX(F2)

)
adjoint to the composition

SolX
(
RH omFFX

(F1,F2)
)
⊗L

Q
p
SolX(F1)

∪−→ SolX
(
RH omFFX

(F1,F2)⊗L
O F1

) Sol(ev)−−−−→ SolX(F2),

where ∪ is the cup-product map from Construction 6.3.14.
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Theorem 6.3.18. (Anschütz–Le Bras [ALB25, Cor. 3.11]) Let X be a diamond over Spd(Qp,Zp). Then the
functor

(6.3.19) SolX : Perfan(FFX ;O)→ D(Xv;Qp
)

is fully faithful. In particular, for any F1,F2 ∈ Perfan(FFX ;O), the natural morphism

SolX
(
RH omFFX

(F1,F2)
)
→ RH omD(Xv;Q

p
)

(
SolX(F1),SolX(F2)

)
is an isomorphism.

Warning 6.3.20. We note a discrepancy in the formulation of [ALB25, Cor. 3.11]. There, Anschütz–Le
Bras define a functor Rτ∗ that sends a complex P ∈ Perfan(FFX ;O) to the v-sheaf (informally) given by the
assignment

Perfaff,op/X ∋ S 7→ RΓv(FFS♯ ;P|FF
S♯
).

In contrast, our functor SolX sends P to the v-sheaf:

Perfaff,op/X ∋ S 7→ RΓan(FFS♯ ;P|FF
S♯
).

As demonstrated by Warning 6.2.3, these two evaluations are different. However, their argument uses analytic
Fargues–Fontaine cohomology and, in fact, works with SolX not with Rτ∗.

6.4. Pushforward functor. In this subsection, we define the (derived) pushforward functor for D′(FFX ;O)
and show that it preserves Perfan for smooth proper morphisms. We also prove that the solution functor
commutes with pushforward.

For the next definition, we fix a morphism f : X ′ → X of diamonds over Spd(Qp,Zp). This induces a colimit-
preserving pullback functor f∗FF : D′(FFX ;O)→ D′(FFX′ ;O), see Remark 6.3.2. Since both D′(FFX ;O) and
D′(FFX′ ;O) are presentable, the Adjoint Functor Theorem [Lur09, Cor. 5.5.2.9] implies that f∗FF admits a
right adjoint functor.

Definition 6.4.1. The derived pushforward functor RfFF,∗ : D′(FFX′ ;O)→ D′(FFX ;O) is the right adjoint
to the pullback functor f∗FF.

Warning 6.4.2. We prefer to use the RfFF,∗ notation for this functor to be compatible with other pushforwards
used in this paper. However, we emphasize that this functor is not a right derived functor.

First, we verify that the formation of RfFF,∗ commutes with the solution functor.

Lemma 6.4.3. Let f : X ′ → X be a morphism of diamonds over Spd(Qp,Zp). Then the diagrams

D(Xv;Qp
) D′(FFX ;O)

D(X ′
v;Qp

) D′(FFX′ ;O)

f∗
v

RHX

f∗
FF

RHX′

and

D′(FFX′ ;O) D(X ′
v;Qp

)

D′(FFX ;O) D(Xv;Qp
)

RfFF,∗

SolX′

Rfv,∗

SolX

commute. In other words, there are canonical isomorphisms of functors

αf : RHX′ ◦f∗v
∼−→ f∗FF ◦ RHX and α′

f : SolX ◦RfFF,∗(−)
∼−→ Rfv,∗ ◦ SolX′(−).

Proof. First, we note that the commutativity of the right diagram follows from the commutativity of the left
diagram by passing to right adjoints. Therefore, it suffices to show that the left diagram commutes. Using
the last sentence of Remark 6.3.2 and the definition of the RH-functor (see Construction 6.3.7), the question
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follows from the commutativity of the following diagram:

D(Xv;Qp
) D(Xv;B[1,p]) D(Xv;B[1,1])

D(X ′
v;Qp

) D(X ′
v;B[1,p]) D(X ′

v;B[1,1]),

f∗
v

⊗L
Q

p
,ι[1,p]

B[1,p]

f∗
v

⊗L
B[1,p],res

B[1,1]

⊗L
B[1,p],φ̃

B[1,1]

f∗
v

⊗L
Q

p
,ι[1,p]

B[1,p]
⊗L

B[1,p],res
B[1,1]

⊗L
B[1,p],φ̃

B[1,1]

which follows immediately from the fact that the derived ∞-category D is functorial in ringed topoi and the
observation that res ◦ι[1,p] = ι[1,1] = φ̃ ◦ ι[1,p]. □

Now we wish to show that RfFF,∗ preserves dualizable objects when f is smooth and proper. We do this in
two steps: we first construct a right adjoint on the level of Perfan and then show that it must be compatible
with RfFF,∗.

Lemma 6.4.4. Let f : X ′ → X be a smooth proper morphism of diamonds over Spd(Qp,Zp). Then the
functor f∗FF : Perfan(FFX ;O)→ Perfan(FFX′ ;O) admits a right adjoint functor RfPerfFF,∗ : Perfan(FFX′ ;O)→
Perfan(FFX ;O). Furthermore, the following diagram commutes:

(6.4.5)

Perfan(FFX′ ;O) Perfv(X
′;B[1,p]) Perfv(X

′;B[1,1])

Perfan(FFX ;O) Perfv(X;B[1,p]) Perfv(X;B[1,1])

RfPerf
FF,∗

π∗
X′

Rfv,∗

⊗L
B[1,p],res

B[1,1]

⊗L
B[1,p],φ̃

B[1,1]

Rfv,∗

π∗
X

⊗L
B[1,p],res

B[1,1]

⊗L
B[1,p],φ̃

B[1,1]

Proof. Corollary 5.3.13 implies that the functors f∗v : Perfv(X;BI) → Perfv(X
′;BI) admit right adjoints

Rfv,∗ : Perfv(X
′;BI)→ Perfv(X;BI) for any closed interval I ⊂ (0,∞) with rational endpoints. Furthermore,

Corollary 5.3.13 ensures the natural base change morphisms (i.e., Beck–Chevalley morphisms)

Rfv,∗(−)⊗L
B[1,p],res

B[1,1] → Rfv,∗(−⊗L
B[1,p],res

B[1,1]),

Rfv,∗(−)⊗L
B[1,p],φ̃

B[1,1] → Rfv,∗(−⊗L
B[1,p],φ̃

B[1,1]),

are isomorphisms. Therefore, [HM24, Lem. D.2.14] implies that the functor f∗FF : Perfan(FFX ;O) →
Perfan(FFX′ ;O) admits a right adjoint making Diagram (6.4.5) commute. □

Finally, we wish to compare RfPerfFF,∗ to the other pushforward functor RfFF,∗ from Definition 6.4.1.

Lemma 6.4.6. Let f : X ′ → X be a smooth proper morphism of diamonds over Spd(Qp,Zp). Then the
diagram

(6.4.7)
Perfan(FFX′ ;O) D′(FFX′ ;O)

Perfan(FFX ;O) D′(FFX ;O)

jFF
X′

RfPerf
FF,∗ RfFF,∗

jFFX

commutes, i.e., there is a natural equivalence of functors βf : jFFX
◦ RfPerfFF,∗ → RfFF,∗ ◦ jFFX′ . In particular,

RfFF,∗ : D′(FFX′ ;O)→ D′(FFX ;O) sends dualizable objects to dualizable objects.

Proof. First, we note that the last sentence of the lemma follows immediately from the commutativity of
Diagram (6.4.7) and the observation that Perfan(FF−;O) is exactly the subcategory of dualizable objects in
D′(FF−;O) (see the first sentence of Construction 6.3.5).
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Now we show that Diagram (6.4.7) commutes. Since jFFX
and jFFX′ are fully faithful and both RfPerfFF,∗ and

RfFF,∗ are defined as right adjoints to the corresponding pullback functors, it suffices to show that RfFF,∗
sends Perfan(FFX′ ;O) to Perfan(FFX ;O). Informally, this obviously follows from Corollary 5.3.13 since the
pullbacks f∗v : Perfv(X;BI)→ Perfv(X

′;BI) for each I ⊂ (0,∞) admit right adjoints which commute with
the pullbacks in the diagram defining Perfan(FFX ;O). The rest of the argument is devoted to spelling out
this argument in a rigorous way.

In order to do this, let I be the ∞-category associated with the category • • . Furthermore, let
FX : I → Cat∞ be the functor associated with the diagram

D(Xv;B[1,p]) D(Xv;B[1,1])

⊗L
B[1,p],res

B[1,1]

⊗L
B[1,p],φ̃

B[1,1]

and EX :=
∫
I(FX)→ I be the associated cocartesian fibration (see [Lur26, Tag 026J] and [Lur26, Tag 026K]).

We define FX′ : I → Cat∞ and EX′ → I in the analogous way. The pullback functoriality gives us a natural
transformation of functors f∗ : FX ⇒ FX′ which translates into an I-morphism Ef∗ : EX → EX′ sending
cocartesian edges to cocartesian edges (see [CN22, Th. 8.16]).

Analogously, we define EPerfX ⊂ EX be a cocartesian subfibration over I corresponding to Perfan(FFX ;O)
and EPerfX′ ⊂ EX′ corresponding to Perfan(FF

′
X ;O) respectively. Since the v-pullback preserves BI -perfect

complexes, the functor Ef∗ restricts to a functor Ef∗ : EPerfX → EPerfX′ .
By virtue of [Lur26, Tag 02TK], we can identify D′(FFX ;O) ≃ limFX with the∞-category FunCCart

/I (I, EX)

of cocartesian section of EX → I. Similarly, we identify Perfan(FFX ;O) ≃ FunCCart
/I (I, EPerfX ), D′(FFX′ ;O) ≃

FunCCart
/I (I, EX′), and Perfan(FFX′ ;O) ≃ FunCCart

/I (I, EPerfX′ ).
Since Ef∗ preserves cocartesian section, it induces functors Ef∗ : FunCCart

/I (I, E(Perf)X )→ FunCCart
/I (I, E(Perf)X′ )

which coincide with f∗FF : D′(FFX ;O) → D′(FFX′ ;O) and f∗FF : Perfan(FFX ;O) → Perfan(FFX′ ;O) under
the identifications from above. Similarly, it also induces a functor Ẽf∗ : Fun/I(I, E

(Perf)
X )→ Fun/I(I, E

(Perf)
X′ )

on the ∞-categories of all sections.
The functor RfFF,∗ corresponds to a functor G : FunCCart

/I (I, EX′)→ FunCCart
/I (I, EX) which is right adjoint

to Ef∗ . Our goal is to show that G sends elements of FunCCart
/I (I, EPerfX′ ) to FunCCart

/I (I, EPerfX ). The problem is
that it is quite complicated to compute G explicitly because it is not clear whether the termwise right adjoint
to Ef∗ preserves cocartesian sections.

To avoid this issue, we use [HY17, Def. 4.1 and Prop. 5.1] to ensure that the functor Ẽf∗ : Fun/I(I, EX)→
Fun/I(I, EX′) admits a right adjoint G̃ : Fun/I(I, EX′)→ Fun/I(I, EX) which is term-wise given by the right
adjoint to f∗. Therefore, it suffices to show that G̃ sends elements of FunCCart

/I (I, EPerfX′ ) to FunCCart
/I (I, EPerfX ).

Indeed, using the fact that Ẽf∗

∣∣∣
FunCCart

/I (I,EX)
= Ef∗ , this would imply that G(c) = G̃(c) for any c ∈

FunCCart
/I (I, EPerfX′ ) and, thus, we would have G(c) ∈ FunCCart

/I (I, EPerfX ) for any such c.
In other words, we need to show that for any P ∈ FunCCart

/I (I, EPerfX′ ) ≃ Perfan(FFX′ ;O), the corresponding
section G̃(P) is cocartesian (i.e., sends edges of I to cocartesian edges of EX). If we unravel what this means
and use [Lur26, Tag 01TB], we see that this is equivalent to showing that, for any PI ∈ Perfv(X

′;BI) for
I = [1, 1] or I = [1, p], the object Rfv,∗PI lies in Perfv(X;BI) and the natural transformations of functors

Rfv,∗(−)⊗L
B[1,p],res

B[1,1] → Rfv,∗(−⊗L
B[1,p],res

B[1,1]) and Rfv,∗(−)⊗L
B[1,p],φ̃

B[1,1] → Rfv,∗(−⊗L
B[1,p],φ̃

B[1,1])

are equivalences of functors Perfv(X
′;B[1,p])→ D(Xv;B[1,1]). Both results follow immediately from Corol-

lary 5.3.13. This finally finishes the proof. □

As a first application of these results, we show that the pushforward on the Fargues–Fontaine curve is
compatible with the pushforward on the v-site with respect to the ι∗∞-functor from Construction 6.2.9.

https://kerodon.net/tag/026J
https://kerodon.net/tag/026K
https://kerodon.net/tag/02TK
https://kerodon.net/tag/01TB
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Corollary 6.4.8. Let f : X ′ → X be a smooth proper morphism of diamonds over Spd(Qp,Zp). Then the
diagram

(6.4.9)
Perfan(FFX′ ;O) Perfv(X

′;O)

Perfan(FFX ;O) Perfv(X;O)

ι∗∞

RfFF,∗ Rfv,∗

ι∗∞

commutes, i.e., there is a canonical isomorphism of functors ι∗∞ ◦ RfFF,∗
∼−→ Rfv,∗ ◦ ι∗∞.

Proof. The result follows immediately from Lemma 6.4.6, Lemma 6.4.4, and Corollary 5.3.14 applied to
I = [1, p]. □

As another immediate application of Lemma 6.4.6, we show that v-cohomology of Q
p
-local systems are

always Banach–Colmez spaces. For this, we recall the precise definition of relative and absolute Banach–Colmez
spaces.

Definition 6.4.10. The ∞-category of relative Banach–Colmez spaces on X is the full ∞-subcategory
D(b)

BC (Xv;Qp
) ⊂ D(Xv;Qp

) of objects which v-locally on X lie in the smallest idempotent complete stable
∞-subcategory generated by Q

p
and OX .

Remark 6.4.11. [ALB25, Rmk. 3.12] ensures that D(b)
BC (Xv;Qp

) is equal to the essential image of the
solution functor SolX : Perfan(FFX ;O)→ D(Xv;Qp

).

Now assume that X = Spd(C,OC) for an algebraically closed nonarchimedean field C of mixed characteristic
(0, p).

Definition 6.4.12. The category of Banach–Colmez spaces on Spd(C,OC) is the minimal weak Serre sub-
category BC (C) ⊂ Shv(Spd(C,OC)v;Qp

) containing Q
p

and OX . We denote by DbBC (Spd(C,OC)v;Qp
) ⊂

D(Spd(C,OC)v;Qp
) the full subcategory consisting of bounded objects whose cohomology sheaves lie in

BC (C).

Remark 6.4.13. A priori, the notation D(b)
BC (Spd(C,OC)v;Qp

) from Definition 6.4.10 conflicts with the
notation DbBC (Xv;Qp

) from Definition 6.4.12 when X = Spd(C,OC). However, there is no real conflict
since these two categories coincide. Namely, Remark 6.4.11 ensures that it suffices to show the essential
image of SolSpd(C,OC) : Perfan(FFC ;O)→ D(Spd(C,OC)v;Qp

) coincides with DbBC (Spd(C,OC)v;Qp
) in the

sense of Definition 6.4.12. Recall that [LB18, §5.2, Cor. 6.10, Th. 7.1] construct a “perverse” t-structure
on Perfan(FFC ;O) which is bounded and such that Sol is t-exact with respect to the perverse t-structure
on Perfan(FFC ;O) and the usual t-structure on D(Spd(C,OC)v;Qp

) and, furthermore, Sol identifies the
heart of the perverse t-structure with BC (C). Combining this with the fact that Sol is fully faithful (see
Theorem 6.3.18), we conclude that the essential image of Sol : Perfan(FFC ;O)→ D(Spd(C,OC)v;Qp

) is equal
to DbBC (Spd(C,OC)v;Qp

).

Theorem 6.4.14. Let f : X → Y be a smooth proper morphism of diamonds over Spd(Qp,Zp) and let
E ∈ Perfv(X;Q

p
). Then Rfv,∗E lies in D(b)

BC (Yv;Qp
). In particular, if Qp ⊂ C is an algebraically closed

nonarchimedean field and Y = Spd(C,OC), then Rifv,∗E ∈ BC (C) for any i ∈ Z.

Proof. We start by showing the first claim of the theorem. For this, Proposition 6.3.17 ensures that, for
P := RHX(E) ∈ Perfan(FFX ;O), we have SolX(P) ≃ E . Then Lemma 6.4.3 implies that

Rfv,∗E ≃ Rfv,∗ SolX(P) ≃ SolY
(
RfFF,∗P

)
.

Therefore, Remark 6.4.11 ensures that it suffices to show that RfFF,∗P lies in Perfan(FFY ;O). This follows
automatically from Lemma 6.4.6.

If Y = Spd(C,OC), the fact that Rifv,∗E lie in BC (C) for any i ∈ Z follows immediately from the previous
discussion and Remark 6.4.13. □
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As another application of Lemma 6.4.6, we prove the Fargues–Fontaine version of the primitive comparison
theorem.
Corollary 6.4.15 (Primitive Comparison Theorem). Let f : X ′ → X be a smooth proper morphism of
diamonds over Spd(Qp,Zp). Then the following diagram

Perfv(X
′;Zp) Perfan(FFX′ ;O)

Perfv(X;Zp) Perfan(FFX ;O)

Rfv,∗(−)

RH
Zp

X′

RfFF,∗(−)

RH
Zp
X

commutes, i.e. there is a canonical isomorphism of functors γf : RH
Zp

X

(
Rfv,∗(−)

) ∼−→ RfFF,∗
(
RH

Zp

X′(−)
)
.

Remark 5.3.9 guarantees that Rfv,∗(−) preserves perfect complexes of Zp-modules.

Proof. We first define the transformation γ′f : RHX
(
Rfv,∗(−)

)
→ RfFF,∗

(
RHX′(−)

)
as functors D(X ′

v;Qp
)→

D′(FFX ;O). Namely, this is the transformation adjoint to the composition

f∗FF ◦ RHX ◦Rfv,∗
α−1

f ◦Rfv,∗
−−−−−−−→

∼
RHX′ ◦f∗v ◦ Rfv,∗

RHX′ (ϵf )−−−−−−→ RHX′ ,

where αf is the isomorphism from Lemma 6.4.3 and ϵf is the counit of the (f∗v ,Rfv,∗)-adjunction.
Combining this transformation with the natural functor Perfv(X

′,Zp)→ D(X ′
v;Qp

), we get the desired

transformation γf : RH
Zp

X

(
Rfv,∗(−)

)
→ RfFF,∗

(
RH

Zp

X′(−)
)
.

Now we show that γf is an isomorphism. After unraveling all the definitions (see Definition 6.2.1,
Lemma 6.4.4, and Construction 6.3.7), the question boils down to showing that the natural base change
morphism

(Rfv,∗P)⊗L
Zp

BI → Rfv,∗(P ⊗L
Zp

BI)

is an isomorphism for P ∈ Perfv(X
′;Zp) and I = [1, 1] or I = [1, p]. This follows immediately from

Lemma 3.6.7. □

6.5. Geometric Duality. The main goal of this subsection is to prove a geometric duality statement for a
smooth proper morphism of diamonds over Spd(Qp,Zp). We start with the definition of the trace morphism.
Definition 6.5.1. Let f : X ′ → X be a smooth proper of equidimension d morphism of diamonds over
Spd(Qp,Zp), and let E ∈ Perfan(FFX′ ;O) with the evaluation map evE : E∨ ⊗L E → OFFX′ .
(1) The trace map of f is the morphism

trFFf : RfFF,∗OFFX′ (d)[2d]
∼−→ RH

Zp

X

(
Rfv,∗Zp(d)[2d]

) RH
Zp
X (tr

Zp
f )

−−−−−−−−→ RH
Zp

X (Zp) ≃ OFFX
,

where the first isomorphism comes from Corollary 6.4.15 and trf comes from Definition 4.3.8.
(2) The evaluation map e(f, E) : RfFF,∗

(
E∨(d)[2d]

)
⊗L

O RfFF,∗
(
E
)
→ OFFX

is the composition

e(f, E) : RfFF,∗
(
E∨(d)[2d]

)
⊗L

ORfFF,∗
(
E
) ∪−→ RfFF,∗

(
E∨(d)[2d]⊗L

OE
) RfFF,∗(evE(d)[2d])−−−−−−−−−−−−→ RfFF,∗OFFX′ (d)[2d]

trFF
f−−−→ OFFX

.

(3) The duality morphism

PDFF
f (E) : RfFF,∗

(
E∨(d)[2d]

)
→ RH omFFX

(
RfFF,∗E ,OFFX

)
is the map adjoint to e(f, E) under the tensor-Hom adjunction.

Lemma 6.5.2. Let f : X ′ → X be a smooth proper of equidimension d morphism of diamonds over
Spd(Qp,Zp). Then the following diagram commutes:

π∗
X

(
RfFF,∗OFFX′ (d)[2d]

)
π∗
X(OFFX

)

Rfv,∗B[1,p](d)[2d] B[1,p],

≀

π∗
X(trFF

f )

≀
tr

B[1,p]
f
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where π∗
X comes from Definition 6.2.1, trFFf comes from Definition 6.5.1, trB[1,p]

f comes from Definition 4.3.8,
and the vertical isomorphisms come from Lemma 6.4.4.

Proof. First, Remark 6.3.10 implies that π∗
X ◦ RH

Zp

X ≃ − ⊗L
Zp

B[1,p] : Perfv(X;Zp) → Perfv(X;B[1,p]).
Therefore, after unravelling Definition 6.5.1 and Definition 4.3.8, the result follows from the following sequence
of equalities

π∗
X(trFFf ) = π∗

X

(
RH

Zp

X (tr
Zp

f )
)
≃ tr

Zp

f ⊗
L
Zp

B[1,p] = tr
B[1,p]

f . □

Before we prove the geometric duality on the Fargues–Fontaine curve, we need to record the following
general result.

Lemma 6.5.3. Let F : C → D be a symmetric monoidal functor between closed symmetric monoidal ∞-
categories with internal Hom functors HomC and HomD. Let C ∈ C be a dualizable object and let C ′ ∈ C be
an arbitrary object. Then the natural map FHomC(C,C

′)→ HomD(F (C), F (C
′)) is an isomorphism.

Proof. It suffices to show that the morphism is an isomorphism on the level of underlying homotopy categories.
In this case, the result follows immediately from [FHM03, Prop. 3.2]. □

Now we are ready to prove the duality on the Fargues–Fontaine curve.

Theorem 6.5.4. Let f : X ′ → X be a smooth proper of equidimension d morphism of diamonds over
Spd(Qp,Zp) and let E ∈ Perfan(FFX′ ;O). Then the duality morphism

PDFF
f (E) : RfFF,∗

(
E∨(d)[2d]

)
→ RH omFFX

(
RfFF,∗E ,OFFX

)
is an isomorphism.

Proof. By construction, the functor π∗
X : Perfan(FFX ;O) → Perfv(X;B[1,p]) is symmetric monoidal and

conservative. Therefore, it suffices to show that π∗
X(PD

FF
f (E)) is an isomorphism. Then Lemma 6.5.2,

Lemma 6.5.3, and Lemma 6.4.4 imply that it suffices to show that the morphism

PD
B[1,p]

f

(
π∗
X′(E)

)
: Rfv,∗

(
π∗
X′E∨(d)[2d]

)
→ RH om

(
Rfv,∗(π

∗
X′E),B[1,p]

)
is an isomorphism, where PD

B[1,p]

f

(
π∗
X′(E)

)
is the (sheafy) duality morphism from Construction 5.3.10.

Therefore, the result follows immediately from Corollary 5.3.15. □

Now we wish to also get a version of the geometric duality for Q
p
-local systems.

Definition 6.5.5. Let f : X ′ → X be a smooth proper of equidimension d morphism of diamonds over
Spd(Qp,Zp), and let E ∈ Perfv(X

′;Q
p
) with the evaluation map evE : E∨ ⊗L E → Q

p
.

(1) The trace map of f is the morphism tr
Qp

f : Rfv,∗Qp
(d)[2d]→ Q

p
defined in Definition 4.3.8 (3).

(2) The evaluation map e(f, E) : Rfv,∗
(
E∨(d)[2d]

)
⊗L

Q
p

Rfv,∗E → Q
p

is the composition

e(f, E) : Rfv,∗
(
E∨(d)[2d]

)
⊗L

Q
p
Rfv,∗E

∪−→ Rfv,∗
(
E∨(d)[2d]⊗L

Q
p
E
) Rfv,∗(evE(d)[2d])−−−−−−−−−−−→ Rfv,∗Qp

(d)[2d]
tr

Qp
f−−−→ Q

p
.

(3) The duality morphism

PD
Qp

f (E) : Rfv,∗
(
E∨(d)[2d]

)
→ RH omD(Xv ;Q

p
)

(
Rfv,∗E ,Qp

)
is the map adjoint to e(f, E) under the tensor-Hom adjunction.

Our first goal is to show that compatibility of this trace map with the trace on the Fargues–Fontaine curve.
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Lemma 6.5.6. Let f : X ′ → X be a smooth proper of equidimension d morphism of diamonds over
Spd(Qp,Zp). Then the following diagram

Rfv,∗Qp
(d)[2d] Q

p

Rfv,∗
(
SolX′(OFFX′ (d)[2d])

)
SolX

(
RfFF,∗OFFX′ (d)[2d]

)
SolX(OFFX

)

tr
Qp
f

Rfv,∗(canQ
p
(d)[2d])≀

canQ
p≀

(α′
f )

−1≀
SolX(trFF

f )

is commutative. Here, α′
f is the isomorphism from Lemma 6.4.3, while canQ

p
and canQ

p
(d)[2d] are the

isomorphisms from Proposition 6.3.17.

Proof. Recall that trFFf = RH
Zp

X (tr
Zp

f ) while tr
Qp

f = tr
Zp

f [ 1p ]. Furthermore, Proposition 6.3.17 implies that we
have a canonical identification of functors

−⊗L
Zp

Q
p

∼−−→
can

SolX ◦RH
Zp

X : Perfv(X;Zp)→ D(Xv;Qp
).

Hence, the result follows from the following sequence of identifications:

SolX(trFFf ) = SolX ◦RH
Zp

X (tr
Zp

f ) = tr
Zp

f

[1
p

]
= tr

Qp

f □

Let f : X ′ → X be a smooth proper of equidimension d morphism of diamonds over Spd(Qp,Zp) and let
E ∈ Perfv(X

′;Q
p
) be a perfect complex.

Theorem 6.5.7 (Geometric duality). Let f : X ′ → X be a smooth proper of equidimension d morphism of
diamonds over Spd(Qp,Zp) and let E ∈ Perfv(X

′;Q
p
) be a perfect complex. Then the duality morphism

PD
Qp

f (E) : Rfv,∗
(
E∨(d)[2d]

)
→ RH omD(Xv;Q

p
)

(
Rfv,∗E ,Qp

)
is an isomorphism.

Proof. First, Proposition 6.3.17 implies that there exists P ∈ Perfan(FFX′ ;O) such that SolX′(P) ≃ E . Then
the combination of Theorem 6.3.18, Lemma 6.4.3, and Lemma 6.5.6 implies that PD

Qp

f (E) = SolX(PDFF
f (P)).

Therefore, it suffices to show that PDFF
f (P) is an isomorphism. This follows automatically from Theorem 6.5.4.

□

6.6. Cohomological dimension. The main goal of this section is to show that for a smooth proper of
dimension d morphism f : X → Y of diamonds over Spd(Qp,Zp), the derived pushforward has cohomological
dimension 2d when restricted to perfect Q

p
-complexes.

To that end, we first study the case where Y = Spa(C,OC) for an algebraically closed nonarchimedean
field of mixed characteristic (0, p). We begin by collecting some basic properties of Banach–Colmez spaces
over Spa(C,OC).

Lemma 6.6.1. Let C be an algebraically closed nonarchimedean field of mixed characteristic (0, p) and let
V ∈ BC (C). Then the following statements hold:

(i) the complex RH om
D
(
Spd(C,OC)v ;Q

p

)(V,Q
p
) is concentrated in degrees 0 and 1;

(ii) V ≃ Qn

p
for some n ∈ Z≥0 if and only if dimQp

V
(
Spa(C,OC)

)
<∞.
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Proof. Recall that, by [LB18, Prop. 7.11] and [Col02, p. 45], V fits into a diagram of exact sequences

(6.6.2)

0

Qd

p

0 Qd′

p
V ′ Gd′′

a 0.

V

0

First, we address (i). Note that RH om
D
(
Spa(C,OC)v;Q

p

)(Q
p
,Q

p
) ≃ Q

p
[0]. Therefore, Diagram (6.6.2)

reduces the question to the case when V = V ′ is an extension of Gd′′

a by Qd′

p
. For this, it suffices to

separately treat the cases of V = Q
p

and V = Ga. The former case was already discussed above, so we
only need to deal with V = Ga. This case follows immediately from [ALB25, Th. 3.8] which implies that
RH om

D
(
Spa(C,OC)v;Q

p

)(Ga,Qp
) ∼= Ga[−1].

Now we deal with (ii). The “only if” direction of the claim is evident. Therefore, we only need to show that
V ≃ Qn

p
if dimQp V

(
Spa(C,OC)

)
< ∞. Using Diagram (6.6.2) and the fact that RΓv

(
Spa(C,OC)v,Qp

)
≃

Qp[0], we see that dimQp V
′(Spa(C,OC)) <∞ as well. Using that RΓv

(
Spa(C,OC),Qp

)
≃ Qp[0] once again,

we deduce that H0
v

(
Spa(C,OC),Gd′′

a

)
≃ Cd′′ is a finite-dimensional Qp-vector space. This is possible only if

d′′ = 0. Hence, V ′ ≃ Qd′

p
, so we conclude that V ≃ coker(Qd

p
↪→ Qd′

p
) ≃ Qd′−d

p
as desired. □

Remark 6.6.3. Lemma 6.6.1 (ii) implies that a Banach–Colmez space V is isomorphic to 0 if and only if
V
(
Spa(C,OC)

)
= 0; the forward direction is trivial, while the converse holds because the lemma first forces

V to be of the form Qn

p
, then the condition forces n = 0.

Lemma 6.6.4. Let C be an algebraically closed nonarchimedean field of mixed characteristic (0, p), let X♯ be
a qcqs rigid-analytic space over C, let X := (X♯)♢ be the associated diamond, and let L be a Q

p
-local system

on X. Then dimQp
H0
v(X,L) <∞.

Proof. A combination of Lemma 3.5.1, Corollary 3.5.6, and [Sch26a, Lem. 15.6] ensures that we can find
an étale covering X ′♯ → X♯ such that L admits a p-torsionfree Zp-lattice L+ on X ′ := (X ′♯)♢. Without
loss of generality, we can assume that X ′ is qcqs as well. Since X ′ → X is a v-covering, we conclude that
H0
v(X,L) → H0

v(X
′,L|X′) is injective. Thus, it suffices to prove the claim for X ′. In other words, we can

assume that L admits a p-torsionfree Zp-lattice L+.
In this case, it suffices to show that H0

v(X,L
+) is a finitely generated Zp-module. Now the fact that we can

check derived completeness v-locally and Corollary C.7.9 implies that L+ is derived p-adically complete. Then
[SP26, Tag 091U] and [SP26, Tag 0BLX] imply that H0

v(X,L
+) is derived p-adically complete. Furthermore,

it is p-torsionfree since L+ is p-torsionfree. Hence, [SP26, Tag 09BA] ensures that it suffices to show that
H0
v(X,L

+)/p is finite. Since the natural map H0
v(X,L

+)/p→ H0
v(X,L

+/p) is injective, we reduce the question
to showing that H0

v(X,L
+/p) is finite.

Now note that L+/p is an Fp-local system. Thus, we can find a finite étale covering X ′♯ → X♯ such
that L+/p ≃ Fnp over X ′ := (X ′♯)♢. Once again, the natural morphism H0

v(X,L
+/p)→ H0

v(X
′,L+/p|X′) is

injective, so we can assume that L+/p ≃ Fnp . In this case, we have H0
v(X,L

+/p) ≃ (Fp)
#π0(X)·n, which is

finite due to [Zav23b, Cor. 2.3]. □

https://stacks.math.columbia.edu/tag/091U
https://stacks.math.columbia.edu/tag/0BLX
https://stacks.math.columbia.edu/tag/09BA
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Lemma 6.6.5. Let C be an algebraically closed nonarchimedean field of mixed characteristic (0, p), let
f : X → Spd(C,OC) be a smooth proper morphism of diamonds, and let V be a Q

p
-local system on X. Then

fv,∗V ≃ Qn

p
for some n.

Proof. This follows immediately from the combination of Lemma 6.6.4, Theorem 6.4.14, and Lemma 6.6.1 (ii).
□

Theorem 6.6.6. Let C be an algebraically closed nonarchimedean field of mixed characteristic (0, p), let
f : X → Spd(C,OC) be a smooth proper of dimension d morphism of diamonds, and let E ∈ Perfv(X;Q

p
) ∩

D[r,r′](Xv;Qp
). Then Rfv,∗E ∈ D[r,r′+2d]

BC

(
Spa(C,OC)v;Qp

)
.

Proof. We already know that Rfv,∗E lies in DbBC

(
Spa(C,OC)v;Qp

)
due to Theorem 6.4.14, so we only need to

show that this complex is concentrated in degrees [r, r′+2d]. Corollary 3.5.7, Corollary 3.5.6, and Lemma 3.5.3
imply that it suffices to consider the case when E = L[0] is a Q

p
-local system concentrated in degree 0. In

this case, we need to show that Rfv,∗L is concentrated in degrees [0, 2d]. Since Rfv,∗ sends D≥0 to D≥0, the
question is equivalent to showing that Rfv,∗L(d)[2d] is concentrated in non-positive degrees.

Furthermore, since X is a finite disjoint union of smooth proper clopen subdiamonds of equidimension
d′ for d′ ≤ d, we can assume that X is of equidimension d. In this case, Theorem 6.5.7 implies that
Rfv,∗

(
L(d)[2d]

)
≃ RH om

D
(
Spd(C,OC)v ;Q

p

)(Rfv,∗(L∨),Q
p

)
, where

L∨ = RH omD(Xv;Q
p
)(L,Qp

) ≃H omQ
p
(L,Q

p
)

is concentrated in degree 0. Now Theorem 6.4.14 implies that Rfv,∗(L
∨) lies in D[0,c]

BC

(
Spa(C,OC)v,Qp

)
for

some integer c ≥ 0 and, furthermore, Lemma 6.6.5 ensures that fv,∗(L∨) ≃ Qn

p
for some integer n.

Then Lemma 6.6.1 (i), the observation that RH om
D
(
Spa(C,OC)v ;Q

p

)(Q
p
,Q

p
) ≃ Q

p
[0], and the spectral

sequence associated with the Postnikov filtration on Rfv,∗(L
∨) imply that

Rfv,∗
(
L(d)[2d]

)
≃ RH om

D
(
Spd(C,OC)v;Q

p

)(Rfv,∗(L∨),Q
p

)
∈ D[−c,0](Spa(C,OC)v;Qp

)
.

This finishes the proof. □

Now we deal with the relative situation. We start with the following lemma.

Lemma 6.6.7. Let S be an affinoid perfectoid space over Spd(Qp,Zp) and let E be a vector bundle on FFS.
Then there are positive integers n,m > 0 and a short exact sequence

0→ E → O(n)m → Q→ 0

such that Q is a vector bundle on FFS.

Proof. First, [FS26, Th. II.2.6] implies that there exist integer n,m > 0 and a surjection O(−n)m φ−→→ E∨.
Note that P := kerφ is also a vector bundle as a kernel of a surjective map of vector bundles. Then after
dualizing φ, we get a short exact sequence 0→ E → O(n)m → Q→ 0, where Q ≃ P∨ is a vector bundle. □

Lemma 6.6.8. Let S be an affinoid perfectoid space over Spd(Qp,Zp) and let u : E → E ′ be a morphism
of vector bundles on FFS. Suppose that, for any algebraically closed nonarchimedean field C of mixed
characteristic (0, p) and any morphism s : Spd(C,OC)→ S over Spd(Qp,Zp), the natural morphism

(6.6.9) s∗H1
(
SolS(E)

)
→ s∗H1

(
SolS(E ′)

)
is surjective. Then H1

(
SolS(E)

)
→ H1

(
SolS(E ′)

)
is surjective as well.

Proof. Throughout this proof, we will freely use the fact that s∗H1(SolS(E)) ≃ H1(SolSpd(C,OC)(E|FFC
)).

This follows from the explicit description of the solution functor in Remark 6.3.12.
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First, we choose a short exact sequence 0→ E i−→ O(n)m → Q→ 0 as in Lemma 6.6.7. Let F := O(n)m⊕EE ′

be the pushout of O(n)m along the map u : E → E ′. In other words, F ≃ coker(E i⊕u−−→ O(n)m ⊕ E ′). As a
pushout, it fits into the following exact sequence:

0→ E ′ → F → Q→ 0

Since both E ′ and Q are vector bundles, F must also be a vector bundle. On the other hand, since
i : E → O(n)m is injective, the sheaf F fits into another exact sequence

0→ E i⊕u−−→ O(n)m ⊕ E ′ → F → 0.

Now note that Remark 6.3.12 and [FS26, Prop. II.2.5(iii)] imply that H1
(
SolS(O(n)m)

)
= 0 since n > 0.

Furthermore, Lemma 6.3.13 (i) implies that H2
(
SolS(E)

)
= 0. Thus, we conclude that the map

H1
(
SolS(E)

)
→ H1

(
SolS(E ′)

)
is surjective if and only if H1

(
SolS(F)

)
= 0. In particular, the surjectivity of (6.6.9) implies that

s∗H1
(
SolS(F)

)
≃ H1

(
SolSpd(C,OC)(F|FFC

)
)
= 0.

The classification of vector bundles on FFC shows that F|FFC
≃ ⊕λ∈QO(λ)nλ . For λ < 0, [FS26,

Prop. II.2.5(i)] implies that H1
(
SolSpd(C,OC)(O(λ))

)
[−1] is isomorphic to SolSpd(C,OC)

(
O(λ)

)
. In partic-

ular, it is never equal to zero (for the lack of a better reference, this follows from Theorem 6.3.18), hence
F|FFC

≃ ⊕λ∈Q≥0
O(λ)nλ for any morphism s : Spd(C,OC) → S, where C is an algebraically closed nonar-

chimedean field of mixed characteristic (0, p).
This implies that all fiberwise Harder–Narasimhan slopes of F are non-negative. Now we wish to show

that this already implies that H1
(
SolS(F)

)
= 0. Using Remark 6.3.12, we see that this sheaf is equal to the

v-sheafification of the presheaf
(S′ → S) 7→ H1

an

(
FFS′ ,F|FFS′

)
Therefore, [FS26, Prop. II.3.4(ii)] implies that H1

(
SolS(F)

)
= 0. □

For the next definition, we fix a diamond X over Spd(Qp,Zp) and r, r′ ∈ Z ∪ {−∞,∞}.

Definition 6.6.10. The ∞-category Perf [r,r
′]

an (FFX ;O) of perfect complexes of tor-amplitude [r, r′] is the full
∞-subcategory of Perfan(FFX ;O) spanned by those objects P for which π∗

XP ∈ Perf [r,r
′]

v (X;B[1,p]).

First, we show that this recovers the usual definition of tor-amplitude on a ringed site (see [SP26, Tag
08CG]) when X = S is an affinoid perfectoid space. We start with the following very general lemma.

Lemma 6.6.11. Let S = Spa(R,R+) be an affinoid adic space and let r, r′ ∈ Z ∪ {−∞,∞}. Then
(̃−) : Perf(R)→ Perf(S;O) induces an equivalence (̃−) : Perf [r,r

′](R)→ Perf [r,r
′](S;O).

Here, Perf [r,r
′](S;O) denotes the ∞-category of perfect complexes with tor-amplitude in [r, r′] in the sense

of [SP26, Tag 08CG].

Proof. First, [And21, Th. 1.4] and Proposition B.3.2 imply that (̃−) : Perf(R)→ Perf(S;O) is an equivalence.
Hence, we only need to show that M has tor-amplitude in [r, r′] if and only if M̃ has tor-amplitude in [r, r′].

If M has tor-amplitude in [r, r′], then [SP26, Tag 0658] ensures that M is quasi-isomorphic to a finite
complex of finite projective modules K• such that Ki = 0 for i /∈ [r, r′]. Then M̃ ≃ K̃• is a finite complex of
vector bundles such that K̃i = 0 for i /∈ [r, r′]. Thus, M̃ has tor-amplitude in [r, r′].

Now suppose that M̃ has tor-amplitude in [r, r′]. Then [SP26, Tag 068V] ensures that it suffices to show
that M ⊗L

R k(m) is concentrated in degrees [r, r′] for any maximal ideal m ⊂ R. Choose a point s ∈ S such that
supp(s) = m; cf. [Hub94, Lem. 1.4]. Then [SP26, Tag 09U9] implies that M̃s ≃M ⊗L

R OS,s ∈ Perf [r,r
′](OS,s).

This implies thatM⊗L
Rk(s) lies in D[r,r′]

(
k(s)

)
for any s ∈ S. Then Lemma 5.4.1 implies thatM ∈ Perf [r,r

′](R)
and finishes the proof. □

https://stacks.math.columbia.edu/tag/08CG
https://stacks.math.columbia.edu/tag/08CG
https://stacks.math.columbia.edu/tag/08CG
https://stacks.math.columbia.edu/tag/0658
https://stacks.math.columbia.edu/tag/068V
https://stacks.math.columbia.edu/tag/09U9
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Lemma 6.6.12. Let S be an affinoid perfectoid space over Spd(Qp,Zp), let P ∈ Perfan(FFS ;O), and let
r, r′ ∈ Z ∪ {−∞,∞}. Then P lies in Perf [r,r

′]
an (FFS ;O) if and only if P has tor-amplitude in [r, r′] in the

sense of [SP26, Tag 08CG].

In other words, Lemma 6.6.12 ensures that the two potentially different meanings of Perf [r,r
′](FFS ;O)

coincide.

Proof. First, Notation B.3.3 and Theorem C.6.10 imply that Perf [r,r
′]

v (S;B[1,p]) ≃ Perf [r,r
′]
(
B[1,p](S)

)
. Thus,

Perf [r,r
′]

v (S;B[1,p]) ≃ Perf [r,r
′](YS,[1,p];O) by virtue of Lemma 6.6.11.

Note that the object π∗
SP ∈ Perf(YS,[1,p];O) ≃ Perfv(S;B[1,p]) can be identified with the pullback of P

along the map YS,[1,p] → FFS . Thus, the surjectivity of this map together with [SP26, Tag 09U9, Tag 068V]
imply that π∗

SP ∈ Perf [r,r
′](YS,[1,p];O) ≃ Perf [r,r

′]
v (S;B[1,p]) if and only if P has tor-amplitude in [r, r′] in the

sense of [SP26, Tag 08CG]. □

As a corollary of these lemmas, we deduce the following result.

Corollary 6.6.13. Let S be an affinoid perfectoid space over Spd(Qp,Zp), let r, r′ ∈ Z, and let P ∈
Perf [r,r

′]
an (FFS ;O). Then P is isomorphic to a finite complex of vector bundles K• such that Ki ≃ 0 when

i /∈ [r, r′].

Proof. First, [ALB25, Prop. 2.6] implies that P ≃ L•, where L• is a finite complex of vector bundles. Since
P ∈ Perf [r,r

′]
an (FFS ;O), we conclude that P ≃ τ≥rτ≤r

′
L• =: K•. By construction, we have Ki ≃ 0 when

i /∈ [r, r′]. Thus, we are only left to show that each Ki is a vector bundle. For this, the proof of [SP26, Tag
08CI] applies almost verbatim, having established Lemma 6.6.12. □

Finally, we are ready to prove the main theorem of this subsection.

Theorem 6.6.14. Let f : X → Y be a smooth proper of dimension d morphism of diamonds over Spd(Qp,Zp)

and let E ∈ Perf [r,r
′]

v (X;Q
p
) for some r, r′ ∈ Z ∪ {−∞,∞}. Then Rfv,∗E lies in D[r,r′+2d]

BC (Yv;Qp
).

Proof. First, Theorem 6.4.14 already implies that Rfv,∗E ∈ D(b)
BC (Yv;Qp

). Thus, we only need to show that
Rfv,∗E is concentrated in degrees [r, r′ + 2d].

This question is v-local on Y , so we can assume that Y is a strictly totally disconnected perfectoid space.
In this case, the diamond X is qcqs. Thus, we can assume that r, r′ ∈ Z. Now Proposition 6.3.17 and
Lemma 6.4.3 imply that

Rfv,∗E ≃ Rfv,∗
(
SolX(RHX E)

)
≃ SolY

(
RfFF,∗(RHX E)

)
.

By Definition 6.6.10 and Construction 6.3.7, we have RHX E ∈ Perf [r,r
′]

an (FFX ;O). Hence, Definition 6.6.10,
Lemma 6.4.4, Lemma 6.4.6, and Corollary 5.4.3 ensure that

RfFF,∗(RHX E) ∈ Perf [r,r
′+2d]

an (FFY ;O).

By virtue of Corollary 6.6.13, we can then find a representative K• ≃ RfFF,∗(RHX E) such that each Ki is a
vector bundle on FFY and Ki ≃ 0 when i /∈ [r, r′ + 2d].

Lemma 6.3.13 already implies that Rfv,∗E ≃ SolY (RfFF,∗ RHX E) ≃ SolY (K
•) is concentrated in degrees

[r, r′ + 2d+ 1]. Thus, we only need to show that Hr′+2d+1
(
SolY (K

•)
)
= 0. Now using Lemma 6.3.13 (i) and

the spectral sequence associated with the naïve filtration on K• (see [SP26, Tag 012N]), we conclude that

Hr
′+2d+1

(
SolY (K

•)
)
≃ coker

(
H1
(
SolY K

r′+2d−1
)
→ H1

(
SolY K

r′+2d
))
.

Therefore, the question reduces to showing that the natural map H1
(
SolY K

r′+2d−1
)
→ H1

(
SolY K

r′+2d
)

is
surjective. Theorem 6.6.6 implies this map is surjective after a pullback along any morphism s : Spd(C,OC)→
Y for an algebraically closed field C of mixed characteristic (0, p). Thus, Lemma 6.6.8 ensures that it is
surjective on the nose. This finishes the proof. □

https://stacks.math.columbia.edu/tag/08CG
https://stacks.math.columbia.edu/tag/09U9
https://stacks.math.columbia.edu/tag/068V
https://stacks.math.columbia.edu/tag/08CG
https://stacks.math.columbia.edu/tag/08CI
https://stacks.math.columbia.edu/tag/08CI
https://stacks.math.columbia.edu/tag/012N
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Corollary 6.6.15. Let f : X → Y be a smooth proper of dimension d morphism of diamonds over
Spd(Qp,Zp) and let E ∈ Perfv(X;Q

p
) ∩ D[r,r′](Xv;Qp

) for some r, r′ ∈ Z ∪ {−∞,∞}. Then Rfv,∗E

lies in D[r,r′+2d]
BC (Yv;Qp

).

Proof. This follows formally from Theorem 6.6.14 similar to how Corollary 5.4.4 follows from Corollary 5.4.3.
□

7. Absolute duality

In this section, we analyze the results of Section 5 and Section 6 in the case when the base is a point.
In this situation, one can make two improvements: the finiteness and duality isomorphism, appropriately
formulated, still hold for possibly singular proper rigid-analytic spaces, and one gets actual finiteness and an
honest duality isomorphism in the arithmetic setting when the base Spa(K,OK) is a p-adic local field K. Our
proofs of these improvements adapt the strategies of [LRZ24, § 7] and [Li24], respectively.

Throughout the section, we fix a nonarchimedean extension K of Qp (which will be a p-adic local field
starting in Section 7.4). The étale, quasi-pro-étale or v-cohomology of a proper rigid-analytic space X over K
is understood to be that of the associated diamond X♢ (keeping in mind [Sch26a, Lem. 15.6]), though we will
again drop the (−)♢ from the notation when talking about these cohomologies.

7.1. Dualizing complexes: Zp-coefficients. We begin by recalling the dualizing complex in this setting.

Construction 7.1.1 ([BH22, Pf. of Th. 3.36, Rmk. 3.37]). Let X be a rigid-analytic space over K and let
n > 0 be an integer. Denote by λv :

(
X♢
v ,Z/n

)
→
(
X♢

ét,Z/n
)
≃
(
Xét,Z/n

)
the natural morphism of ringed

sites.
(1) For each affinoid open U = Spa(A,A◦), there is an essentially unique potential dualizing complex ωZ/n

A ∈
D+
(
(SpecA)ét;Z/n

)
, together with pinnings RΓx̄(SpecA,ω

Z/n
A )

∼−→ Z/n(δ(x))[2δ(x)] for each geometric
point x̄→ SpecA lying over a point x ∈ SpecA, which are compatible with immediate specializations,
where δ(x) denotes the canonical dimension function δ(x) = dim {x} (see [ILO14, Th. XVII.5.1.1] and
[BH22, Prop. 3.18]); for every m | n, there is an essentially unique isomorphism ω

Z/n
A ⊗L

Z/n Z/m ≃ ωZ/m
A

thanks to the essential uniqueness of ωZ/m
A and RΓx(SpecA,ω

Z/n
A ⊗LZ/m) ≃ RΓx(SpecA,ω

Z/n
A )⊗LZ/m.

(2) Using BBDG gluing and the fact that RH om(ω
Z/n
A , ω

Z/n
A ) ≃ Z/n is concentrated in nonnegative degrees,

[BH22, Th. 3.21] glues the analytifications (ω
Z/n
A )an ∈ D+

(
Spa(A,A◦)ét;Z/n

)
to an essentially unique

dualizing complex ωZ/n
X ∈ D+(Xét;Z/n); using the essential uniqueness of the gluing and the compatibility

of −⊗LZ/m with pullback along affinoid opens V ⊆ U , we can again find essentially unique isomorphisms

ω
Z/n
X ⊗L

Z/n Z/m ≃ ωZ/m
X for any m | n.

(3) Finally, since RHom<0(ω
Z/pr

X , ω
Z/pr

X ) ≃ 0 and λ∗v : D+(Xét;Z/p
r) → D+(Xv;Z/p

r) is fully faithful
[Sch26a, Prop. 14.10], the collection of objects λ∗vω

Z/pr

X ∈ D+(Xv;Z/p
r) and isomorphisms λ∗vω

Z/pr

X ⊗L
Z/pr

Z/ps ≃ λ∗vω
Z/ps

X for r ≥ s determines an essentially unique object

ω
Zp

X ∈ lim
r
D+(Xv;Z/p

r) ≃ D+
p−comp(Xv;Zp) ⊂ D+(Xv;Zp),

called the (Zp-)dualizing complex of X; the equivalence above comes from [BS15, Lem. 3.5.7] and
Lemma 3.3.10. By construction, the object ωZp

X is derived p-adically complete and ωZp

X ⊗LZ/pr ≃ λ∗vω
Z/pr

X ,

so ωZp

X ≃ R limr λ
∗
vω

Z/pr

X .

Example 7.1.2. Assume that X is a smooth rigid-analytic space over Spa(K,OK) of equidimension d.
Then there is a canonical isomorphism α

Zp

X : Zp(d)[2d]
∼−→ ω

Zp

X : this follows from the existence of analogous
isomorphisms αZ/pr

X : Z/pr(d)[2d]
∼−→ ω

Z/pr

X [BH22, Th. 3.21.(1)]; as the αZ/pr

X are constructed from essentially
unique algebraic isomorphisms that are compatible with pinnings, they are compatible for varying r and hence
give rise to αZp

X .
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More generally, if f : X → Y is a smooth morphism of equidimension d between rigid-analytic spaces over
Spa(K,OK), there is a canonical isomorphism

α
Zp

f : f∗vω
Zp

Y (d)[2d]
∼−−→ ω

Zp

X ,

which is induced in the same way from isomorphisms αZ/pr

f : f∗étω
Z/pr

Y (d)[2d]
∼−→ ω

Z/pr

X as in [LRZ24, Cor. 7.1.2].

To every proper morphism f : X → Y of rigid-analytic spaces over K and every integer n > 0, [LRZ24,
Th. 7.4.1, Th. 7.3.14] attaches a proper trace map Tr

Z/n

f : Rfét,∗ω
Z/n
X → ω

Z/n
Y which is essentially unique for

the properties listed in [LRZ24, Th. 7.4.1]. Our next goal is to construct similar morphisms for Zp-dualizing
complexes. To do so, we first need to compare the étale and v-pushforwards of the Z/n-dualizing complex
ω
Z/n
X of a proper rigid-analytic space X. While ωZ/n

X is in general not perfect, it follows directly from the
construction in [BH22, Th. 3.21] that it is still contained in the full subcategory D(b)

zc (X;Z/n) ⊂ D+(Xét;Z/n)
of locally bounded complexes with Zariski-constructible cohomology sheaves in the sense of [BH22, Def. 3.1].
Thus, its pushforwards can be compared using the following lemma.

Lemma 7.1.3. Let f : X → Y be a proper morphism of rigid-analytic spaces over Spa(K,OK). Let n > 0

be an integer and F ∈ D(b)
zc (X;Z/n). Then the natural base change map cf,F : λ∗vRfét,∗F → Rfv,∗λ

∗
vF is an

isomorphism.

Proof. Since the statement is local on Y , we may assume that Y (and hence X) are quasi-compact. In this
case, F ∈ Dbzc(X;Z/n) is globally bounded. Since the full subcategory of those objects F ∈ Dbzc(X;Z/n) for
which cf,F is an isomorphism is thick, we may assume that F = gét,∗Z/m for a finite morphism g : W → X and
an integer m | n; cf. [BH22, Prop. 3.6]. Moreover, by virtue of [Hub96, Prop. 2.6.3] and [Sch26a, Lem. 15.6],
we have F ≃ Rgét,∗Z/m. On the other hand, the base change map c is compatible with compositions in f ,
i.e., the diagram

λ∗vRfét,∗F Rfv,∗λ
∗
vF ≃ Rfv,∗λ

∗
vRgét,∗Z/m

λ∗vR(f ◦ g)ét,∗Z/m R(f ◦ g)v,∗λ∗vZ/m

≀

cf,F

Rfv,∗cg,Z/m

cf◦g,Z/m

commutes. Therefore, it suffices to prove that the right vertical and bottom horizontal maps are isomorphisms,
reducing us to the case F = Z/m. Now the assertion follows from [Sch26a, Cor. 16.7] and Proposition 3.4.7. □

Definition 7.1.4. Let f : X → Y be a proper morphism of rigid-analytic spaces over Spa(K,OK). The
mod-n trace of f is the morphism in D+

ét(Y ;Z/n) ⊂ D+(Yv;Z/n)

Tr
Z/n
f : Rfv,∗λ

∗
vω

Z/n
X

c
f,ω

Z/n
X←−−−−−
∼

λ∗vRfét,∗ω
Z/n
X

λ∗
vTr

Z/n
f−−−−−→ λ∗vω

Z/n
Y

induced by the trace Tr
Z/n

f from [LRZ24, Th. 7.4.1, Th. 7.3.14] under the identification from Lemma 7.1.3.

Now we get to the construction of trace morphisms for Zp-dualizing complexes.

Lemma 7.1.5. Let f : X → Y be a proper morphism of rigid-analytic spaces over Spa(K,OK). Then there
is an essentially unique map Tr

Zp

f : Rfv,∗ω
Zp

X → ω
Zp

Y such that the diagram

Rfv,∗ω
Zp

X ⊗
L
Zp

Z/pr Rfv,∗λ
∗
vω

Z/pr

X

ω
Zp

Y ⊗
L
Zp

Z/pr λ∗vω
Z/pr

Y

≃

Tr
Zp
f ⊗LZ/pr Tr

Z/pr

f

≃

in D+(Yv;Z/p
r) commutes for all r.
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Note that since RHom<0(Rfv,∗ω
Zp

X ⊗L
Zp

Z/pr, λ∗vω
Z/pr

Y ) ≃ RHom<0(λ∗vRfét,∗ω
Z/pr

X , λ∗vω
Z/pr

Y ) ≃ 0 (see
[LRZ24, Th. 7.3.14], [Sch26a, Prop. 14.10], Construction 7.1.1, and Lemma 7.1.3), the commutativity in the
derived ∞-category D+(Yv;Z/p

r) of the diagram in Lemma 7.1.5 is a property, not extra data.

Proof. For any m | n, the traces Tr
Z/n
f and Tr

Z/m
f are compatible via the commutative diagram of [LRZ24,

Th. 7.4.7]. Applying λ∗v, we see that the diagram

Rfv,∗λ
∗
vω

Z/n
X ⊗L

Z/n Z/m λ∗vRfét,∗ω
Z/n
X ⊗L

Z/n Z/m λ∗vω
Z/n
Y ⊗L Z/m

Rfv,∗λ
∗
vω

Z/m
X λ∗vRfét,∗ω

Z/m
X λ∗vω

Z/m
Y

≃ ∼

c
f,ω

Z/n
X

⊗L
Z/nZ/m λ∗

vTr
Z/n
f ⊗LZ/m

≃ ≃

∼

c
f,ω

Z/m
X

λ∗
vTr

Z/m
f

commutes, where the leftward horizontal arrows come from Lemma 7.1.3 and the vertical isomorphisms are
the ones from Construction 7.1.1. Moreover, the commutativity is witnessed in an essentially unique way
because RH om<0

(
Rfv,∗λ

∗
vω

Z/n
X , λ∗vω

Z/n
Y

)
≃ 0 for all n > 0 by [LRZ24, Th. 7.3.14] (and again Lemma 7.1.3

and the full faithfulness of λ∗v [Sch26a, Prop. 14.10]). Hence, the collection of TrZ/p
r

f determines an essentially
unique map

Tr
Zp

f : Rfv,∗ω
Zp

X ≃ R lim
r

Rfv,∗λ
∗
vω

Z/pr

X

R limTr
Z/pr

f−−−−−−−−→ R lim
r
λ∗vω

Z/pr

Y = ω
Zp

Y

in D+(Yv;Zp) which fits into the desired diagram. □

Lemma 7.1.6. The trace morphisms Tr
Zp

− defined in Lemma 7.1.5 have the following properties:
(i) (Compatibility with smooth proper traces) For any smooth proper morphism f : X → Y of equidimension

d between rigid-analytic spaces over K, the p-adic trace maps tr
Zp

f from Definition 4.3.8 (2), the
isomorphism α

Zp

f from Example 7.1.2, and the completed projection formula map fit into a commutative
diagram

Rfv,∗
(
f∗vω

Zp

Y (d)[2d]
)

Rfv,∗ω
Zp

X

ω
Zp

Y ⊗̂
L

Zp
Rfv,∗Zp(d)[2d] ω

Zp

Y .

Rfv,∗α
Zp
f

∼

Tr
Zp
f

PFf

id⊗L tr
Zp
f

(ii) (Compatibility with compositions) For any two proper morphisms f : X → Y and g : Y → Z of
rigid-analytic spaces over K, we have Tr

Zp

g◦f ≃ TrZp
g ◦Rgv,∗ Tr

Zp

f .

Proof. The idea of the proof is to reduce to the case of Z/pr-sheaves, where these claims follow from [LRZ24,
Th. 7.4.1 (2), Prop. 7.3.2 (i)] and [LRZ24, Th. 7.4.1 (3)], respectively. We spell out the details for (i), with
the proof of (ii) being analogous.

Step 1. The natural map Hom
(
ω
Zp

Y ⊗̂
L
Zp

Rfv,∗Zp(d)[2d], ω
Zp

Y

)
→ limr Hom

(
ω
Z/pr

Y ⊗L
Z/prRfét,∗Z/p

r(d)[2d], ω
Z/pr

Y

)
is an isomorphism. Since ωZp

Y is derived p-complete, Lemma 7.1.3 and [Sch26a, Prop. 14.10] imply that

RHomZp

(
ω
Zp

Y ⊗̂
L
Zp

Rfv,∗Zp(d)[2d], ω
Zp

Y

)
≃ R lim

r
RHomZp

(
ω
Zp

Y ⊗̂
L
Zp

Rfv,∗Zp(d)[2d], ω
Z/pr

Y

)
≃ R lim

r
RHomZ/pr

(
ω
Z/pr

Y ⊗L
Z/pr Rfét,∗Z/p

r(d)[2d], ω
Z/pr

Y

)
.

Now note that [LRZ24, Cor. 7.1.2] and the projection formula (see [Hub96, Th. 5.5.9 (ii)]) ensure that
ω
Z/pr

Y ⊗L
Z/pr Rfét,∗Z/p

r(d)[2d] ≃ Rfét,∗ω
Z/pr

X . Thus, we get the following short exact sequence:

0→ lim
r

1 Ext−1
(
Rfét,∗ω

Z/pr

X , ω
Z/pr

Y

)
→ Hom

(
ω
Zp

Y ⊗̂
L
Zp

Rfv,∗Zp(d)[2d], ω
Zp

Y

)
→ lim

r
Hom

(
Rfét,∗ω

Z/pr

X , ω
Z/pr

Y

)
→ 0

In particular, it suffices to show that RHom
(
Rfét,∗ω

Z/pr

X , ω
Z/pr

Y

)
lies in D≥0(Z/pr) for any integer r ≥ 1.

This follows directly from [LRZ24, Th. 7.3.14].
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Step 2. End of the proof. Step 1 implies that we can check that the diagram commutes after applying
−⊗L Z/pr for all r ∈ Z>0. In this case, the claim follows from [LRZ24, Th. 7.4.1 (2), Prop. 7.3.2 (i)]. □

The next lemma will allow us later to reduce certain statements for ωZp to smooth proper rigid-analytic
spaces. Recall that a morphism π : X ′ → X of rigid-analytic spaces over Spa(K,OK) is called a regular
admissible modification if π is proper, X ′ is smooth over Spa(K,OK), and there exists a Zariski-dense open
subspace U ⊂ X such that π−1(U) ⊂ X ′ is dense and the restriction π

∣∣
π−1(U)

: π−1(U)→ U is an isomorphism.

Lemma 7.1.7. Let X be a quasi-compact reduced rigid-analytic space over Spa(K,OK).

(i) There exists a cartesian diagram of rigid-analytic spaces over Spa(K,OK)

(7.1.8)
Z ′ X ′

Z X

i′

π′ h π

i

with the following properties:
(a) π is a regular admissible modification;
(b) dimZ,dimZ ′ < dimX; and
(c) applying the diamondification functor (−)♢ to (7.1.8) yields a pushout diagram in v-sheaves on

Perf/ Spd(K,OK).
(ii) The following square in D+(Xv,Zp) is bicartesian:

Rhv,∗ω
Zp

Z′ Rπv,∗ω
Zp

X′

Riv,∗ω
Zp

Z ω
Zp

X

Rπv,∗

(
Tr

Zp

i′

)

Riv,∗

(
Tr

Zp

π′

)
Tr

Zp
π

Tr
Zp
i

Proof. (i). Since X is reduced, the smooth locus U ⊆ X is Zariski-dense and open, and by Temkin’s resolution
of singularities, we can find a regular admissible modification π : X ′ → X which is an isomorphism over U ; see
e.g. [LRZ24, Prop. 7.3.9]. Let i : Z := X ∖ U ↪→ X be the complement, endowed with the canonical reduced
adic subspace structure. Set Z ′ := Z×XX ′. This defines a diagram of the form (7.1.8) satisfying properties (a)
and (b). Under the diamondification functor (−)♢, (7.1.8) remains a fiber square of small v-sheaves (see e.g.
[Zav25a, Prop. 6.1.6]), |π♢| is an isomorphism outside |U♢| ([Sch26a, Lem. 15.6]), i♢ is a monomorphism
(cf. [SP26, Tag 08LR]), and π♢ and i♢ are proper due to Lemma 4.3.2. Therefore, Lemma 3.3.11 yields
property (c).

(ii). Choose a modification square (7.1.8) as in the proof of (i). By the compatibility of traces with
compositions (Lemma 7.1.6 (ii)), we have

TrZp
π ◦Rπv,∗

(
Tr

Zp

i′

)
≃ Tr

Zp

h ≃ Tr
Zp

i ◦Riv,∗
(
Tr

Zp

π′

)
.

This supplies the homotopy witnessing the commutativity of the displayed square, which is again necessarily
unique because RHom<0

(
Rhv,∗ω

Zp

Z′ , ω
Zp

X

)
≃ 0.

In what follows, we will use repeatedly that a square in a stable ∞-category is bicartesian if and only if it
is cartesian if and only if it is cocartesian [Lur17, Prop. 1.1.3.4]. Since all terms in the square are derived
p-complete and the fully faithful inclusion D+

p−comp(Xv;Zp) ⊂ D+(Xv;Zp) is a right adjoint (its left adjoint
is given by derived p-completion) and hence preserves limits, it therefore suffices to prove that the square
is cartesian in D+

p−comp(Xv;Zp). On the other hand, D+
p−comp(Xv;Zp) ≃ limr D+(Xv;Z/p

r) is again stable
[Lur17, Th. 1.1.4.4]; as small colimits in a limit of ∞-categories can be detected pointwise [Lur26, Tag 06B4],

https://stacks.math.columbia.edu/tag/08LR
https://kerodon.net/tag/06B4
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it then suffices to show that the squares

Rhv,∗ω
Z/n
Z′ Rπv,∗ω

Z/n
X′

Riv,∗ω
Z/n
Z ω

Z/n
X

Rπv,∗

(
Tr

Z/n

i′

)

Riv,∗

(
Tr

Z/n

π′

)
TrZ/n

π

Tr
Z/n
i

are cocartesian in D+(Xv;Z/n) for all n ∈ Z.
Recall from [LRZ24] that in the (triangulated) homotopy category of D+(Xét,Z/n), [LRZ24, Lem. 7.3.12]

and the identity Ri!Tr
Z/n

π = Tr
Z/n

π′ (this corresponds to the identification Tr
Z/n

π ◦ Rπét,∗
(
Tr

Z/n

i′
)
= Tr

Z/n

i ◦
Riét,∗

(
Tr

Z/n

π′

)
under the adjunction between i∗ and Ri!) gives a distinguished triangle

Rhét,∗ω
Z/n
Z′

(
−Rπét,∗

(
Tr

Z/n

i′

)
,Riét,∗

(
Tr

Z/n

π′

))
−−−−−−−−−−−−−−−−−−−−−−→ Rπét,∗ω

Z/n
X′ ⊕ Riét,∗ω

Z/n
Z

Tr
Z/n
π ⊕Tr

Z/n
i−−−−−−−−−→ ω

Z/n
X −→ Rhét,∗ω

Z/n
Z′ [1].

The pullback under λ∗v combined with Lemma 7.1.3 applied to the proper morphisms h, π and i shows that
the induced sequence of maps

Rhv,∗ω
Z/n
Z′

(
Rπv,∗

(
Tr

Z/n

i′

)
,−Riv,∗

(
Tr

Z/n

π′

))
−−−−−−−−−−−−−−−−−−−−−→ Rπv,∗ω

Z/n
X′ ⊕ Riv,∗ω

Z/n
Z

TrZ/n
π ⊕Tr

Z/n
i−−−−−−−−−→ ω

Z/n
X −→ Rhv,∗ω

Z/n
Z′ [1]

again forms a distinguished triangle in the homotopy category of D+(Xv;Z/n). But now [Lur17, Th. 1.1.2.14]
and Verdier’s axiom (TR3) yield the desired isomorphism

Rπv,∗ω
Z/n
X′

⊔
Rhv,∗ω

Z/n

Z′

Riv,∗ω
Z/n
Z ≃

(
Rπv,∗ω

Z/n
X′ ⊕ Riv,∗ω

Z/n
Z

) ⊔
Rhv,∗ω

Z/n

Z′

0
∼−−→ ω

Z/n
X

in D+(Xv;Z/n), finishing the proof. □

7.2. Dualizing complexes: B-coefficients. Next, we give O- and BI -versions of the dualizing complex and
the trace morphism. To do so, we need a version of the relative primitive comparison theorem that applies to
dualizing complexes. Lemma 3.6.7 proves a comparison for all perfect Zp-complexes. Similarly to what we
mentioned above for ωZ/n

X , the dualizing complexes ωZp

X are in general not perfect, but are still contained
in the full subcategory D(b)

zc (X;Zp) ⊂ D+(Xv;Zp) of locally bounded complexes with Zariski-constructible
cohomology sheaves, this time in the sense of [BH22, Def. 3.32]. A derived p-complete object F ∈ D+(Xv;Zp)

lies in D(b)
zc (X;Zp) if its reduction F ⊗L

Zp
Fp lies in D(b)

zc (Xét;Fp) ⊂ D+(Xv;Fp) (in the previous sense). We
refer to [BH22] for details.

Lemma 7.2.1. Let f : X → Y be a proper morphism of rigid-analytic spaces over Spa(K,OK) and F ∈
D(b)

zc (X;Zp). Let A ∈ {O+,AI} and B := A
[
1
p

]
. Then the natural morphism in D+(Yv;A)(

Rfv,∗F
)
⊗̂L

Zp
A −→ Rfv,∗

(
F⊗̂L

Zp
A
)

is an almost isomorphism with respect to A◦◦
I if A = AI and with respect to O◦◦

Y if A = O+. In particular,(
(Rfv,∗F)⊗̂

L

Zp
A
)[

1
p

]
−→ Rfv,∗

(
(F⊗̂L

Zp
A)
[
1
p

])
is an isomorphism in D+(Yv;B).

Proof. Since the statement is local on Y , we may assume that Y (and hence X) are quasi-compact. In
this case, the complex F ∈ Dbzc(X;Zp) is globally bounded. Similarly, the complex F⊗̂L

Zp
A is globally

bounded below; since it is p-complete, it suffices to check boundedness after reducing modulo p, where it
becomes isomorphic to F/Lp⊗L

Fp
A/p ∈ Db(Xv;Fp). Since f is qcqs and F⊗̂L

Zp
A is bounded below, we have

Rfv,∗
(
(F⊗̂L

Zp
A)
[
1
p

])
≃ Rfv,∗

(
(F⊗̂L

Zp
A)
)[

1
p

]
, so the second assertion follows immediately from the first one
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by inverting p. Moreover, it suffices to prove the first assertion after derived reduction mod p because both
source and target are derived p-complete. In other words, we need to show that the natural morphism

(7.2.2) βf (G) :
(
Rfv,∗G

)
⊗̂L

Zp
A ≃

(
Rfv,∗G

)
⊗L

Fp
A/p −→ Rfv,∗

(
G ⊗L

Fp
A/p

)
≃ Rfv,∗

(
G⊗̂L

Zp
A
)

is an almost isomorphism for any G ∈ Dbzc(X;Fp).
Using that the full subcategory of G ∈ Dbzc(X;Fp) for which βf (G) is an almost isomorphism is a thick

subcategory, we can now make the same reduction as in the proof of Lemma 7.1.3 to assume that G ∈ Dbzc(X;Fp)
is of the form G = λ∗vRgét,∗Fp for a finite morphism g : W → X. The perfectness of Fp ∈ D+(Wv;Zp) combined
again with [Sch26a, Cor. 16.7] and Proposition 3.4.7 guarantees that G = λ∗vRgét,∗Fp ≃ Rgv,∗Fp.

On the other hand, the comparison morphisms from (7.2.2) are compatible with compositions in f , i.e.,(
R(f ◦ g)v,∗Fp

)
⊗̂L

Zp
A

βf (Rgv,∗Fp)−−−−−−−−→ Rfv,∗
(
(Rgv,∗Fp)⊗̂

L
Zp
A
) Rfv,∗(βg(Fp))−−−−−−−−−→ R(f ◦ g)v,∗

(
Fp⊗̂

L
Zp
A
)

is given by βf◦g(Fp). However, Lemma 3.6.7 shows that both βg(Fp) and βf◦g(Fp) are almost isomorphisms.
As a consequence, βf (Rgv,∗Fp) must be an almost isomorphism as well, finishing the proof. □

Definition 7.2.3. Let X be a rigid-analytic space over Spa(K,OK). Let A ∈ {Zp,O+,AI} and B := A
[
1
p

]
.

(1) The (B-)dualizing complex of X is ωB
X :=

(
ω
Zp

X ⊗̂
L

Zp
A
)[

1
p

]
∈ D(Xv;B).

(2) The (B-)Verdier duality functor for X is DX(−) := RH om
(
−, ωB

X

)
: D(Xv;B)op → D(Xv;B).

Example 7.2.4. Assume that X is a smooth rigid-analytic space over Spa(K,OK) of equidimension d. Then
the canonical isomorphism α

Zp

X from Example 7.1.2 induces a canonical isomorphism

αB
X : B(d)[2d] ≃

(
Zp(d)[2d]⊗̂

L

Zp
A
)[

1
p

] α
Zp
X ⊗Lid
−−−−−−→

∼

(
ω
Zp

X ⊗̂
L

Zp
A
)[

1
p

]
= ωB

X .

More generally, for any smooth morphism f : X → Y of equidimension d between rigid-analytic spaces over
Spa(K,OK), the isomorphism α

Zp

f from Example 7.1.2 induces a canonical isomorphism in D(Xv;B)

αB
f :
(
f∗vω

Zp

Y ⊗̂
L

Zp
A
)[

1
p

]
(d)[2d] ≃

(
f∗vω

Zp

Y (d)[2d]⊗̂L

Zp
A
)[

1
p

] α
Zp
f ⊗Lid
−−−−−−→

∼

(
ω
Zp

X ⊗̂
L

Zp
A
)[

1
p

]
= ωB

X .

In order to give the O- and B-versions of the trace map, we need to recall the following notation.

Notation 7.2.5 (cf. [LRZ24, Not. 7.5.1]). Let f : X → Y be a morphism of rigid-analytic spaces over K and
let B ∈ {Q

p
,O,BI}. We denote by

Evf : Rfv,∗RH om(−,−) −→ RH om
(
Rfv,∗(−),Rfv,∗(−)

)
the natural evaluation transformation of functors of ∞-categories D(Xv;B)op ×D(Xv;B)→ D(Yv;B) which
corresponds under the tensor-hom adjunction to the functor of ∞-categories given on objects E , E ′ ∈ D(Xv;B)
by the composition

Rfv,∗RH om(E , E ′)⊗L Rfv,∗(E)
∪−−→ Rfv,∗(RH om(E , E ′)⊗L E) −→ Rfv,∗(E ′)

of the cup product map (coming from the lax symmetric monoidal structure of Rf∗) and the evaluation map
for internal homs; cf. e.g. [SP26, Tag 0B6D].

Further, we denote by

Adjf : Rfv,∗RH om
(
f∗v (−),−

) Evf−−→ RH om
(
Rfv,∗f

∗
v (−),Rfv,∗(−)

) −◦ηf−−−→ RH om
(
−,Rfv,∗(−)

)
the natural adjunction transformation of functors of ∞-categories D(Yv;B)op ×D(Xv;B)→ D(Yv;B) given
by Evf and composition with the unit of the adjunction between f∗v and Rfv,∗.

Remark 7.2.6. The natural adjunction transformation Adjf from Notation 7.2.5 is in fact a natural
isomorphism. Using the full faithfulness of the Yoneda embedding ([Lur26, Tag 03NJ]) and the fact that it

https://stacks.math.columbia.edu/tag/0B6D
https://kerodon.net/tag/03NJ
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can be tested on objects whether a natural transformation is a natural isomorphism ([Lur26, Tag 01DK]),
this reduces to the calculation that for any E ,F ∈ D(Yv;B) and E ′ ∈ D(Xv;B)

Map
(
F ,Rfv,∗RH om

(
f∗v (E), E ′

))
≃ Map

(
f∗v (F),RH om

(
f∗v (E), E ′

))
≃ Map

(
f∗v (F)⊗L f∗v (E), E ′

)
≃ Map

(
f∗v (F ⊗L E), E ′

)
≃ Map

(
F ⊗L E ,Rfv,∗(E ′)

)
≃ Map

(
F ,RH om

(
E ,Rfv,∗(E ′)

)
thanks to tensor-hom adjunction and the strict symmetric monoidality of f∗v .

Remark 7.2.7. One can see exactly as in [LRZ24, Rmk. 7.5.2] that given any two morphisms f : X → Y and
g : Y → Z of rigid-analytic spaces over K, we have Evg◦f = Evg ◦Rgv,∗(Evf ) and Adjg◦f = Adjg ◦Rgv,∗(Adjf ).

Definition 7.2.8. Let f : X → Y be a proper morphism of rigid-analytic spaces over Spa(K,OK), let
A ∈ {Zp,O+,AI} and B := A

[
1
p

]
, and let E ∈ D(Xv;B).

(1) The B-trace of f is the morphism in D+(Yv;B)

TrBf : Rfv,∗ω
B
X

∼←−
(
(Rfv,∗ω

Zp

X )⊗̂L

Zp
A
)[

1
p

] (TrZp
f ⊗L id

)[
1
p

]
−−−−−−−−−−−→

(
ω
Zp

Y ⊗̂
L

Zp
A
)[

1
p

]
= ωB

Y .

Here, we invert the first arrow, which is an equivalence due to Lemma 7.2.1, and use the p-adic trace map
from Lemma 7.1.5 for the second arrow.

(2) The duality morphism for E is the composition in D(Yv;B)

PDf (E) : Rfv,∗
(
DX(E)

)
= Rfv,∗RH om

(
E , ωB

X

) Evf−−→ RH om
(
Rfv,∗E ,Rfv,∗ωB

X

)
TrBf ◦−
−−−−→ RH om

(
Rfv,∗E , ωB

Y

)
= DY (Rfv,∗E)

of the evaluation map from Notation 7.2.5 and composition with the B-trace of f .

Next, we explain the analog of Lemma 7.1.6 for TrBf .

Lemma 7.2.9. The trace morphisms TrB− from Definition 7.2.8 have the following properties:
(i) (Compatibility with smooth proper traces) For any smooth proper morphism f : X → Y of equidimension

d between rigid-analytic spaces over K, the A-trace maps trAf from Definition 4.3.8 (4), the isomorphism
αB
f from Example 7.2.4, and the completed projection formula map fit into a commutative diagram

Rfv,∗
(
(f∗vω

Zp

Y ⊗̂
L

Zp
A)
[
1
p

]
(d)[2d]

)
Rfv,∗ω

B
X

(
ω
Zp

Y ⊗̂
L

Zp
Rfv,∗A

)[
1
p

]
(d)[2d] ωB

Y .

Rfv,∗α
B
f

∼

TrBfPFf

id⊗L trAf

(ii) (Compatibility with compositions) For any two proper morphisms f : X → Y and g : Y → Z of
rigid-analytic spaces over K, we have TrBg◦f ≃ TrBg ◦Rgv,∗ Tr

B
f .

Proof. (i). The primitive comparison maps give rise to the following diagram:

Rfv,∗
(
(f∗vω

Zp

Y ⊗̂
L

Zp
A)
[
1
p

]
(d)[2d]

)
Rfv,∗ω

B
X(

Rfv,∗
(
f∗vω

Zp

Y (d)[2d]
)
⊗̂L

Zp
A
)[

1
p

] (
(Rfv,∗ω

Zp

X )⊗̂L
Zp
A
)[

1
p

]
(
ω
Zp

Y ⊗̂
L

Zp
Rfv,∗A

)[
1
p

]
(d)[2d] ωB

Y(
ω
Zp

Y ⊗̂
L
Zp

(Rfv,∗Zp(d)[2d])⊗̂
L
Zp
A
)[

1
p

] (
ω
Zp

Y ⊗̂
L
Zp
A
)[

1
p

]

Rfv,∗α
B
f

∼

PFf

TrBf

(Rfv,∗α
Zp
f )⊗id

∼

id⊗ trAf
PFf

id⊗ tr
Zp
f ⊗ id

∼

Tr
Zp
f ⊗ id

https://kerodon.net/tag/01DK
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We want to show that the back side of the diagram commutes. The front side commutes by Lemma 7.1.6 (i).
The right side commutes by the definition of TrBf in Definition 7.2.8 and the bottom side by the definition of
trAf in Definition 4.3.8. The left side and top side commute by the naturality of the primitive comparison map.
Lastly, the red map is an isomorphism by the relative primitive comparison theorem Lemma 3.6.7. Taken
together, this shows that the back side of the diagram must commute as well.

(ii). The natural primitive comparison maps also give rise to the following commutative diagram:

(
(R(g ◦ f)v,∗ω

Zp

X )⊗̂L
Zp
A
)[

1
p

] (
(Rgv,∗ω

Zp

Y )⊗̂L
Zp
A
)[

1
p

]
(ω

Zp

Z ⊗̂
L
Zp
A)
[
1
p

]

Rgv,∗
(
(Rfv,∗ω

Zp

X ⊗̂
L

Zp
A)
[
1
p

])
Rgv,∗

(
(ω

Zp

Y ⊗̂
L

Zp
A)
[
1
p

])

R(g ◦ f)v,∗ωB
X Rgv,∗ω

B
Y ωB

Z

(Rgv,∗ Tr
Zp
f )⊗id

∼

Tr
Zp
g ⊗ id

∼

Rgv,∗(Tr
Zp
f ⊗ id)

∼

Rgv,∗ TrBf TrBg

Since Rfv,∗ω
Zp

X is Zariski-constructible [BH22, Th. 3.36 (3)], all vertical arrows are isomorphisms by
Lemma 7.2.1. The composition of top horizontal arrows is given by Tr

Zp

g◦f ⊗ id thanks to Lemma 7.1.6 (ii).
Keeping in mind Definition 7.2.8, the composition of bottom horizontal arrows must therefore be TrBg◦f . □

7.3. Geometric duality for proper rigid-analytic spaces. With all definitions and compatibilities in
place, we get to the first main result of this section: finiteness and duality statements for (possibly singular)
proper rigid-analytic spaces over K, at least in the absolute case. Our approach is based on the strategy in
[LRZ24, § 7].

Theorem 7.3.1. Let f : X → Spa(K,OK) be a proper rigid-analytic space, let A ∈ {Zp,O+,AI} and
B := A

[
1
p

]
, and let E ∈ Perfv(X;B). Then Rfv,∗E lies in D(b)

BC (Spd(K,OK)v;Qp
) ⊂ D+(Spd(K,OK)v;Qp

)

if A = Zp and in Perfv(Spd(K,OK);B) ⊂ D+(Spd(K,OK)v;B) if A ∈ {O+,AI}. Moreover, the duality
morphism

PDf (E) : Rfv,∗
(
DX(E)

)
−→ DSpa(K,OK)(Rfv,∗E)

is an isomorphism in D+(Spd(K,OK)v;B).

Proof. We proceed by induction on d := dimX ∈ Z≥0 ∪ {−∞}. If d = −∞, we have X = ∅, so there is
nothing to show. For the induction step, we assume that d ≥ 0 and that the statement has been proven in
dimensions < d. Let Xred ⊆ X be the maximal reduced closed subspace. Under the isomorphism X♢ ≃ X♢

red,
the dualizing complexes ωB

X and ωB
Xred

are identified because the induced equivalence of étale sites identifies
ω
Z/n
X and ωZ/n

Xred
(cf. [LRZ24, Lem. 7.2.4]). Therefore, we may assume that X is reduced.

Lemma 7.1.7 (i) now provides the pushout square of diamonds

(Z ′)♢ (X ′)♢

Z♢ X♢

i′

π′ h π

i

in which X ′ is smooth proper and Z,Z ′ are proper with dimZ,dimZ ′ < d. Applying the exact functor
RH om(Z[−],B) to this diagram of v-sheaves on Perf/X , we obtain the following pullback square in D+(Xv;B):

B Rπv,∗B

Riv,∗B Rhv,∗B
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Tensoring with E , using the projection formula Proposition 5.3.2 and applying Rfv,∗, this yields the following
pullback squares in D+(Spd(K,OK)v;B), in which the η-maps are given by the units of the adjunctions
between π∗

v and Rπv,∗, i∗v and Riv,∗, and h∗v and Rhv,∗:

(7.3.2)
E Rπv,∗π

∗
vE

Riv,∗i
∗
vE Rhv,∗h

∗
vE

ηπ

ηi Rπv,∗ηi′

Riv,∗ηπ′

and
Rfv,∗E R(f ◦ π)v,∗π∗

vE

R(f ◦ i)v,∗i∗vE R(f ◦ h)v,∗h∗vE

Rfv,∗ηπ

Rfv,∗ηi R(f◦π)v,∗ηi′

R(f◦i)v,∗ηπ′

By the induction hypothesis, both R(f ◦ i)v,∗i∗vE and R(f ◦ h)v,∗h∗vE lie in D(b)
BC (Spd(K,OK)v;Qp

) ⊂
D+(Spd(K,OK)v;Qp

) (if A = Zp) resp. in Perfv(Spd(K,OK);B) ⊂ D+(Spd(K,OK)v;B) (if A ∈ {O+,AI}).

Moreover, R(f ◦ π)v,∗π∗
vE lies in D(b)

BC (Spd(K,OK)v;Qp
) resp. Perfv(Spd(K,OK);B) by Theorem 6.4.14 resp.

Corollary 5.3.13. Since both categories are stable and hence closed under finite limits, the first assertion
follows.

For the proof that PDf (E) is an isomorphism, consider the following diagram in D+(Spd(K,OK)v;B), in
which we have set squares of different depths in different colors to improve readability:

(7.3.3)
RH om

(
R(f ◦ h)v,∗h∗vE ,B

)
RH om

(
R(f ◦ π)v,∗π∗

vE ,B
)

RH om
(
R(f ◦ h)v,∗h∗vE ,R(f ◦ h)v,∗ωB

Z′

)
RH om

(
R(f ◦ π)v,∗π∗

vE ,R(f ◦ π)v,∗ωB
X′

)
R(f ◦ h)v,∗RH om

(
h∗vE , ωB

Z′

)
R(f ◦ π)v,∗RH om

(
π∗
vE , ωB

X′

)
Rfv,∗RH om

(
E ,Rhv,∗ωB

Z′

)
Rfv,∗RH om

(
E ,Rπv,∗ωB

X′

)
RH om

(
R(f ◦ i)v,∗i∗vE ,B

)
RH om

(
Rfv,∗E ,B

)
RH om

(
R(f ◦ i)v,∗i∗vE ,R(f ◦ i)v,∗ωB

Z

)
RH om

(
Rfv,∗E ,Rfv,∗ωB

X

)
R(f ◦ i)v,∗RH om

(
i∗vE , ωB

Z

)
Rfv,∗RH om

(
E , ωB

X

)
Rfv,∗RH om

(
E ,Riv,∗ωB

Z

)
Rfv,∗RH om

(
E , ωB

X

)

−◦R(f◦π)v,∗ηi′

−◦R(f◦i)v,∗ηπ′

−◦Rfv,∗ηπ

TrBf◦h ◦−

R(f◦i)v,∗ TrB
π′ ◦−◦R(f◦i)v,∗ηπ′

TrBf◦π ◦−
R(f◦π)v,∗ TrB

i′ ◦−◦R(f◦π)v,∗ηi′

Evf◦h

Rfv,∗ Adjh
∼

(TrB
π′ ◦−)◦R(f◦i)v,∗ Adjπ′

Evf◦π

Rfv,∗ Adjπ
∼

(TrB
i′ ◦−)◦R(f◦π)v,∗ Adji′

Riv,∗ TrB
π′ ◦−

Rπv,∗ TrB
i′ ◦−

−◦Rfv,∗ηi

Rfv,∗ TrBi ◦−◦Rfv,∗ηi
TrBf◦i ◦− TrBf ◦−

Rfv,∗ TrBπ ◦−◦Rfv,∗ηπ

(TrBi ◦−)◦Rfv,∗ Adji

Evf◦i

Rfv,∗ Adji
∼

Evf

(TrBπ ◦−)◦Rfv,∗ Adjπ

TrBi ◦−

TrBπ ◦−

We now explain how to construct homotopies witnessing the commutativity of (7.3.3).
Blue and red square. In order to construct the cube connecting the blue and red square, we first use the

compatibility of Adj and TrB under compositions (Remark 7.2.7 and Lemma 7.2.9 (ii)) and the naturality of
Adj to find 2-simplices witnessing the commutativity of the following diagram:
(7.3.4)

R(f ◦ h)v,∗RH om
(
h∗vE , ωB

Z′

)
R(f ◦ π)v,∗RH om

(
π∗
vE ,Ri′v,∗ωB

Z′

)
R(f ◦ π)v,∗RH om

(
π∗
vE , ωB

X′

)
R(f ◦ i)v,∗RH om

(
i∗vE ,Rπ′

v,∗ω
B
Z′

)
Rfv,∗RH om

(
E ,Rhv,∗ωB

Z′

)
Rfv,∗RH om

(
E ,Rπv,∗ωB

X′

)
R(f ◦ i)v,∗RH om

(
i∗vE , ωB

Z

)
Rfv,∗RH om

(
E ,Riv,∗ωB

Z

)
Rfv,∗RH om

(
E , ωB

X

)

R(f◦π)v,∗ Adji′

R(f◦i)v,∗ Adjπ′

TrB
i′ ◦−

Rfv,∗ Adjπ Rfv,∗ Adjπ

Rfv,∗ Adji

TrB
π′ ◦−

Rπv,∗ TrB
i′ ◦−

Riv,∗ TrB
π′ ◦− TrBπ ◦−

Rfv,∗ Adji TrBi ◦−

The outer rectangle of (7.3.4) is the blue square. Now precompose the functors ∆1×∆1 → D+
(
Spa(K,OK)v;B

)
corresponding to
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• the upper left square of (7.3.4) with the map of simplicial sets ∆1 ×∆1 ×∆1 → ∆1 ×∆1 given on
vertices by {0, 1}3 ∋ (i, j, k) 7→

(
max(i, k),max(j, k)

)
;

• the upper right square of (7.3.4) with the map of simplicial sets ∆1 ×∆1 ×∆1 → ∆1 ×∆1 given on
vertices by {0, 1}3 ∋ (i, j, k) 7→

(
i,max(j, k)

)
;

• the lower left square of (7.3.4) with the map of simplicial sets ∆1 ×∆1 ×∆1 → ∆1 ×∆1 given on
vertices by {0, 1}3 ∋ (i, j, k) 7→

(
max(i, k), j

)
;

• the lower right square of (7.3.4) with the map of simplicial sets ∆1 ×∆1 ×∆1 → ∆1 ×∆1 given on
vertices by {0, 1}3 ∋ (i, j, k) 7→ (i, j).

The composition of these cubes yields the desired cube connecting the blue and the red square.
Blue and green square. In order to construct the cube connecting the blue and green square, note that by

Notation 7.2.5, we have Adj = Ev ◦(− ◦ η). Therefore, we can also expand the blue square as follows:

(7.3.5)
R(f ◦ h)v,∗RH om

(
h∗vE , ωB

Z′

)
R(f ◦ π)v,∗RH om

(
Ri′v,∗h

∗
vE ,Ri′v,∗ωB

Z′

)
R(f ◦ π)v,∗RH om

(
π∗
vE , ωB

X′

)

R(f ◦ i)v,∗RH om
(
Rπ′

v,∗h
∗
vE ,Rπ′

v,∗ω
B
Z′

)
Rfv,∗RH om

(
Rhv,∗h

∗
vE ,Rhv,∗ωB

Z′

)
Rfv,∗RH om

(
Rπv,∗π

∗
vE ,Rπv,∗ωB

X′

)

R(f ◦ i)v,∗RH om
(
i∗vE , ωB

Z

)
Rfv,∗RH om

(
Riv,∗i

∗
vE ,Riv,∗ωB

Z

)
Rfv,∗RH om

(
E , ωB

X

)

R(f◦π)v,∗ Evi′

R(f◦i)v,∗ Evπ′

TrB
i′ ◦−◦ηi′

Rfv,∗ Evπ Rfv,∗ Evπ

Rfv,∗ Evi

TrB
π′ ◦−◦ηπ′

Rπv,∗ TrB
i′ ◦−◦Rπv,∗ηi′

Riv,∗ TrB
π′ ◦−◦Riv,∗ηπ′ TrBπ ◦−◦ηπ

Rfv,∗ Evi TrBi ◦−◦ηi

Thanks to Remark 7.2.7 and (7.3.2), we can find homotopies which, together with the already chosen homotopy
from Lemma 7.2.9 (ii), witness the commutativity of (7.3.5). In fact, by virtue of the identity Adj = Ev ◦(−◦η),
we can construct the homotopy for the top left square in (7.3.4) from the ones chosen for the top left and
bottom right square in (7.3.5), making the two diagrams compatible. Exactly the same maps of simplicial sets
∆1 ×∆1 ×∆1 → ∆1 ×∆1 as before produce a cube connecting the blue square with the commutative square

(7.3.6)

Rfv,∗RH om
(
Rhv,∗h

∗
vE ,Rhv,∗ωB

Z′

)
Rfv,∗RH om

(
Rπv,∗π

∗
vE ,Rπv,∗ωB

X′

)
Rfv,∗RH om

(
Riv,∗i

∗
vE ,Riv,∗ωB

Z

)
Rfv,∗RH om

(
E , ωB

X

)
,

Rπv,∗ TrB
i′ ◦−◦Rπv,∗ηi′

Riv,∗ TrB
π′ ◦−◦Riv,∗ηπ′ TrBπ ◦−◦ηπ

TrBi ◦−◦ηi

whose 2-simplices can be constructed from the same homotopies as before.
Now note that the evaluation transformation Evf from Notation 7.2.5 amounts to a morphism in the

∞-category Fun
(
D(Xv;B)op ×D(Xv;B),D(Yv;B)

)
. Via the map of simplicial sets ∆1 ×∆1 → D(Xv;B)op ×

D(Xv;B) classifying the (opposite of the) left square in (7.3.2) and the square

Rhv,∗ω
B
Z′ Rπv,∗ω

B
X′

Riv,∗ω
B
Z ωB

X

Rπv,∗ TrB
i′

Riv,∗ TrB
π′ TrBπ

TrBi

from before, we obtain a morphism in the ∞-category Fun
(
∆1 ×∆1,D(Yv;B)

)
. Unwinding definitions, this

yields a cube ∆1×∆1×∆1 → D(Yv;B) whose front side is the square (7.3.6) and whose back side is the green
square in (7.3.3); cf. [Lur26, Tag 01DG, Tag 01DH]. Composing this cube with the one from the previous
paragraph, we obtain the desired cube connecting the blue and green square.

Green and orange square. Using the same homotopy from (7.3.2) as before to witness the commutativity of
the orange square as well as the equivalences ωB

Spa(K,OK) ≃ B from Example 7.2.4, we can obtain the cube
connecting the green and the orange square similarly to the previous two cases. We leave the details to the
careful reader.

Red and orange square. Note that the maps Adj(−) from the blue to the red square are equivalences by
Remark 7.2.6. Their inverses still fit into a commutative cube, with the necessary homotopies guaranteed

https://kerodon.net/tag/01DG
https://kerodon.net/tag/01DH
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by [Lur26, Tag 01DK]. Composing these homotopies with the ones connecting the blue to the green and the
green to the orange square produces homotopies witnessing the commutativity of the outer box.

End of argument. The red square (with the chosen homotopy coming from Lemma 7.2.9 (ii)) is a pushout
square by Lemma 7.1.7 (ii), Lemma 7.2.1, and the exactness of the functor Rfv,∗RH om

(
E ,−⊗̂L

Zp
A
)[

1
p

])
.

Likewise, we saw above that the orange square (with the chosen homotopy coming from (7.3.2)) is a pushout
square. By virtue of [Lur26, Tag 02XP], the map PDf (E) from the bottom right front to the bottom right
back corner is then a pushout of the other maps from the front to the back corners. In particular, in order to
finish the proof, it suffices to see that those three maps are equivalences.

The induction hypothesis guarantees that PDf◦h(h∗vE) = (TrBf◦h ◦−)◦Evf◦h and PDf◦i(i
∗
vE) = (TrBf◦i ◦−)◦

Evf◦i are equivalences, and thus so are the maps from the top and bottom left front to the top and bottom
left back corner. Lastly, the map from the top right front to the top right back corner is the composition of
Rfv,∗ Adj

−1
π with the purple map in the diagram19

R(f ◦ π)v,∗RH om
(
π∗
vE ,B(dX′)[2dX′ ]

)
RH om

(
R(f ◦ π)v,∗π∗

vE ,R(f ◦ π)v,∗B(dX′)[2dX′ ]
)

RH om(R(f ◦ π)v,∗π∗
vE ,B

)
R(f ◦ π)v,∗RH om

(
π∗
vE , ωB

X′

)
RH om

(
R(f ◦ π)v,∗π∗

vE ,R(f ◦ π)v,∗ωB
X′

)
,

Evf◦π

R(f◦π)v,∗(α
B
X′◦−)

∼

trBf◦π ◦−

R(f◦π)v,∗(α
B
X′ )◦−

∼
Evf◦π TrBf◦π ◦−

which commutes thanks to Lemma 7.2.9 (i) and the isomorphism ω
Zp

Spa(K,OK) ≃ Zp. The construction of the
evaluation transformation in [SP26, Tag 0B6D] via the tensor-hom adjunction shows that the composition
(trBf◦π ◦−) ◦ Evf◦π in the top is precisely the duality morphism from Definition 6.5.5 (3) (if A = Zp) and
in Construction 5.3.10 (3) (if A ∈ {O+,AI}). Thus, is is an equivalence thanks to Theorem 6.5.7 resp.
Corollary 5.3.15. This finishes the proof. □

By a similar argument, we get the following compatibility in the interval I:

Theorem 7.3.7. Let X be a proper rigid-analytic space over Spa(K,OK), with structure morphism f . Let
J ⊂ I ⊂ (0,∞) be an inclusion of closed intervals with rational endpoints and let E ∈ Perfv(X;BI). Then the
natural maps

Rfv,∗E ⊗L
BI ,res BJ → Rfv,∗(E ⊗L

BI ,res BJ) and Rfv,∗E ⊗L
BI ,φ BI/p → Rfv,∗(E ⊗L

BI ,φ BI/p)

are isomorphisms.

Proof. We only give a proof for the first isomorphism, as the proof for the second isomorphism follows from
the same argument. As in the proof of Theorem 7.3.1, we may assume that X is reduced and, using induction,
that the statement has been shown in dimensions < dimX. Following the notation there, we have a map
from the red to the orange pushout square in the next diagram:

Rfv,∗(E ⊗L
BI ,res BJ) R(f ◦ π)v,∗(π∗

vE ⊗L
BI ,res BJ)

Rfv,∗(E)⊗L
BI ,res BJ R(f ◦ π)v,∗(π∗

vE)⊗L
BI ,res BJ

R(f ◦ i)v,∗(i∗vE ⊗L
BI ,res BJ) R(f ◦ h)v,∗(h∗vE ⊗L

BI ,res BJ)

R(f ◦ i)v,∗(i∗vE)⊗L
BI ,res BJ R(f ◦ h)v,∗(h∗vE)⊗L

BI ,res BJ

Since f ◦ π is smooth proper, the purple map in the top right corner is an isomorphism by Corollary 5.3.13.
The purple maps in the two bottom corners are both isomorphisms by the induction hypothesis. Therefore,
the purple map in the top left corner must also be an isomorphism. □

Over a perfectoid field, Theorem 7.3.1 and Theorem 7.3.7 now admit the following absolute variants:

19In this diagram, we denote by dX′ : |X′| → Z≥0 the locally constant function which sends each point x ∈ X′ to the
dimension of the connected component of X′ containing x.

https://kerodon.net/tag/01DK
https://kerodon.net/tag/02XP
https://stacks.math.columbia.edu/tag/0B6D
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Corollary 7.3.8. Let K be a perfectoid field extension of Qp and X be a proper rigid-analytic space over
Spa(K,OK). Let A ∈ {O+,AI} and B := A

[
1
p

]
, and let E ∈ Perfv(X;B). Set B := B(K) and BI := BI(K).

(i) The condensed derived global sections object RΓv(X, E) ∈ D□(B) is dualizable with dual RΓv
(
X,DX(E)

)
.

In particular, RΓv(X, E) ≃ RΓv(X, E) lies in Perf(B) ⊂ D□(B) and the natural duality map

RΓv
(
X,DX(E)

) ∼−−→ RHomB

(
RΓv(X, E), B

)
in D(B) is an isomorphism.

(ii) Suppose that A = AI and B = BI . Then for any inclusion J ⊂ I ⊂ (0,∞) of closed intervals with
rational endpoints, the natural maps

RΓv(X, E)⊗L
BI ,res BJ −→ RΓv(X, E ⊗L

BI ,res BJ) and RΓv(X, E)⊗L
BI ,φ BI/p −→ RΓv(X, E ⊗L

BI ,φ BI/p)

are isomorphisms.

Proof. We begin with preliminary comments on the correspondence of various notions of perfect complexes
for perfectoid fields: Consider the factorization

RΓv(Spd(K,OK),−) : D
(
Spd(K,OK)v;B

) RΓv(Spd(K,OK),−)
−−−−−−−−−−−−−→ D

(
∗proét;B

) RΓ(∗proét,−)−−−−−−−−→ D(B)

through the derived condensed global sections functor RΓv(Spd(K,OK),−), which was defined as the derived
pushforward along the morphism of site Spd(K,OK)v → ∗proét from Definition 3.2.1. Since the full ∞-
subcategory Perf

(
∗proét;B

)
⊂ D

(
∗proét;B

)
consists of those objects which are proétale locally isomorphic to

a strictly perfect complex, every proétale covering S → ∗ splits, and RΓ(∗proét, B) = B, the second functor is
essentially surjective and fully faithful, hence induces an equivalence RΓ(∗proét,−) : Perf

(
∗proét;B

) ∼−−→ Perf(B)
with inverse (−). On the other hand, since K is perfectoid, Corollary C.5.12 and Corollary C.6.12 show

that RΓv(Spd(K,OK),−) induces an equivalence Perf
(
Spd(K,OK)v;B

) ∼−→ Perf(B) with inverse (̃−). As a
consequence, RΓv(Spd(K,OK),−) also induces an equivalence Perf

(
Spd(K,OK)v;B

) ∼−→ Perf
(
∗proét;B

)
. By

[And21, Cor. 5.51.1], all three categories of perfect complexes further identify with the dualizable objects in
D□(B).

Now denote by f : X → Spa(K,OK) the structure map. We know from Theorem 7.3.1 that Rfv,∗E
lies in Perfv(Spd(K,OK);B) and has dual Rfv,∗

(
DX(E)

)
. Applying RΓv(Spd(K,OK),−), the preliminary

comments from the previous paragraph (combined with the identification ωBI

Spa(K,OK) ≃ BI from Example 7.2.4)
guarantee that RΓv(X, E) = RΓv(Spa(K,OK),Rfv,∗E) is still perfect with natural duality isomorphism

RΓv
(
X,DX(E)

)
≃ RΓv

(
Spa(K,OK),Rfv,∗DX(E)

) RΓv(Spa(K,OK),PDf (E))−−−−−−−−−−−−−−−−→
∼

RΓv
(
Spa(K,OK),DSpa(K,OK)(Rfv,∗E)

)
≃ RHomD(Spd(K,OK)v;B)

(
Rfv,∗E ,B

)
≃ RHomB

(
RΓv(X, E),RΓv(Spa(K,OK),B)

)
≃ RHomB

(
RΓv(X, E), B

)
and that moreover RΓv(X, E) ≃ RΓv(X, E) is discrete. This makes RΓv(X, E) into a dualizable object of
D□(B) with dual RΓv

(
X,DX(E)

)
, yielding (i).

For assertion (ii), we show that the first natural map is an isomorphism, the proof for the second map
being entirely analogous. The natural transformation (̃−) ◦ res⇒ res ◦(̃−) between the two compositions of
functors in the diagram

Perf(BI) Perfv(Spd(K,OK);BI)

Perf(BJ) Perfv(Spd(K,OK);BJ)

(̃−)

res res
(̃−)

is an isomorphism because Perf(BI) is generated by BI and the transformation is an isomorphism on
BI . In particular, applying (̃−) to RΓv(X, E) ⊗L

BI ,res
BJ → RΓv(X, E ⊗L

BI ,res
BJ) yields the natural map

Rfv,∗E ⊗L
BI ,res

BJ → Rfv,∗(E ⊗L
BI ,res

BJ), which is an isomorphism by Theorem 7.3.7. Since (̃−) is an
equivalence by the first paragraph, this shows that the first natural map is an isomorphism as well, as
desired. □
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Similarly, we also obtain the compatibility with θ : BI → O as well as the Künneth formula.

Theorem 7.3.9. Let f : X → Spa(K,OK) be a proper rigid-analytic space, let I ⊂ (0,∞) be a closed interval
with rational endpoints such that 1 ∈ I, and let E ∈ Perfv(X;BI). Then the natural map

Rfv,∗E ⊗L
BI ,θI O → Rfv,∗(E ⊗L

BI ,θI O)

is an isomorphism.
Assume furthermore that K is a perfectoid field extension of Qp, then the natural map

RΓv(X, E)⊗L
BI ,θI K −→ RΓv(X, E ⊗L

BI ,θI O)

is an isomorphism.

We refer to Construction 5.2.17 for the construction of the θI -homomoprhism

Proof. For the first statement, we argue exactly as the proof of Theorem 7.3.7: We just need to replace
Corollary 5.3.13 with Corollary 5.3.14. The second statement follows from the first, by the exact same
argument as in the second paragraph of the proof of Corollary 7.3.8. □

Theorem 7.3.10. Let f : X → Spa(K,OK) and f ′ : X ′ → Spa(K,OK) be proper rigid-analytic spaces, let
h : X ×K X ′ → Spa(K,OK) be the fiber product morphism, let B ∈ {BI ,O}, let E ∈ Perfv(X;B), and let
E ′ ∈ Perfv(X

′;B). Then the Künneth morphism

Rfv,∗E ⊗L
B Rf ′v,∗E ′ → Rhv,∗(E ⊠L E ′)

is an isomorphism.
Assume furthermore that K is a perfectoid field extension of Qp. Then the Künneth morphism

RΓv(X, E)⊗L
B(S) RΓv(X

′, E ′)→ RΓv(X ×K X ′, E ⊠L E ′)

is an isomorphism as well.

Proof. For the first statement, we argue similarly to the proof of Theorem 7.3.7: we just need to replace
Corollary 5.3.13 with Corollary 5.3.16. The second statement follows from the first, by the same argument as
in the second paragraph of the proof of Corollary 7.3.8 combined with the fact that RΓv(−) is a (strictly)
symmetric monoidal equivalence in this case. □

Now we give analogs of Lemma 6.4.4 and Lemma 6.4.6 for (possibly singular) proper rigid-analytic spaces.

Lemma 7.3.11. Let f : X → Spa(K,OK) be a proper rigid-analytic space. Then the pullback func-
tor f∗FF : Perfan(FFSpd(K,OK);O) → Perfan(FFX ;O) from Remark 6.2.4 admits a right adjoint functor
RfPerfFF,∗ : Perfan(FFX ;O)→ Perfan(FFSpd(K,OK);O) fitting into commutative diagrams

Perfan(FFX ;O) Perfv(X;B[1,p]) Perfv(X;B[1,1])

Perfan(FFSpd(K,OK);O) Perfv(Spd(K,OK);B[1,p]) Perfv(Spd(K,OK);B[1,1])

RfPerf
FF,∗

π∗
X

Rfv,∗

⊗L
B[1,p],res

B[1,1]

⊗L
B[1,p],φ̃

B[1,1]

Rfv,∗

π∗
Spd(K,OK )

⊗L
B[1,p],res

B[1,1]

⊗L
B[1,p],φ̃

B[1,1]

and

Perfan(FFX ;O) D′(FFX ;O)

Perfan(FFSpd(K,OK);O) D′(FFSpd(K,OK);O).

jFFX

RfPerf
FF,∗ RfFF,∗

jFFSpd(K,OK )

In particular, RfFF,∗ : D′(FFX ;O)→ D′(FFSpd(K,OK);O) sends dualizable objects to dualizable objects.
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Proof. For the existence of RfPerfFF,∗ : Perfan(FFX ;O) → Perfan(FFSpd(K,OK);O) and the commutativity of
the first diagram, we can use the same proof as for Lemma 6.4.4 because the f∗v : Perfv(Spd(K,OK);BI)→
Perfv(X;BI) still admit right adjoints Rfv,∗ : Perfv(X;BI)→ Perfv(Spd(K,OK);BI) by Theorem 7.3.1 and
the relevant base change maps are still isomorphisms by Theorem 7.3.7. For the commutativity of the second
diagram and the last statement, the proof of Lemma 6.4.6 applies verbatim, after once more replacing the
reference to Corollary 5.3.13 in the last paragraph by Theorem 7.3.7. □

As an immediate application of Lemma 7.3.11, we show that the proper pushforward on the Fargues–
Fontaine curve is compatible with the proper pushforward on the v-site with respect to the ι∗∞-functor from
Construction 6.2.9.

Corollary 7.3.12. Let f : X → Spa(K,OK) be a proper rigid-analytic space. Then the diagram

(7.3.13)

Perfan(FFX ;O) Perfv(X;O)

Perfan(FFSpd(K,OK);O) Perfv
(
Spd(K,OK);O

)
ι∗∞

RfFF,∗ Rfv,∗

ι∗∞

commutes, i.e., there is a canonical isomorphism of functors ι∗∞ ◦ RfFF,∗
∼−→ Rfv,∗ ◦ ι∗∞.

Proof. The result follows immediately from Lemma 7.3.11 and Theorem 7.3.9 applied to I = [1, p]. □

With the help of Lemma 7.3.11, we can describe the cohomology of any local system L on a proper
rigid-analytic space X over K via a perfect complex:

Construction 7.3.14. Let f : X → Spa(K,OK) be a proper rigid-analytic space and E ∈ Perfv(X,Qp
).

Then RHX(E) ∈ Perfan(FFX ;O) (Variant 6.3.8) and we define the cohomology complex of E as

HX(E) := RfFF,∗
(
RHX(E)

)
∈ Perfan(FFSpd(K,OK);O);

here, the containment in Perfan(FFSpd(K,OK);O) follows from Lemma 7.3.11. This perfect complex recovers
the cohomology of E because

SolSpd(K,OK)

(
HX(E)

)
≃ SolSpd(K,OK)

(
RHSpd(K,OK)

(
Rfv,∗(E)

))
≃ Rfv,∗(E)

by virtue of Lemma 6.4.3 and Proposition 6.3.17. When L is a Q
p
-local system on X, we also set HX(L) :=

HX
(
L[0]

)
.

Lastly, we give the analog of Corollary 5.4.4 and Corollary 6.6.15 for singular proper rigid-analytic spaces.

Corollary 7.3.15. Let f : X → Spa(K,OK) be a proper rigid-analytic space of dimension d, let A ∈
{Zp,O+,AI} and B := A

[
1
p

]
, and let E ∈ Perfv(X;B) ∩ D[r,r′](Xv;B) (resp. E ∈ Perf [r,r

′]
v (X;B)) for some

r, r′ ∈ Z∪{−∞,∞}. Then Rfv,∗E lies in D[r,r′+2d]
BC (Spd(K,OK)v;Qp

) if A = Zp and in Perfv(Spd(K,OK);B)∩
D[r,r′+2d](Spd(K,OK)v;B) (resp. E ∈ Perf [r,r

′+2d]
v (Spd(K,OK)v;B)) if A ∈ {O+,AI}.

Proof. We give a proof for the case of E ∈ Perfv(X;B) ∩ D[r,r′](Xv;B), the case of E ∈ Perf [r,r
′]

v (X;B) being
analogous.

Thanks to Theorem 7.3.1, we already know that Rfv,∗E lies in DBC (Spd(K,OK)v;Qp
) if A = Zp and in

Perfv(Spd(K,OK);B) ifA ∈ {O+,AI}. Thus, we only need to show that Rfv,∗E ∈ D[r,r′+2d](Spd(K,OK)v;B).
For this, we may assume as in the proof of Theorem 7.3.1 that X is reduced and that the statement has been
proven in dimensions < d.

By Lemma 7.1.7, we can find the modification square from (7.1.8)

Z ′ X ′

Z X

i′

π′ h π

i
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in which π is a regular admissible modification and dimZ,dimZ ′ < dimX. As in (7.3.2) in the proof of
Theorem 7.3.1, this yields a fiber sequence

Rfv,∗E
(
(−1)·Rfv,∗ηπ,Rfv,∗ηi

)
−−−−−−−−−−−−−−−→ R(f ◦ π)v,∗π∗

vE ⊕ R(f ◦ i)v,∗i∗vE
R(f◦π)v,∗ηi′⊕R(f◦i)v,∗ηπ′−−−−−−−−−−−−−−−−−→ R(f ◦ h)v,∗h∗vE .

Since dimZ, dimZ ′ < d, we have R(f ◦ i)v,∗i∗vE , R(f ◦ h)v,∗h∗vE ∈ D[r,r′+2d−2](Spd(K,OK)v;B). On the
other hand, Corollary 5.4.4 and Corollary 6.6.15 show that R(f ◦π)v,∗π∗

vE ∈ D[r,r′+2d](Spd(K,OK)v;B). This
yields the desired cohomological bounds. □

Remark 7.3.16. When K is perfectoid and B ∈ {O+,AI}, Corollary 7.3.15 also implies that RΓv(X, E) ∈
Perf(B) ∩ D[r,r′+2d](B). The proof of this absolute version is again analogous to the proof of Corollary 7.3.8.

We can now summarize the main properties of the HX(E) construction.

Theorem 7.3.17. Let f : X → Spa(K,OK) be a proper rigid-analytic space of dimension d and let E ∈
Perf [r,r

′]
v (X;Q

p
) for some r, r′ ∈ Z ∪ {−∞,∞}. Then the following statements hold:

(i) there is a functorial isomorphism Sol
(
HX(E)

)
≃ Rfv,∗E;

(ii) there is a functorial isomorphism ι∗∞HX(E) ≃ Rfv,∗
(
E ⊗L

Q
p

O
)
;

(iii) if X is smooth of equidimension d, there is a functorial duality isomorphism HX(E)∨ ≃ HX(E∨(d)[2d]);
(iv) the complex HX(E) lies in Perf [r,r

′+2d]
an (FFSpd(K,OK);O);

(v) if (X ′, E ′) is another such pair, then there is a natural Künneth formula isomorphism

HX(E)⊗L
O HX′(E ′) ∼−→ HX×KX′(E ⊠ E ′).

When K is a perfectoid field, the second part of Construction 6.2.9 allows us to interpret (ii) as an
equivalence ι∗∞HX(E) ≃ RΓv(X, E ⊗L

Q
p

O).

Proof. Part (i) follows from Lemma 6.4.3 and Proposition 6.3.17. Part (ii) follows from Corollary 7.3.12.
Part (iii) follows from Theorem 6.5.4. Part (iv) follows from Lemma 7.3.11 and Corollary 7.3.15. Finally,
Part (v) follows from Theorem 7.3.10. □

7.4. Arithmetic duality. From now on, we assume that K is a finite extension of Qp. In this subsection,
we prove honest finiteness and duality for the absolute cohomology of Q

p
-local systems on proper rigid

spaces over K in this arithmetic setting. We proceed again in two steps. First, we establish duality on
the Fargues–Fontaine curve for the Galois equivariant perfect complexes representing v-cohomology of the
given Qp-local system. This is done by Galois descent from the already established geometric duality on
the Fargues–Fontaine curve; the descent itself uses Fontaine’s theory of almost Cp-representations (see
[Fon03, Fon20]). Then, to deduce the final form of arithmetic duality we again evoke [ALB25, Cor. 3.11]. The
geometric duality from Theorem 6.5.7 paired with the Tate duality for almost Cp-representations proved by
Fontaine in [Fon03] allows us to prove arithmetic duality in the absolute case. Our arguments follow closely
those used by Zhenghui Li in [Li24].

Let C := Cp, and let GK := Gal(K/K) be the Galois group of K. We denote by

RΓ(GK ,−) := RHomZ[GK ](Z,−) : D(Z[GK ])→ D(Z)

the condensed group cohomology ofGK (see [Bos21, Appendix B]). We denote RΓ(GK ,−) := RHomZ[GK ](Z,−)
its underlying complex of abelian groups.

We begin by defining the arithmetic trace map and the associated duality morphisms.

Definition 7.4.1. Let f : X → Spa(K,OK) be a smooth proper rigid-analytic space of equidimension d and
let E ∈ Perfv(X;Q

p
). Write fC : XC → Spa(C,OC) for the base change of f .



110 SHIZHANG LI, WIESŁAWA NIZIOŁ, EMANUEL REINECKE, AND BOGDAN ZAVYALOV

(1) The trace map tr
Qp

f from Definition 4.3.8 (3) induces a GK-equivariant geometric trace map

tr
Qp

XC
: RΓv

(
XC ,Qp

(d)[2d]
)
≃ RΓv

(
Spd(C,OC),RfC,v,∗Qp

(d)[2d]
)

RΓv

(
Spd(C,OC),tr

Qp
f

)
−−−−−−−−−−−−−−−→ RΓv

(
Spd(C,OC),Qp

)
≃ Q

p
.

We define the arithmetic trace map

trX : RΓv
(
X,Q

p
(d+ 1)[2d+ 2]

)
−→ Qp

as the composite

RΓv
(
X,Q

p
(d+ 1)[2d+ 2]

)
≃ RΓ

(
GK ,RΓv

(
XC ,Qp

(d)[2d]
)
(1)[2]

)
RΓ
(
GK ,tr

Qp
XC

(1)[2]
)

−−−−−−−−−−−−−→ RΓ
(
GK ,Qp

(1)[2]
) trK−−→ Qp.

Here, the first isomorphism comes from Proposition 5.1.6, applied to the pro-étale GK-torsor XC → X,
and trK is the usual Galois trace map from Tate local duality.

(2) We define the duality map

PDX(E) : RΓv
(
X, E∨(d+ 1)[2d+ 2]

)
−→ RΓv(X, E)∨

as the composite

RΓv
(
X, E∨(d+ 1)[2d+ 2]

)
−→ RHomQp

(
RΓv(X, E),RΓv

(
X,Q

p
(d+ 1)[2d+ 2]

))
trX ◦−−−−−→ RHomQp

(
RΓv(X, E),Qp

)
= RΓv(X, E)∨.

The first arrow is the evaluation map from Notation 7.2.5 combined with the identification E∨(d+ 1)[2d+
2] ≃ RHomQ

p

(
E ,Q

p
(d+ 1)[2d+ 2]

)
.

Now we are ready to prove arithmetic duality for smooth proper rigid-analytic spaces. We will then
generalize this result to all proper rigid-analytic spaces.

Theorem 7.4.2 (Arithmetic duality). Let f : X → Spa(K,OK) be a smooth proper rigid-analytic space of
equidimension d and let E ∈ Perfv(X;Q

p
). Then the duality morphism

PDX(E) : RΓv
(
X, E∨(d+ 1)[2d+ 2]

)
→ RΓv(X, E)∨

is an isomorphism.

Proof. Digression. Before turning to the proof, we recall some facts about the evaluation morphisms that will
be used below. The solution functor SolC : Perfan(FFC ;O) −→ D

(
(SpdC)v;Qp

)
is lax symmetric monoidal.

Hence, for any P,P ′ ∈ Perfan(FFC ;O), there is a functorial evaluation morphism

EvSol(P,P ′) : SolC
(
RH omFFC

(P,P ′)
)
−→ RH om

D
(
(SpdC)v;Q

p

)(SolC(P),SolC(P ′)
)
.

By Theorem 6.3.18, this morphism is an isomorphism.
Similarly, derived condensed global sections carry a natural evaluation morphism

EvRΓv
(P,P ′) : RΓv

(
SpdC,RH omD((SpdC)v;Q

p
)(P,P ′)

)
−→ RH omD(Q

p
)

(
RΓv(SpdC,P),RΓv(SpdC,P ′)

)
for any P,P ′ ∈ D((SpdC)v;Qp

). Unlike EvSol, this morphism need not be an isomorphism.
Using the solution functor, we define the condensed global-sections functor on the Fargues–Fontaine curve

RΓan(FFC ,−) : Perfan(FFC ;O) −→ D(Qp
)

to be the composite

Perfan(FFC ;O)
SolC−−−→ D

(
(SpdC)v;Qp

) RΓv(SpdC,−)
−−−−−−−−−→ D(Q

p
).
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Since both functors in this composite are lax symmetric monoidal, so is RΓan(FFC ,−). It therefore carries a
canonical evaluation morphism

EvRΓan
(P,P ′) : RΓan

(
FFC ,RH omFFC

(P,P ′)
)
−→ RH omD(Q

p
)

(
RΓan(FFC ,P),RΓan(FFC ,P ′)

)
.

Finally, Proposition 6.3.17, Lemma 6.4.3, and Construction 7.3.14 provide, for every P ∈ Perfv(XC ;Qp
), a

canonical equivalence
cf (P) : RfC,v,∗P

∼−→ SolC
(
HXC

(P)
)
.

Step 1. Reduction to equivariant duality on the Fargues–Fontaine curve. Consider the following diagram:

(7.4.3)

RΓ
(
GK ,RΓv

(
XC , E∨C(d)[2d]

)
(1)[2]

)
RΓ
(
GK ,RΓv

(
SpdC,RfC,v,∗E∨C(d)[2d]

)
(1)[2]

)
RΓ
(
GK ,RΓan

(
FFC ,HXC

(E∨C(d)[2d])
)
(1)[2]

)

RΓv
(
X, E∨(d+ 1)[2d+ 2]

)
RΓ
(
GK ,RΓv

(
SpdC, (RfC,v,∗EC)∨

)
(1)[2]

)
RΓ
(
GK ,RΓan

(
FFC ,HXC

(EC)∨
)
(1)[2]

)

RΓv(X, E)∨ RΓ
(
GK ,RΓv

(
SpdC,RfC,v,∗EC

)∨
(1)[2]

)
RΓ
(
GK ,RΓan

(
FFC ,HXC

(EC)
)∨

(1)[2]
)

RΓ
(
GK ,RΓv(XC , EC)

)∨
RΓ
(
GK ,RΓv

(
SpdC,RfC,v,∗EC

))∨
RΓ
(
GK ,RΓan

(
FFC ,HXC

(EC)
))∨

1

2

3

4

PD
Qp
fC

(EC)

∼

cf

(
E∨
C(d)[2d]

)
∼

PDFF
fC

(EC)

∼

PDX(E) EvRΓv
(RfC,v,∗EC ,Q

p
)

EvSol(HXC
(EC),O)

∼

EvRΓan
(HXC

(EC),O)

PDK PDK

cf (EC)∨
∼

cf (EC)∨
∼

The labels in the diagram only indicate the morphisms from which the corresponding arrows are induced.
We refer to Definition 6.5.5 (3) for the definition of PDQp

fC
and to Definition 6.5.1 (3) for that of PDFF

fC . The
morphism PDK is the Tate duality morphism. More precisely, for V ∈ D

(
Q
p
[GK ]

)
, we define PDK(V ) to be

the composite

RΓ
(
GK , V

∨(1)[2]
) Ev−−→ RHomD(Qp)

(
RΓ(GK , V ),RΓ(GK ,Qp

(1)[2])
)

trK ◦−−−−−→ RHomD(Qp)

(
RΓ(GK , V ),Qp

)
,

where Ev is the evaluation morphism and trK is the Galois trace from Tate’s duality.
We claim that Diagram (7.4.3) commutes. Region (1) commutes by the definition of PDX(E). The

commutativity of Square (2) follows from the compatibility

SolC
(
PDFF

fC (EC)
)
= PD

Qp

fC
(EC),

established in the proof of Theorem 6.5.7. Square (3) commutes by Remark 7.2.7 and the identity
RΓan(FFC ,−) = RΓv

(
SpdC, SolC(−)

)
. Finally, Square (4) commutes by the naturality of the Tate du-

ality morphism PDK .
Since all the horizontal arrows are isomorphisms, it suffices to prove that the composite down the rightmost

column of Diagram (7.4.3),
PDK ◦EvRΓan

(
HXC

(EC),O
)
◦ PDFF

fC (EC),
is an isomorphism. By Theorem 6.5.4, the morphism PDFF

fC (EC) is an isomorphism. It therefore remains to
prove that

PDK ◦EvRΓan

(
HXC

(EC),O
)

is an isomorphism.
Now we consider the ∞-category P(GK) of GK-equivariant perfect complexes on FFC (see [Li24, Sec.

4.1.4] for the definition and basic properties). For brevity, set

RΓP(GK)(P) := RHomP(GK)(O,P)
for P ∈ P(GK). By [Li24, Rmk. 4.19], there is a canonical isomorphism

RΓP(GK)(P) = RHomP(GK)(O,P)
∼−→ RΓ

(
GK ,RΓan(FFC ,P)

)
for every P ∈ P(GK). The category P(GK) also carries a natural duality morphism. We have a trace map

trP(GK) : RΓP(GK)

(
O(1)[2]

)
≃ RΓ

(
GK ,RΓan(FFC ,O(1)[2])

)
∼−→ RΓ

(
GK ,Qp

(1)[2]
) trK−−→ Qp.
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Together with the lax symmetric monoidal structure on RΓP(GK), this trace induces a duality morphism

PDP(GK)(P) : RΓP(GK)

(
P∨(1)[2]

) Ev−−→ RHomD(Qp)

(
RΓP(GK)(P),RΓP(GK)

(
O(1)[2]

)) trP(GK ) ◦−−−−−−−−→ RΓP(GK)(P)∨.

By construction, these morphisms fit into the following commutative diagram:

(7.4.4) RΓ
(
GK ,RΓan

(
FFC ,HXC

(EC)∨
)
(1)[2]

)
EvRΓan

(HXC
(EC),O)

��

RΓP(GK)

(
HXC

(EC)∨(1)[2]
)∼oo

PDP(GK )

��

RΓ
(
GK ,RΓan

(
FFC ,HXC

(EC)
)∨

(1)[2]
)

PDK

��

RΓ
(
GK ,RΓan

(
FFC ,HXC

(EC)
))∨

∼
// RΓP(GK)

(
HXC

(EC)
)∨
.

Thus, we reduce the question to showing that PDP(GK)(P) is an isomorphism for any P ∈ P(GK).
Step 2. Finish the proof. We show that PDP(GK)(P) is an isomorphism by reducing this to the duality

theorem in almost Cp-representations developed in [Fon03].
For this, we recall that Fontaine defined the derived category D(M (GK)) of GK -equivariant coherent sheaves

on the algebraic Fargues–Fontaine curve FFalg
C . There is an evident analytification functor Db(M (GK))→

P(GK), which is an equivalence. Indeed, the calculations of Ext groups in the two categories [Li24, Rmk. 4.19
and Eqn. (4.12)] show that it is fully faithful, while the GAGA theorem [FS26, Th. II.2.6 and Prop. II.2.7]
shows that it is essentially surjective.

We may therefore work instead with Db(M (GK)). Let Db(C(GK)) denote Fontaine’s bounded derived
category of almost Cp-representations, defined in [Fon03]. By [Li24, Th. 4.23], derived global sections, together
with the analytification equivalence above, induce an equivalence

RΓ(FFC ,−) : P(GK) ≃ Db(M (GK))
∼−→ Db(C(GK)).

Now, similarly to the case of P(GK), we set

RΓC(GK)(V ) := RHomDb(C(GK))(Qp, V )

for any V ∈ Db(C(GK)). By [Fon03, Prop. 6.7(iii)], there is an isomorphism

RΓC(GK)

(
Qp(1)[2]

)
≃ RΓcont

(
GK ,Qp(1)[2]

)
.

Tate’s trace therefore defines a trace map

trC(GK) : RΓC(GK)

(
Qp(1)[2]

)
≃ RΓcont

(
GK ,Qp(1)[2]

) trK−−→ Qp.

This trace, in turn, defines a duality morphism

PDC(GK)(V ) : RΓC(GK)

(
V ∨(1)[2]

)
−→ RΓC(GK)(V )∨

for every V ∈ Db(C(GK)).
Under the equivalence RΓ(FFC ,−), the trace transported from P(GK) and the trace trC(GK) are two

morphisms
RΓC(GK)

(
Qp(1)[2]

)
−→ Qp.

Both factor through H2
C(GK)(Qp(1))[0], and each induces an isomorphism

H2
C(GK)(Qp(1)) ≃ H2

cont(GK ,Qp(1))
∼−→ Qp.

So they must differ by a nonzero scalar c ∈ Q×
p .

Now the equivalence
RΓ(FFC ,−) : P(GK) −→ Db(C(GK))
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is compatible with the duals and it intertwines their trace maps up to the nonzero scalar c. Therefore, it
suffices to prove that

PDC(GK)(V ) : RΓC(GK)

(
V ∨(1)[2]

)
−→ RΓC(GK)(V )∨

is an isomorphism for every V ∈ Db(C(GK)). For this, we can first assume that V ∈ C(GK) by a simple
induction argument. Then we can check that PDC(GK)(V ) is an isomorphism on each individual Ext group,
where it has been proven in [Fon03, Prop. 6.11]. This finishes the proof. □

Corollary 7.4.5. Let f : X → Spa(K,OK) be a smooth proper rigid-analytic space of dimension d and let
E ∈ Perfv(X;Q

p
) ∩ D[r,r′](Xv;Qp

). Then RΓv(X, E) lies in D[r,r′+2d+2]
coh (Qp).

Proof. First, we note that X admits a clopen decomposition X = ⊔n≤dXn such that Xn is smooth proper of
equidimension n ≤ d. Hence, without loss of generality, we can assume that X = Xd is of equidimension d.
Then Theorem 7.4.2 implies that RΓv(X, E) ≃ RΓv(X, E)∨∨. This formally implies that RΓv(X, E) ∈ Dcoh(Qp).
We also clearly have that RΓv(X, E) ∈ D≥r(Qp), so it suffices to show that RΓv(X, E) ∈ D≤r′+2d+2(Qp).
Corollary 3.5.7 ensures that E ∈ Perf [r,r

′]
v (X;Q

p
), so E∨ ∈ Perf [−r

′,−r]
v (X;Q

p
). In particular, we have

E∨ ∈ D[−r′,−r](Xv;Qp
). Hence, the desired cohomological bound follows formally from the observation that

RΓv(X, E)∨ ≃ RΓv(X, E∨(d+ 1)[2d+ 2])

lies in D≥−r′−2d−2(Qp). □

Remark 7.4.6. (1) The functional analytic arguments in the proof of Theorem 7.4.2 are subtle and are the
reason why this proof is longer than one would (naively) expect. This is due to the fact that it is not
clear how to make the category C(GK) of Fontaine compatible with the condensed formalism (see also
[Li24, Rmk. 4.22]). In particular, it seems unlikely to us that the arrows in the second and third rows of
diagram 7.4.3 are isomorphisms.

(2) One can also deduce Theorem 7.4.2 from [ALBM24]; cf. [ALBM24, Rmk. 6.2.3].

The arithmetic duality from Theorem 7.4.2 can be generalized to singular varieties. For this, we first need
to make some preliminary definitions.

Definition 7.4.7. Let X be a rigid-analytic space over Spa(K,OK).

(1) The arithmetic dualizing complex of X is ωar
X := ω

Qp

X (1)[2], where ωQp

X is the Qp-dualizing complex from
Definition 7.2.3.

(2) The arithmetic Verdier duality functor for X is Dar
X(−) := RH om

(
−, ωar

X

)
: D(Xv;Qp

)op → D(Xv;Qp
).

Definition 7.4.8. Let f : X → Spa(K,OK) be a proper rigid-analytic space and let E ∈ Perfv(X;Q
p
). Write

fC : XC → Spa(C,OC) for the base change of f .

(1) The trace morphism Tr
Qp

f from Definition 7.2.8 induces a GK-equivariant geometric trace map

Tr
Qp

XC
: RΓv

(
XC , ω

Qp

XC

)
≃ RΓv

(
Spd(C,OC),RfC,v,∗ω

Qp

XC

)
RΓv

(
Spd(C,OC),Tr

Qp
f

)
−−−−−−−−−−−−−−−→ RΓv

(
Spd(C,OC),Qp

)
≃ Q

p
.

We define the arithmetic trace map

TrX : RΓv
(
X,ωar

X

)
−→ Qp

as the composite

RΓv
(
X,ωar

X

)
≃ RΓv

(
X,ω

Qp

X (1)[2]
)
≃ RΓ

(
GK ,RΓv

(
XC , ω

Qp

XC

)
(1)[2]

)
RΓ
(
GK ,Tr

Qp
XC

(1)[2]
)

−−−−−−−−−−−−−→ RΓ
(
GK ,Qp

(1)[2]
) trK−−→ Qp.

Here the first isomorphism comes from Proposition 5.1.6, applied to the pro-étale GK-torsor XC → X,
and trK is the usual Galois trace map from Tate local duality.
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(2) We define the duality map

PDX(E) : RΓv
(
X,Dar

X(E)
)
−→ RΓv(X, E)∨

as the composite

PDX(E) : RΓv
(
X,Dar

X(E)
)
= RΓv

(
X,RH om(E , ωar

X )
) Evf−−→ RHom

(
RΓv(X, E),RΓv(X,ωar

X )
)

TrX ◦−−−−−→ RHom
(
RΓv(X, E),Qp

)
= RΓv(X, E)∨.

The first arrow above is the evaluation map from Notation 7.2.5.

Finally, we are ready to prove the general version of the arithmetic duality theorem.

Corollary 7.4.9 (Arithmetic duality: singular varieties). Let X be a proper rigid analytic space over K of
dimension d and let E ∈ Perfv(X;Q

p
) ∩ D[r,r′](Xv;Qp

) for some r, r′ ∈ Z ∪ {−∞,∞}. Then the following
statements hold:

(1) the complex RΓv(X, E) lies in D[r,r′+2d+2]
coh (Qp);

(2) the duality mirphism PDX(E) : RΓv
(
X,Dar

X(E)
)
−→ RΓv(X, E)∨ is an isomorphism.

Proof. We proceed by induction on d := dimX ∈ Z≥0 ∪ {−∞}. If d = −∞, we have X = ∅, so there is
nothing to show. For the induction step, we assume that d ≥ 0 and that the statement has been proven in
dimensions < d. Let Xred ⊆ X be the maximal reduced closed subspace. Under the isomorphism X♢ ≃ X♢

red,
the dualizing complexes ωar

X = ω
Qp

X and ωar
Xred

= ω
Qp

Xred
are identified because the induced equivalence of étale

sites identifies ωZ/n
X and ωZ/n

Xred
(cf. [LRZ24, Lem. 7.2.4]). Therefore, we may assume that X is reduced.

Lemma 7.1.7 (i) now provides the following pushout square of diamonds:

(Z ′)♢ (X ′)♢

Z♢ X♢

i′

π′ h π

i

such that X ′ is smooth proper with dimX ′ ≤ d and Z,Z ′ are proper with dimZ,dimZ ′ < d.
Now we first address Part 1. Arguing as in the proof of Theorem 7.3.1, we get a cocartesian square

RΓv(X, E) RΓv(X
′, π∗

vE)

RΓv(Z, i
∗
vE) RΓv(Z

′, h∗vE).

This leads to an exact triangle

RΓv(X, E)→ RΓv(X
′, π∗

vE)⊕ RΓv(Z, i
∗
vE)→ RΓv(Z

′, h∗vE).
Using the induction hypothesis applies to Z and Z ′ and Corollary 7.4.5 applied to X ′, we immediately conclude
that RΓv(X, E) lies in D[r,r′+2d+2]

coh (Qp).
Now we establish the duality claim by a similar reduction. Again, arguing as in the proof of Theorem 7.3.1,

we get a commutative diagram (i.e., a functor ∆1 ×∆1 ×∆1 → D(Qp))

RΓv
(
Z ′, h∗vE

)∨
RΓv

(
X ′, π∗

vE
)∨

RΓv
(
Z ′,Dar

Z′(h∗vE)
)

RΓv
(
X ′,Dar

X′(π∗
vE)
)

RΓv
(
Z, i∗vE

)∨
RΓv

(
X, E

)∨
RΓv

(
Z,Dar

Z (i∗vE)
)

RΓv
(
X,Dar

X(E)
)

PDZ′ (h∗
vE)

∼
PDX′ (π∗

vE)
∼

PDZ(i∗vE)
∼

PDX(E)
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such that the red and orange squares are cocartesian. Thus, in order to show that PDX(E) is an isomorphism,
it suffices to show that PDZ(i

∗
vE), PDZ′(h∗vE), and PDX′(π∗

vE) are. The cases of PDZ(i∗vE) and PDZ′(h∗vE)
follow from the induction hypothesis, while the case of PDX′(π∗

vE) follows from Theorem 7.4.2. This finishes
the proof. □
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A. Limits in compactly generated ∞-categories

In this appendix, we collect certain facts about limits in compactly generated ∞-categories. All facts in
this appendix are certainly well-known to the experts, but they seem difficult to extract from the existing
literature. For this reason, we decided to include proofs of these facts.

A.1. General facts. In this subsection, we collect some facts about commutation of certain limits and
colimits in compactly generated ∞-categories.

Definition A.1.1. An ∞-category C is compactly generated by cotruncated objects if C is compactly generated
and every compact object of C is cotruncated (i.e., truncated in Cop in the sense of [Lur26, Tag 05EC]).

Examples A.1.2. Fix an integer n ≥ 0. Then
(1) the ∞-category Ani≤n of n-truncated anima is compactly generated by the cotruncated object ∗;
(2) the ∞-category Cat(n,1) of (n, 1)-categories is compactly generated by the cotruncated object ∆1;
(3) for any ring A, the ∞-category D≥−n(A) is compactly generated by the cotruncated objects A[−i]

for i ≥ −n.

Lemma A.1.3. Let C be a compactly generated ∞-category and let I be a finite simplicial set. Then
limI : Fun(I, C)→ C commutes with filtered colimits. If, in addition, C is compactly generated by cotruncated
objects, the same conclusion holds for I = ∆.

Proof. For the first statement: Since C is compactly generated, it suffices to show that limI commutes with
filtered colimits after postcomposing limI : Fun(I, C)→ C with MapC(c,−) : C → Ani for every compact object
c ∈ C. Therefore, it suffices to prove the result when C = Ani. In this case, the result follows from [Lur09,
Prop. 5.3.3.3].

Now suppose that C is compactly generated by cotruncated objects and I = ∆. In such situation, it suffices
to prove the claim after postcomposing with MapC(c,−) for every compact cotruncated c ∈ C. In this case,
MapC(c,−) factors through Ani≤n for some n, so it suffices to prove the claim when C = Ani≤n for some
integer n ≥ 0. Then [HP25, Prop. A.1] implies that lim∆ = lim∆≤n+1

, so the limit becomes finite and follows
from the previous case. □

A.2. Limits of categories. In this subsection, we include some results which are specific to limits in Cat∞.

Lemma A.2.1. Let f• : C• → D• be a morphism of cosimplicial objects in Cat∞. Suppose that f0 : C0 → D0 is
an equivalence and that fn : Cn → Dn is fully faithful for any integer n > 0. Then lim∆ f

• : lim∆ C• → lim∆D•

is an equivalence.

Proof. For brevity, we denote by f : C → D the morphism lim∆ f
• : lim∆ C• → lim∆D•. Since limits preserve

fully faithful functors, we conclude that f is fully faithful. So we only need to show that it is essentially
surjective. In other words, it suffices to prove that the fiber product C ×D ∆0 is non-empty for any morphism
∆0 → D. The morphism ∆0 → D defines an essentially unique morphism ∆0 → D• where ∆0 is the
constant cosimplicial object. Since limits commute with limits, we deduce the question to showing that
lim∆

(
Cn ×Dn ∆0

)
is non-empty for any ∆0 → D•. Our assumption on f• implies that C0 ×D0 ∆0 ≃ ∆0 and

that Cn×Dn ∆0 → ∆0 is fully faithful for any n > 0. In particular, Cn×Dn ∆0 is either empty or isomorphic to
∆0 for any n ≥ 0. Now we note that the coface maps define morphisms ∆0 ≃ C0×D0 ∆0 → Cn×Dn ∆0 for any
n > 0. In particular, we conclude that Cn ×Dn ∆0 cannot be empty, so all these categories are isomorphic to
∆0. Since ∆0 is the final object in Cat∞, we conclude that all coface and codegeneracy maps are isomorphisms.
Therefore, the combination of [Lur26, Tag 02XX], [Lur26, Tag 02QP], and [Lur26, Tag 02QL] implies that
lim∆

(
Cn ×Dn ∆0

)
is isomorphic to ∆0 as well. In particular, it is non-empty. This finishes the proof. □

Corollary A.2.2. Let f• : C• → D• be a morphism of cosimplicial objects in Cat∞. Suppose that fn : Cn → Dn
is fully faithful for any integer n ≥ 0. Then lim∆ f

• : lim∆ C• → lim∆D• is fully faithful and d ∈ lim∆D•

lies in the essential image of lim∆ f
• if and only if its projection d0 ∈ D0 lies in the essential image of

f0 : C0 → D0.

Proof. It suffices to show that the natural morphism lim∆ C• → C0 ×D0 lim∆D• ≃ lim∆

(
C0 ×D0 D•) is an

equivalence. This follows immediately from Lemma A.2.1. □

https://kerodon.net/tag/05EC
https://kerodon.net/tag/02XX
https://kerodon.net/tag/02QP
https://kerodon.net/tag/02QL


POINCARÉ DUALITY FOR PRO-ÉTALE QP -LOCAL SYSTEMS 117

Lemma A.2.3. Let F : I → Fun(∆,Cat∞) be a filtered diagram of cosimplicial objects in Cat∞. Suppose
that the morphism F (i)n → F (i′)n is fully faithful for any i → i′ in I and every n ∈ ∆. Then the natural
morphism

colim
i∈I

lim
∆
F (i)•

α−→ lim
∆

colim
i∈I

F (i)•

is an equivalence.

Proof. Since limits and filtered colimits preserve fully faithful morphisms, we conclude that α is fully faithful.
Therefore, it suffices to show that it is essentially surjective. According to Corollary A.2.2, an object in
lim∆ colimi∈I F (i)

• comes from lim∆ F (i0)
• for some i0 ∈ I if and only if its image in colimi∈I F (i)

0 comes
from F (i0)

0. By definition, every object in colimi∈I F (i)
0 must come from F (i0)

0 for some i0 ∈ I, hence we
see that α is essentially surjective. □

B. V -valued sheaves

Let C be an ∞-site in the sense of [Man22, Def. A.3.2] and let V be a compactly generated ∞-category.
Then [Lur18, §1.3.1, App. A.3] and [Man22, App. A.3] define the ∞-categories of V -valued sheaves Shv(C;V )

and V -valued hypercomplete sheaves Shvhyp(C;V ). In this appendix, we collect some standard facts about
Shv(C;V ) which seem to be somewhat difficult to extract from the existing literature.

For the rest of this appendix, we fix an ∞-site C and a compactly generated ∞-category V .

B.1. General facts. First, we provide some basic results about sheafification of V -valued presheaves. Then
we show that any V -valued sheaf is automatically hypercomplete if V is compactly generated by cotruncated
objects.

Recall that [Man22, Lem. A.3.7] implies that the inclusion Shv(C;V )→ PShv(C;V ) admits a left adjoint
LV : PShv(C;V )→ Shv(C;V ).

Lemma B.1.1. Let f : V → V ′ be a functor between compactly generated∞-categories, let f∗ : PShv(C;V )→
PShv(C;V ′) be the induced functor, and let F ∈ PShv(C;V ). If f commutes with filtered colimits, then
LV ′

(
f∗F

)
→ LV ′

(
f∗(LV F )

)
is an isomorphism. If, in addition, f also commutes with all limits, then

LV ′(f∗F )→ f∗(LV F ) is an isomorphism.

Proof. The first claim follows automatically from [Lur18, Lem. 1.3.4.4]. Now we prove the second claim. Since
Shv(C;V ) ⊂ PShv(C;V ) is a reflective subcategory (see the proof of [Man22, Lem. A.3.7]), it suffices to show
that f∗(LV F ) is already a sheaf. This follows directly from [Man22, Def. A.3.3] and the fact that f preserves
limits. □

Example B.1.2. Fix an integer n ≥ 0. Then
(1) the inclusion Ani≤n ↪→ Ani commutes with all limits and filtered colimits (see [Lur26, Tag 05E2] and

[Lur26, Tag 0631]);
(2) the inclusion Cat(n,1) ↪→ Cat∞ commutes with all limits and filtered colimits (see [Lur26, Tag 05RZ]

and [Lur26, Tag 062Z]);
(3) the functor (−)≃ : Cat∞ → Ani commutes with limits and filtered colimits (see [Lur26, Tag 02ST]

and the proof of [Lur26, Tag 062Z]);
(4) the functor Fun(∆1,−) : Cat∞ → Cat∞ commutes with limits and filtered colimits. Indeed, it

commutes with limits because it is right adjoint to ∆1 × (−) and it commutes with filtered colimits
due to the proof of [Lur26, Tag 062Z]);

(5) the inclusion D≥−n(A)→ D(A) commutes with all limits and filtered colimits.

Corollary B.1.3. Let V be a compactly generated∞-category. Then the sheafification functor L: PShv(C;V )→
Shv(C;V ) commutes with finite limits.

Proof. Since MapV (v,−) commutes with both limits and filtered colimits for a compact object v ∈ V ,
Lemma B.1.1 implies that MapV (v,−) commutes with L for any such v ∈ V . Since V is compactly generated
by compact objects, we can reduce the question to the case V = Ani. In this case, the result follows from
[Lur09, Cor. 6.2.1.6 and Prop. 6.2.2.7]. □

https://kerodon.net/tag/05E2
https://kerodon.net/tag/0631
https://kerodon.net/tag/05RZ
https://kerodon.net/tag/062Z
https://kerodon.net/tag/02ST
https://kerodon.net/tag/062Z
https://kerodon.net/tag/062Z
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Now we show the promised hypercompletness statement.

Lemma B.1.4. Let V be an ∞-category compactly generated by cotruncated objects and let F ∈ Shv(C;V ).
Then F is a hypercomplete V -valued sheaf.

Proof. Since V is compactly generated by co-truncated objects, [Man22, Def. A.3.5] implies that it suffices to
show that Fv := MapV (v,−) ◦ F : Cop → Ani is a hypercomplete sheaf for any cotruncated compact object
v ∈ V . Since MapV (v,−) commutes with limits, [Man22, Def. A.3.3] implies that Fv is a sheaf. Furthermore,
we note that Fv takes values in Ani≤n for some n since v is cotruncated. Therefore, we can assume that
V = Ani≤n. Then the result follows from [Lur09, Lem. 6.5.2.9]. □

Finally, we consider the following example:

Lemma B.1.5. Let C be an explicit covering site such that C is an ordinary category and let F : Cop → ModZ
be an (ordinary) sheaf of abelian groups and let α : F (−)→ RΓ(−, F ) be the natural functor of D(Z)-valued
presheaves on C. Then α realizes the target as the sheafification of the source.

Proof. Denote by Q the cofiber of α. Then it suffices to show that LQ ≃ 0. Furthermore, Example B.1.2 5
and Lemma B.1.1 implies that we can consider all sheaves involved as D≥0(Z)-valued sheaves. Therefore,
Lemma B.1.4 implies that LQ is automatically hypercomplete. Using [Lur18, Prop. 1.3.3.3(3)], one sees that
it suffices to show that the (usual) sheafification of the presheaf of abelian groups

(U ∈ C) 7→ Hi
(
Q(U)

)
is zero for any i ∈ Z. By construction, we have Hi

(
Q(U)

)
= 0 for i ≤ 0 and U ∈ C. To see that the sheafification

of U 7→ Hi
(
Q(U)

)
is equal to zero for i > 0, it suffices to show that each class x ∈ Hi

(
RΓ(U,F )

)
= Hi(U,F )

is annihilated after some covering {U ′
i → U}i∈I . This follows directly from the construction of cohomology

groups. □

Now we recall that there is a functor τ≤0
Ani : D(Z)→ Ani defined as the composition D(Z) τ≤0

−−→ D(Z)≤0 ≃
Ani(Ab)→ Ani, where the second equivalence is [ČS24, Ex. 5.1.6(2)]. This functor commutes with limits and
filtered colimits. Therefore, Lemma B.1.5 and Lemma B.1.1 immediately imply the following result.

Variant B.1.6. Let C and F be as in Lemma B.1.5. Then α : τ≤0
Ani

(
F (−)[n]

)
→ τ≤0

Ani

(
RΓ(−, F )[n]

)
realizes

the target as the sheafification of the source for any integer n.

B.2. Sheaves of ∞-categories. In this subsection, we collect some facts specific to sheaves of ∞-categories.
Throughout this section, we fix an ∞-site C such that C is an ordinary category.

First, we discuss the objects in the sheafification of a presheaf of ∞-categories. We start with presheaves of
anima.

Lemma B.2.1. Let F ∈ PShv(C; Ani) and let θ : F → LF be the sheafification morphism. Then θ is locally
surjective, i.e., for every U ∈ C and every section s ∈ π0(LF (U)), there is a covering {Ui → U}i∈I and
sections ti ∈ π0(F (Ui)) such that θ(ti) = s|Ui

.

Proof. It suffices to show that π0 ◦ F → π0 ◦ LF becomes an isomorphism after sheafification. Now note that
π0 : Ani → Set commutes with colimits since it is a left adjoint. Therefore, the result follows immediately
from Lemma B.1.1. □

Lemma B.2.2. Let F ∈ PShv(C; Cat∞) and let θ : F → LF be the sheafification morphism. Then θ is locally
essentially surjective, i.e., for every U ∈ C and every section s ∈ h

(
LF (U)

)
, there is a covering {Ui → U}i∈I

and sections ti ∈ h(F (Ui)) such that θ(ti) ≃ s|Ui
.

Proof. Example B.1.2 3 and Lemma B.1.1 imply that (LF )≃ ≃ L(F≃). This immediately reduces the question
to showing that F≃ → L(F≃) is locally surjective. This follows from Lemma B.2.1. □

Now we wish to get some control over the mapping spaces in LF . For this, we introduce the following
notation.
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Definition B.2.3. Let F ∈ PShv(C; Cat∞). The pre-sheaf of maps Fun(∆1, F ) : Cop → Cat∞ is the
composition of F with Fun(∆1,−) : Cat∞ → Cat∞.

Let U ∈ C and let s, t ∈ F (U) corresponding to the morphisms ∗ s−→ F |C/U
and ∗ t−→ F |C/U

in
PShv(C/U ; Cat∞). The mapping space presheaf Map

F
(s, t) : Cop/U → Ani is the fiber product

Map
F
(s, t) ≃ ∗ ×s,F |C/U

Fun(∆1, F |C/U
)×F |C/U

,t ∗.

We note that [Lur26, Tag 01JC] ensures that Map
F
(s, t) indeed takes value in Ani.

More informally, the presheaf Map
F
(s, t) sends V ∈ C/U to MapF (V )(s|V , t|V ).

Remark B.2.4. Since Fun(∆1,−) commutes with limits, we see that Fun(∆1, F ) is a sheaf of ∞-categories
if F is so. Likewise, we see that Map

F
(s, t) is a sheaf of anima on C/U if F |C/U

is a sheaf of ∞-categories.

Corollary B.2.5. Let F ∈ PShv(C; Cat∞), let U ∈ C, and let s, t ∈ F(U). Then the natural morphism

Map
F
(s, t)→ Map

LF
(s, t)

realizes Map
LF

(s, t) as the sheafification of Map
F
(s, t).

Proof. This follows directly from Lemma B.1.1, Example B.1.2 4, and Corollary B.1.3. □

Definition B.2.6. A morphism α : F → G in PShv(C; Cat∞) is fully faithful if α(U) : F (U)→ G(U) is fully
faithful for any U ∈ C.
Remark B.2.7. Corollary A.2.2 implies that if α : F → G is fully faithful and locally essentially surjective
morphism of sheaves of ∞-categories, then α is an isomorphism.

We show that sheafification preserves fully faithful functors.

Lemma B.2.8. Let α : F → G be a fully faithful morphism in PShv(C; Cat∞). Then Lα : LF → LG is fully
faithful as well.

Proof. It suffices to show that, for every U ∈ C and any two sections s, t ∈ (LF )(U), the natural morphism

Map
LF

(s, t)→ Map
LG

(Lα(s),Lα(t))

is an isomorphism. Since the source and the target are sheaves on C/U , it suffices to show locally on C.
Therefore, Lemma B.2.2 implies that we can assume that s, t lie in the essential image of θF : F → LF . Then
Corollary B.2.5 implies that it suffices to show that

c : L
(
Map

F

(
s, t
))
→ L

(
Map

G

(
α(s), α(t)

))
is an isomorphism. The assumption that α is fully faithful implies that the map Map

F
(s, t)→ Map

G
(α(s), α(t))

is already an isomorphism. In particular, it remains an isomorphism after applying the sheafification functor
L. □

Corollary B.2.9. Let F ∈ PShv(C; Cat∞), let G ∈ Shv(C; Cat∞), and let α : F → G be a morphism such
that α is locally essentially surjective and, for each U ∈ C and s, t ∈ π0(F (U)≃), the natural morphism

Map
F
(s, t)→ Map

G
(α(s), α(t))

realizes the target as the sheafification of the source. Then α realizes G as the sheafification of F .

Proof. Let θ : F → LF be the sheafification. Then its universal property implies that there is essentially
unique Lα : LF → G such that Lα ◦ θ ≃ α. We wish to show that Lα is an equivalence.

Remark B.2.7 implies that it suffices to show that Lα is locally essentially surjective and fully faithful.
Clearly, it is locally essentially surjective since α is so. Therefore, it suffices to show that Lα is fully faithful:
Namely for any U ∈ C and any two sections s′, t′ ∈ (LF )(U), the natural morphism

(B.2.10) Map
LF

(s′, t′)→ Map
G
(Lα(s′),Lα(t′))

is an equivalence. This can be checked locally, so Lemma B.2.2 implies that we can assume that s and t come
from s, t ∈ F (U). Then the result follows from Corollary B.2.5 as both sides of (B.2.10) are identified with
the sheafification of Map

F
(s, t). □

https://kerodon.net/tag/01JC
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Corollary B.2.11. Let F ∈ PShv(C; Cat∞), let G ∈ Shv(C; Cat∞), and let α : F → G be a fully faithful and
locally essentially surjective morphism. Then α realizes G as the sheafification of F .

For future reference, we also include the following result.

Lemma B.2.12. Let (C, S) be an explicit covering site in the sense of [Man22, Def. A.3.12], let F : I →
Shv(C; Cat∞) be a filtered diagram of sheaves of ∞-categories. Suppose that Fi → Fi′ is fully faithful for
any i → i′ in I. Then G := colimp

I Fi → colimI Fi is an isomorphism, where colimp
I is the presheaf colimit.

Furthermore, if each Fi is a hypercomplete sheaf, then G is a hypercomplete sheaf.

Proof. It suffices to show that G is a sheaf (resp. hypersheaf). We note that [Lur18, Prop. A.3.3.1] (resp.
[Man22, Prop. A.3.16]) implies that we only need to show that G : Cop → Cat∞ preserves finite products and
satisfies descent with respect to Čech covers (resp. hypercovers) U• → X. The first condition follows from
Lemma A.1.3, while the second condition follows easily from Lemma A.2.3. □

B.3. Perfect complexes. Throughout this subsection, we fix a classical (1-categorical) site C with a sheaf of
(ordinary) rings A. The main goal is to study the presheaf

PerfC(−;A) : Cop → Cat∞

which sends U ∈ C to Perf(C/U ;A|U ) (see Notation).

Lemma B.3.1. The presheaf PerfC(−;A) is a hypercomplete sheaf of ∞-categories.

Proof. By construction, we have PerfC(−;A) ⊂ D(−;A). First, we note that [Lur18, Cor. 2.1.2.3], [Lur18,
Rmk. 2.1.0.5] applied to X = Shvhyp(C; Ani), and [Man22, Lem. A.3.6] imply that D(−;A) is a hypercomplete
sheaf. In order to conclude that PerfC(−;A) is a hypercomplete sheaf, it suffices to note that we can test that
an object F ∈ D(C/U ;A|U ) lies in Perf(C/U ;A|U ) after any covering U ′ → U . □

Now we consider another Cat∞-valued presheaf

Perf
(
A(−)

)
: Cop → Cat∞

which sends U ∈ C to Perf
(
A(U)

)
. It comes with the natural morphism

(̃−) : Perf
(
A(−)

)
→ PerfC(−;A)

which sends P ∈ Perf(A(U)) to P̃ ∈ Perf(C/U ;A|U ).

Proposition B.3.2. The functor (̃−) : Perf
(
A(−)

)
→ PerfC(−;A) realizes the target as the sheafification of

the source.

Proof. By definition, we see that (̃−) is locally essentially surjective. Thus, by Corollary B.2.9, it suffices to
show that, for any U ∈ C and P,Q ∈ Perf(A(U)), the natural morphism

Map
Perf(A(−))

(P,Q)→ Map
PerfC(−;A)

(P̃ , Q̃)

realizes the target as the sheafification of the source. A simple inductive argument reduces the question to the
situation P = A(U) and Q = A(U)[n] for some integer n. In this case, the result follows immediately from
Variant B.1.6. □

Notation B.3.3. Fix a ringed site (C,A), elements r, s ∈ Z ∪ {−∞,∞} with r ≤ s. The sheaf

Perf
[r,s]
C (−;A) : Cop → Cat∞

is defined as the sheafification of the presheaf Perf [r,s]
(
A(−)

)
.

We note that Proposition B.3.2 implies that PerfC(−;A) ≃ Perf
[−∞,∞]
C (−;A).
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C. v-descent for perfect complexes

The main goal of this section is to show that the presheaves Perf
(
O(−)

)
: Perfdaff,op → Cat∞ and

Perf
(
BI(−)

)
: Perfdaff,opQp

→ Cat∞ are sheaves with respect to the v-topology. If one only considers affinoid
perfectoid spaces that admit a map to a totally disconnected perfectoid space, this result was shown in
[ALB25] using the descent results from [Man22]. Our approach does not use any descent results from [Man22]
and works for all affinoid perfectoid spaces.

Along the way, we also show that the functors Perf ét(−;O+/ϖ), Perf ét(−;O+), and Perf ét(−;AI) satisfy
v-descent as well. These results do not seem to appear in the existing literature.

C.1. Preliminary results. We collect some basic facts about v-sheaves on affinoid perfectoid spaces. In
particular, we show that a finitary étale sheaf is automatically a v-sheaf (see Definition C.1.1). As étale
descent is usually automatic for most functors we are interested in, this result provides us with a very
convenient way to verify v-descent for certain étale sheaves. For example, we will use it to show that the
functor Perf ét(−;O+/ϖ) is a v-sheaf.

However, we should warn the readers that many interesting functors, e.g. Perf
(
O(−)

)
, are not finitary.

Therefore, this result would not be directly applicable. However all v-descent results established in this paper
will eventually be reduced to the fact that a finitary étale sheaf is automatically a v-sheaf.

Throughout this subsection, we fix an adic space S and an ∞-category V with all small colimits. We note
that we do not require S to be an analytic adic space. In particular, we allow S = Spa(Zp,Zp), in which case
we have Perfdaff/S = Perfdaff .

Definition C.1.1. A V -valued presheaf F : Perfdaff,op/S → V is finitary if the natural map colimIop F (Xi)→
F (X) is an isomorphism for any cofiltered limit X = limI Xi in Perfdaff/S .

We recall that, for an affinoid perfectoid space X, the affinoid pro-étale site Xaff
proét comes equipped with

the projection morphism λproét : X
aff
proét → Xaff

ét .

Lemma C.1.2. Let X be an affinoid perfectoid space, let V be an ∞-category compactly generated by
cotruncated objects and let F ∈ Shv(Xaff

ét ;V ) be a V -valued étale sheaf on Xaff
ét . Then for any U = limI Ui → X

affinoid pro-étale morphism, the natural morphism

colim
Iop

F (Ui)→ (λ∗proétF )(U)

is an isomorphism.

Proof. The proof is similar to the proof of [Sch26a, Prop. 8.5]; the only difference is that we need to use
Lemma A.1.3 instead of the fact that filtered colimits commute with finite limits in Sets. □

Corollary C.1.3. Let V be an∞-category compactly generated by cotruncated objects and let F : Perfdaff,op/S →
V be a finitary V -valued étale sheaf. Then F is a V -valued pro-étale sheaf.

Proof. It suffices to show that, for every X ∈ Perfdaff , the presheaf F |Xaff
proét

is a pro-étale sheaf. Lemma C.1.2
implies that λ∗proét

(
F |Xaff

ét

)
≃ F |Xaff

proét
. In particular, F |Xaff

proét
is indeed a pro-étale sheaf. □

Lemma C.1.4. Let V be an ∞-category compactly generated by cotruncated objects. For τ ∈ {an, ét,proét, v},
let F ∈ Shvτ (Perfd

aff
/S ;V ) be a V -valued τ -sheaf. Suppose that S is a perfectoid space and that there is a

τ -covering S′ → S such that F |Perfdaff
/S′

is finitary. Then F is finitary as well.

Proof. We fix a cofiltered limit X = limI Xi in Perfdaff/S and denote by Y ≃ limI Yi its pullback along the map
S′ → S. Then the claim follows from the following sequence of isomorphisms:

colim
Iop

F (Xi) ≃ colim
Iop

(
lim
∆
F
(
Y

•+1/Xi

i

))
≃ lim

∆

(
colim
Iop

F
(
Y

•+1/Xi

i

))
≃ lim

∆

(
F
(
Y •+1/X

))
≃ F (X),

where the first and the fourth isomorphisms use that F is τ -sheaf, the second isomorphism uses Lemma A.1.3,
and the third isomorphism uses the assumption that F |Perfdaff

/S′
is finitary. □
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The next three results are the key results of this subsection.

Theorem C.1.5. Let V be an ∞-category compactly generated by cotruncated objects and let F : Perfdaff,op/S →
V be a finitary V -valued étale sheaf. Then F is a V -valued hypercomplete v-sheaf.

Proof. Lemma B.1.4 implies that it suffices to show that F is a v-sheaf. Now we note that since F is an
étale sheaf, we have F (⊔i∈IXi) ≃

∏
F (Xi) for a finite set I and Xi ∈ Perfdaff,op/S indexed by i ∈ I. Therefore,

[Lur18, Prop. A.3.3.1] implies that it suffices to show that, for any v-covering X → Y , the natural morphism

F (Y )→ lim
∆

(
F (X•+1/Y )

)
is an isomorphism. In other words, we have to show that any v-covering f : X → Y is of universal F -descent
in the sense of [LZ17, Def. 3.1.1]. Then Corollary C.1.3 implies that F is a pro-étale sheaf, i.e., any pro-étale
surjection X → Y is of universal F -descent. Therefore, [LZ17, Lem. 3.1.2] guarantees that we can check
that a v-covering X → Y is of universal F -descent pro-étale locally on Y . So, by [Sch26a, Lem. 7.18], we
are reduced to the case when Y is a strictly totally disconnected perfectoid space. In this situation, [Zav25a,
Lem. 6.4.4] implies that we can write f as a cofiltered limit X = limI Xi

fi−→ Y such that each fi admits a
section. Therefore, [LZ17, Lem. 3.1.2(1)] implies that the natural morphism

F (Y )→ lim
∆

(
F (X

•+1/Y
i )

)
is an isomorphism for every i ∈ I. Using that F is finitary and that totalizations commute with filtered
colimits in V (see Lemma A.1.3), we conclude that the natural morphism F (Y )→ lim∆

(
F (X•+1/Y )

)
is an

isomorphism as well. □

A similar argument allows us to show the following result:

Lemma C.1.6. Let S be an affinoid perfectoid space and let F : Perfdaff,op/S → Cat∞ be a finitary presheaf of
∞-categories. Suppose that there is a v-covering T → S such that F (T ) ̸= ∅. Then there is an étale covering
T̃ → S such that F (T̃ ) ̸= ∅.

Proof. First, [Sch26a, Lem. 7.18] implies that there is an affinoid pro-étale covering S′ → S such that S′ is
strictly totally disconnected. Using that F is finitary, it suffices to show that F (S′) ̸= ∅. We set T ′ := T ×S S′.

Then [Zav25a, Lem. 6.4.4] implies that we can write T ′ → S′ as a cofiltered limit limI S
′
i → S′ such that

each S′
i → S′ admits a section. Now we use that F is finitary and that F (T ′) ̸= ∅ to conclude that F (S′

i) ̸= ∅
for some i ∈ I. Using that S′

i → S′ admits a section, we conclude that F (S′) ̸= ∅ as well. □

Theorem C.1.7. Let V be an ∞-category compactly generated by cotruncated objects and let F : Perfdaff,op/S →
V be a finitary V -valued presheaf. Then its étale sheafification LétF is a finitary V -valued étale sheaf.

Proof. We let X∞ = limI Xi be a cofiltered limit in Perfdaff/S . For any V -valued presheaf G, we note by Gi
the restriction of G to Xaff

i,ét and by G∞ the restriction to Xaff
∞,ét. We note [CM21, Cor. 7.2] (see also [CM21,

Prop. 7.6]) implies that (LétF )i = Lét(Fi) for any i ∈ I or i = ∞. So we wish to show that the natural
morphism

colim
Iop

(
LétFi(Xi)

)
→ LétF∞(X∞)

is an isomorphism. For this, we denote by ui : X∞ → Xi the natural projection, and by u∗,pi : PShv(Xaff
i,ét;V )→

PShv(Xaff
∞,ét;V ) and u∗i : Shv(Xaff

i,ét;V ) → Shv(Xaff
∞,ét;V ) the corresponding pullback morphisms. Then

[Sch26a, Prop. 6.4] implies that colimp
Iop u

∗,p
i Fi → F∞ is an isomorphism of presheaves. By passing to

sheafifications, we conclude that the natural morphism

Lét

(
colim
Iop

pu∗,pi LétFi
)
≃ Lét

(
colim
Iop

pu∗,pi Fi
)
→ LétF∞

is an isomorphism, where colimp stands for the presheaf colimit.
Now set Y∞ → X∞ to be an étale morphism of affinoid perfectoid spaces. Then [Sch26a, Prop. 6.4] implies

that there is i0 ∈ I and an étale morphism Yi0 → Xi0 such that Yi0 ×Xi0
X∞ ≃ Y∞. For each i ∈ I/i0 , we
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also set Yi := Yi0 ×Xi0
Xi. Without loss of generality, we can replace I with I/i0 . Then another application of

[Sch26a, Prop. 6.4] implies that

(C.1.8) (colim
Iop

pu∗,pi LétFi
)
(Y∞) ≃ colim

Iop

(
LétFi(Yi)

)
.

Therefore, in order to finish the proof, it suffices to show that the natural morphism

colim
Iop

pu∗,pi LétFi → Lét

(
colim
Iop

pu∗,pi LétFi
)

is an isomorphism, i.e., G := colimp
Iop u

∗,p
i LétFi is already an étale sheaf. Now [Lur18, Prop. A.3.3.1] implies

that it suffices to show that G(⊔ni=1Yi) ≃
∏n
i=1G(Yi) and G satisfies descent with respect to étale covers

Z∞ → Y∞ in Xaff
∞,ét.

The fact thatG sends finite disjoint unions into finite products follows from formula (C.1.8) and Lemma A.1.3.
Therefore, it suffices to check that G satisfies descent with respect to an étale covering Z∞ → Y∞ in Xaff

∞,ét,
i.e., the natural morphism

G(Y∞)→ Tot∆

(
G(Z•+1/Y∞

∞ )
)

is an isomorphism. As above, [Sch26a, Prop. 6.4] implies that we can spread out Z∞ → Y∞ to an étale
covering Zi0 → Yi0 in Xaff

i0,ét
and we denote by Zi → Yi its pullback to Xi for any i ∈ I/i0 . Without loss of

generality, we can replace I with I/i0 . Then Formula (C.1.8) implies that it suffices to show that the morphism

colim
i∈Iop

LétFi(Yi)→ lim
∆

(
colim
i∈Iop

LétFi(Z
•+1/Yi

i )
)

is an isomorphism. This follows from the fact that each LétFi is a sheaf and Lemma A.1.3. □

We finish the subsection by recording the following very useful fact.

Lemma C.1.9. Let F : I → PShv(Perfdaff/S ; Cat∞) be a filtered diagram of finitary presheaves of ∞-categories
and let G be the presheaf colimit colimp

I Fi. Suppose that Fi → Fi′ is fully faithful for any i→ i′ in I and that
each Fi factors through Cat(d(i),1) for some integer d(i) ≥ 0. Then LétG is a finitary hypercomplete v-sheaf of
∞-categories.

We warn the reader that the category Cat∞ is not compactly generated by cotruncated objects.

Proof. First, Theorem C.1.5, Theorem C.1.7, and Examples A.1.2 2 imply that LétFi is a finitary hypercomplete
v-sheaf for each i ∈ I. Furthermore, Lemma B.2.8 implies that LétFi → LétFi′ is fully faithful for any i→ i′

in I. Thus, the result follows from Lemma B.2.12 and the fact that sheafification commutes with colimits. □

C.2. v-descent for perfect étale A-complexes. Throughout this section, we fix an adic space S and a
finitary étale sheaf of rings A : Perfdaff,op/S → Ring. Let

Perf ét(−;A) : Perfdaff,op/S → Cat∞

be the presheaf of ∞-categories that sends an affinoid perfectoid S-space X to the ∞-category Perf(Xét;A)
of perfect complexes of A-modules on the étale site. The main goal of this section is to show that this is a
hypercomplete v-sheaf of ∞-categories.

We start with the following preliminary lemma.

Lemma C.2.1. Let A = colimI Ai be a filtered colimit of rings Ai. Then the natural functor

colim
I

Perf [r,s](Ai)→ Perf [r,s](A)

is an equivalence for any r, s ∈ Z ∪ {−∞,∞}.

We remind the reader that Perf [r,s](A) denotes the ∞-category of perfect A-complexes that have tor-
amplitude in [r, s].

Proof. This follows directly from the proof of [SP26, Tag 0BC7]. □

https://stacks.math.columbia.edu/tag/0BC7
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Corollary C.2.2. Let S be an adic space, let A : Perfdaff,op/S → Ring be a finitary étale sheaf, let X = limI Xi

be a cofiltered limit in Perfdaff/S. Then the natural functor

colim
Iop

Perf [r,s]
(
A(Xi)

)
→ Perf [r,s]

(
A(X)

)
is an equivalence for any r, s ∈ Z ∪ {−∞,∞}.
Proof. This follows directly from the combination of Lemma C.2.1 and the assumption that A is finitary. □

Now we introduce the notation that will be useful throughout the whole appendix.

Notation C.2.3. Fix an adic space S, elements r, s ∈ Z ∪ {−∞,∞} with r ≤ s, a topology τ ∈
{an, ét,proét, v}, and a τ -sheaf of rings A : Perfdaff,op/S → Ring. The τ -sheaf

Perf [r,s]τ (−;A) : Perfdaff,op/S → Cat∞

is defined as the τ -sheafification of the presheaf Perf [r,s]
(
A(−)

)
.

We note that Proposition B.3.2 implies that Perfτ (−;A) ≃ Perf [−∞,∞]
τ (−;A).

Theorem C.2.4. Let S be an adic space, let A : Perfdaff,op/S → Ring be a finitary étale sheaf. Then the functor

Perf
[r,s]
ét (−;A) : Perfdaff,op/S → Cat∞ is a finitary hypercomplete v-sheaf for any r, s ∈ Z∪{−∞,∞} with r ≤ s.

In particular, the functor Perf ét(−;A) : Perfdaff,op/S → Cat∞ is a finitary hypercomplete v-sheaf.

Proof. We first consider the case when r and s are finite integers. Then we note that Perf [r,s]
(
A(−)

)
takes values in Cat(s−r+1,1). Thus, Corollary C.2.2 implies that Perf [r,s]

(
A(−)

)
is a finitary presheaf of

(s − r + 1, 1)-categories. Therefore, Theorem C.1.5, Theorem C.1.7, and Examples A.1.2 2 imply that
Perf

[r,s]
ét (−;A) = LétPerf

[r,s]
(
A(−)

)
is a finitary hypercomplete v-sheaf. Now we deal with the case r ∈ Z and

s =∞. In this case, we note that Perf [r,∞]
(
A(X)

)
≃ colims≥r Perf

[r,s]
(
A(X)

)
. Therefore, the result follows

immediately from Lemma C.1.9. The cases r = −∞, s ∈ Z and r = −∞, s =∞ are done analogously. □

Now we note that Theorem C.1.5 ensures that the sheaf A is automatically a v-sheaf. Thus, it makes sense
to consider the category Perfτ (X;A) for τ ∈ {proét, v}.

Corollary C.2.5. Let X be a perfectoid space, let A : Perfdaff,op/X → Ring be a finitary étale sheaf, let
τ ∈ {proét, v}, and let λτ : (Xτ ,A)→ (Xét,A) be the natural morphism of ringed sites. Then the following
statements hold:

(i) the functor λ∗τ : Perf ét(X;A)→ Perfτ (X;A) is an equivalence of ∞-categories;
(ii) the functor Rλτ,∗ : D(Xτ ;A)→ D(Xét;A) restricts to a functor Rλτ,∗ : Perfτ (X;A)→ Perf ét(X;A);
(iii) Rλτ,∗ is the inverse functor to λ∗τ .

Proof. All claims are étale local on X, so we can assume that X is an affinoid perfectoid. Then we note
that λ∗τ : Perf ét(−;A) → Perfτ (−;A) realizes the target as the τ -sheafification of the source20. Therefore,
Theorem C.2.4 implies that it must be an equivalence, so this proves the first claim.

To see the second and third claims, it suffices to show that P → Rλτ,∗λ
∗
τP is an equivalence for any

P ∈ Perf ét(X;A). After unravelling the definitions, it boils down to showing that the natural morphism
cP : RΓét(X,P) → RΓτ (X,λ

∗
τP) is an equivalence for any affinoid perfectoid X. Since RΓét(X,P) ≃

RHomD(Xét;A)(A,P) and RΓτ (X,λ
∗
τP) ≃ RHomD(Xτ ;A)(A, λ∗τP), we conclude that cP is an isomorphism

for any P ∈ Perf ét(X;A). □

Corollary C.2.6. Let X = Spa(R,R+) be a strictly totally disconnected perfectoid space, let A : Perfdaff,op/X →
Ring be a finitary étale sheaf of rings, and let τ ∈ {ét,proét, v}. Then the functor (̃−) : Perf

(
A(X)

)
→

Perfτ (X;A) is an equivalence. Its inverse is given by

RΓτ (X,−) : Perfτ (X;A)→ Perf
(
A(X)

)
.

20This can be either seen from Corollary B.2.9 or Proposition B.3.2.
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Proof. Corollary C.2.5 (i) implies that Perf ét(X;A) λ∗
τ−−→ Perfτ (X;A) is an equivalence. Therefore, it suffices

to prove the claim when τ = ét. In this case, we note that Perf ét(X;A) is the étale sheafification of
the presheaf Perf

(
A(−)

)
. Since X is strictly totally disconnected, every étale covering of X splits. Thus,

we conclude that the étale sheafification does not change the value on X. In particular, we see that
(̃−) : Perf

(
A(X)

)
→ Perf ét(X;A) is an equivalence. To see that its inverse is given by RΓét(X,−), it suffices

to show that P → RΓét(X, P̃ ) is an equivalence for any P ∈ Perf
(
A(X)

)
. By induction, we reduce to the

case when P is a direct summand of A(X)⊕n for some integer n. This can be further reduced to the case
P = A(X). In this situation, the question boils down to showing that A(X)→ RΓét(X,A) is an equivalence.
This follows from the fact that X is strictly totally disconnected, so all higher étale cohomology vanish. □

We also include the following result that is used in the main body of this paper (see Lemma 3.4.8).

Lemma C.2.7. Let X be a perfectoid space over S, let A : Perfdaff,op/X → Ring be a finitary étale sheaf, let
λproét : Xproét → Xét be the natural projection, and let Aét and Aproét be the restrictions of A to Xét and
Xproét respectively. Then the natural morphism λ−1

proét(Aét)→ Aproét is an isomorphism.

We note that Theorem C.1.5 ensures that A is automatically a pro-étale sheaf (even a v-sheaf), so Aproét

is well-defined. We also emphasize that the functor λ−1
proét is the pullback functor for sheaves of abelian groups,

which is usually different from the module-theoretic pullback functor λ∗proét associated to the morphism of
ringed sites λproét : (Xproét;Aproét)→ (Xét;Aét). However, Lemma C.2.7 implies that these two functors are
equivalent.

Proof. The question is local on X, so we can assume that X is an affinoid. Then Lemma C.1.2 implies that it
suffices to show that, for every affinoid pro-étale morphism U = limI Ui → X in Xproét, the natural morphism

colim
Iop
A(Ui)→ A(U)

is an isomorphism. This follows immediately from the assumption that A is finitary. □

Now we provide some examples of finitary étale sheaves of rings.

Lemma C.2.8. Let n > 0 be a positive integer. Then the constant étale sheaf Z/n : Perfdaff,op → Ring is
finitary.

Proof. Theorem C.1.7 implies that it suffices to show that the constant presheaf Z/n
presheaf

is finitary. This

is evident since Z/n
presheaf

(X) = Z/n for any X ∈ Perfdaff . □

Remark C.2.9. Lemma C.2.8 and Corollary C.2.5 together imply that the natural functor

λ∗τ : Perf ét(X;Z/n)→ Perfτ (X;Z/n)

is an equivalence for any perfectoid space X, τ ∈ {proét, v}, and a positive integer n > 0.

Lemma C.2.10. Let S be an affinoid perfectoid space and let ϖ ∈ O+
S (S) be a pseudo-uniformizer. Then the

étale sheaf O+
ét/ϖ : Perfdaff,op/S → Ring is finitary.

Proof. First, we note that O+
ét/ϖ is the étale sheafification of the presheaf of rings G defined by the rule

X 7→ O+
Xét

(X)/ϖ. Therefore, Theorem C.1.7 ensures that it suffices to show that G is finitary. For this, we
fix Spa(R∞, R

+
∞) = limI Spa(Ri, R

+
i ), then we have R+

∞ ≃
(
colimIop R

+
i

)∧
(ϖ)

(see [Sch26a, Prop. 6.4]). So the

question boils down to showing that colimIop R
+
i /ϖ →

(
colimIop R

+
i

)∧
(ϖ)

/ϖ is an isomorphism; this follows
directly from [SP26, Tag 05GG]. □

Remark C.2.11. Lemma C.2.10 and Theorem C.1.5 imply that, in the notation of Lemma C.2.10, the étale
sheaf O+

ét/ϖ is already a v-sheaf. In particular, it implies that the quotient O+
ét/ϖ : Perfdaff,op/S → Ring in the

(big) étale topology coincides with the quotient O+
v /ϖ : Perfdaff,op/S → Ring in the v-topology.

https://stacks.math.columbia.edu/tag/05GG


126 SHIZHANG LI, WIESŁAWA NIZIOŁ, EMANUEL REINECKE, AND BOGDAN ZAVYALOV

Remark C.2.12. Lemma C.2.10 and Corollary C.2.5 together imply that the natural functor

λ∗τ : Perf ét(X;O+/ϖ)→ Perfτ (X;O+/ϖ)

is an equivalence for any perfectoid space S, a pseudo-uniformizer ϖ ∈ O+
S (S), an S-perfectoid space X, and

τ ∈ {proét, v}.

Remark C.2.13. Lemma C.2.10 and Theorem C.2.4 with r = s = 0 recover the fact that Vectét(−;O+/ϖ)
is a finitary v-stack of (ordinary) categories (see [Heu26, Prop. 2.6] and [Zav25a, Th. 1.3.1]).

Lemma C.2.14. Let I = [a, b] ⊂ (0,∞) be a closed interval with rational endpoints. Then the étale sheaf
AI,ét/p : Perfd

aff,op
/Qp

→ Ring is finitary.

We refer to Corollary 2.5.2 for the definition of the étale sheaf AI .

Proof. First, it suffices to show that the restriction AI,ét/p : Perfd
aff,op
/S → Ring is finitary for any affinoid

perfectoid space S over Spa(Qp,Zp). Fix p♭ ∈ O♭,+S (S) as in Notation 2.1.1. Now Lemma C.1.4 implies that
we can prove the claim étale locally on S. Therefore, Remark 2.2.3 ensures that we can assume that there is a
pair α, β ∈ O♭,+S (S) which is well-adapted to p♭ and I. Then Proposition 3.1.10 implies that

AI,ét/p ≃

(⊕
N

O♭,+ét /α

)
⊕

(⊕
N

O♭,+ét /β

)
.

Now we note that (by passing to tilts) Lemma C.2.10 implies that each O♭,+ét /α and O♭,+ét /β is finitary.
Therefore, their direct sum is still finitary since the topos Perfdaff,op/Qp

is coherent (see [SP26, Tag 0739]) □

Remark C.2.15. Lemma C.2.14 and Theorem C.1.5 imply that, in the notation of Lemma C.2.14, the étale
sheaf AI,ét/p is already a v-sheaf. In particular, it implies that the quotient AI,ét/p : Perfd

aff,op
/Qp

→ Ring in

the (big) étale topology coincides with the quotient AI,v/p : Perfd
aff,op
/Qp

→ Ring in the v-topology.

Remark C.2.16. Lemma C.2.14 and Corollary C.2.5 together imply that the natural functor

λ∗τ : Perf ét(X;AI/p)→ Perfτ (X;AI/p)

is an equivalence for any perfectoid space X over Spa(Qp,Zp) and τ ∈ {proét, v}.

C.3. v-descent for perfect O+-complexes. Let

Perf ét(−;O+) : Perfdaff,op → Cat∞

be the presheaf of ∞-categories that sends an affinoid perfectoid space X to the ∞-category of perfect
complexes of O+

Xét
-modules. The main goal of this subsection is to show that this is a hypercomplete sheaf of

∞-categories.
Our strategy for proving this fact will rely on showing that the category of perfect complexes of O+

Xét
-modules

is equivalent to the category of perfect complexes of O+
Xv

-modules.
We start the subsection by showing that the pullback functor λ∗v : Perf ét(X;O+)→ Perfv(X;O+) is fully

faithful for any perfectoid space X. For this, we need the following preliminary lemma:

Lemma C.3.1. Let S = Spa(R,R+) be an affinoid perfectoid space, let ϖ ∈ R+ be a pseudo-uniformizer,
let X be a perfectoid space over S, let τ ∈ {an, ét,proét, v}, and let P ∈ Perfτ (X;O+). Then P is derived
ϖ-adically complete.

Proof. The claim is τ -local on X, so we can assume that P can be represented by a finite complex of finite
free O+

Xτ
-modules. Then a standard inductive argument reduces the general question to the case P = O+

Xτ
.

In this case, according to [Zav25a, Lem. A.8] and [BS15, Prop. 3.4.4], it suffices to show that Hiτ (X,O+) is
ϖ-adically complete for all i ≥ 0. This follows from [Sch26a, Th. 3.24] for τ = an, [Sch26a, Th. 6.3] for τ = ét,
[Sch26a, Prop. 8.5] for τ = proét, and [Sch26a, Prop. 8.8] for τ = v. □

Proposition C.3.2. Let X be a perfectoid space, let P,Q ∈ Perf ét(X;O+), let τ ∈ {proét, v}, and let
λτ : (Xτ ,O+)→ (Xét,O+) be the natural morphism of ringed sites. Then the following statements hold:

https://stacks.math.columbia.edu/tag/0739
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(i) the natural morphism P → Rλτ,∗λ
∗
τP is an isomorphism;

(ii) the natural morphism RHom(P,Q)→ RHom(λ∗τP, λ∗τQ) is an isomorphism;
(iii) the functor λ∗τ : Perf ét(X;O+)→ Perfτ (X;O+) is fully faithful.

Proof. Part (i) is étale local on X, so we can assume that X = Spa(R,R+) is an affinoid perfectoid and
choose a pseudo-uniformizer ϖ ∈ R+. Then Lemma C.3.1 and [SP26, Tag 0A0G] imply that it suffices to
show that P/Lϖn → Rλτ,∗λ

∗
τ

(
P/Lϖn

)
is an isomorphism for any integer n ≥ 1. This follows directly from

Corollary C.2.5 and Lemma C.2.10. Now Part (ii) follows directly from Part (i) and the (λ∗τ ,Rλτ,∗)-adjunction.
Lastly, Part (iii) follows from Part (ii) by passing to τ≤0. □

Our next goal is to show that λ∗τ : Perf ét(X;O+
X)→ Perfτ (X;O+

X) is essentially surjective and, thus, is an
equivalence. For this, we need to introduce the following notation:

Definition C.3.3. The presheaf of topologically nilpotent functions O◦◦ : Perfdaff,op → ModZ is the presheaf
which sends X = Spa(R,R+) to the ideal of topologically nilpotent elements R◦◦. For each affinoid perfectoid
space X, we denote by O◦◦

X the restriction O◦◦|Perfdaff,op
/X

. For τ ∈ {an, ét,proét, v}, we write O◦◦
Xτ

when we
want to emphasize that we consider O◦◦

X as a presheaf in the τ -topology.

The next lemma shows, among other things, that O◦◦ is a τ -sheaf.

Lemma C.3.4. Let X = Spa(R,R+) be an affinoid perfectoid space and let τ ∈ {an, ét,proét, v}. Then there
is a pseudo-uniformizer ϖ ∈ R+ admitting compatible p-power roots ϖ1/pn ∈ R+. Furthermore, the following
hold:

(i) the presheaf O◦◦
Xτ

is a τ -sheaf of abelian groups and the natural morphism colimp
Nϖ1/pnO+

Xτ
→ O◦◦

Xτ
is

an isomorphism. In particular, the morphism colimNϖ1/pnO+
Xτ
→ O◦◦

Xτ
is an isomorphism as well;21

(ii) the natural morphism

RΓτ (X,F)⊗L
R+ R◦◦ → RΓτ (X,F ⊗L

O+
Xτ

O◦◦
Xτ

)

is an isomorphism for any F ∈ D+(Xτ ;O+
Xτ

);
(iii) the natural morphism R◦◦ → RΓτ (X,O◦◦

Xτ
) is an isomorphism;

Proof. The claim about the existence of a pseudo-uniformizer ϖ ∈ R+ with compatible p-power roots of
ϖ follows from [Sch26a, Lem. 3.10]. Then [Zav25a, Lem. B.5] ensures that S◦◦ =

⋃
n≥1ϖ

1/pnS+ for any
morphism of affinoid perfectoid spaces Spa(S, S+) → Spa(R,R+). This already implies that the natural
morphism colimp

Nϖ1/pnO+
Xτ
→ O◦◦

Xτ
is an isomorphism. Using that filtered colimits commute with finite

limits and that O+
Xτ

is a τ -sheaf, we conclude that O◦◦
Xτ

is a τ -sheaf as well. This finishes the proof of part (i).
Combining this with the facts that RΓτ (X;−) commutes with filtered colimits of uniformly bounded below
complexes and that RΓτ (X,F)⊗L

R+ − commutes with all colimits, we easily deduce part (ii). Part (iii) follows
directly from part (ii) applied to F = O+

Xτ
and [Sch26a, Th. 3.24] for τ = an, [Sch26a, Th. 6.3] for τ = ét,

[Sch26a, Prop. 8.5] for τ = proét, and [Sch26a, Prop. 8.8] for τ = v. □

For the next definition, we fix an affinoid perfectoid space X and τ ∈ {an, ét,proét, v}.

Definition C.3.5. The topologically reduced structure sheaf OXτ
: Perfdaff,op/X → ModZ is the quotient sheaf

(in the τ -topology) OXτ
:= O+

Xτ
/O◦◦

Xτ
.

For the purpose of the next definition, we fix an affinoid perfectoid space X = Spa(R,R+), a pseudo-
uniformizer ϖ ∈ R+, and τ ∈ {an, ét,proét, v}.

Definition C.3.6. Fix a perfect complex P ∈ Perfτ (X;O+) (resp. P ∈ Perfτ (X;O+/ϖ)). Its topological
reduction is the perfect complex P := P⊗L

O+
Xτ

OXτ ∈ Perfτ (X;O) (resp. P := P⊗L
O+

Xτ
/ϖ
OXτ ∈ Perfτ (X;O)).

The next lemma will be an important technical ingredient in our proof of v-descent for étale perfect
O+-complexes.

21We recall that colimp stands for the presheaf colimit.

https://stacks.math.columbia.edu/tag/0A0G
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Lemma C.3.7. Let X = Spa(R,R+) be an affinoid perfectoid space, let ϖ ∈ R+ be a pseudo-uniformizer as
in Lemma C.3.4, let τ ∈ {an, ét,proét, v}, and let P,Q ∈ Perfτ (X;O+/ϖ1/pn) for some integer n ≥ 0. Then
the following hold:

(i) the natural morphism colimm≥nRΓτ (X,P/Lϖ1/pm)→ RΓτ (X,P) is an isomorphism;
(ii) the natural morphism colimm≥nRHom(P/Lϖ1/pm ,Q/Lϖ1/pm)→ RHom(P,Q) is an isomorphism.

Proof. Lemma C.3.4 (i) implies that colimm≥n P/Lϖ1/pm → P ⊗L
O+

Xτ

OXτ
is an isomorphism. Thus, part (i)

follows from the observation that RΓτ (X,−) commutes with filtered colimits of uniformly bounded complexes.
Part (ii) follows from part (i) since RHom(P/Lϖ1/pm ,Q/Lϖ1/pm) ≃ RΓτ (X,P∨/Lϖ1/pm⊗LQ/Lϖ1/pm) (and
similarly for P and Q). □

Lemma C.3.7 allows us to check various properties of perfect O+-complexes modulo O◦◦. We collect a
number of such applications below. These results will be crucial for our proof of the essential surjectivity of
λ∗τ .

Corollary C.3.8. Let X = Spa(R,R+) be an affinoid perfectoid space, let τ ∈ {an, ét,proét, v}, let P,Q ∈
Perfτ (X;O+), and let φ : P → Q be a morphism such that

φ : P → Q
is an isomorphism. Then φ is an isomorphism as well.

Proof. The H0-version of Lemma C.3.7 (ii) and a standard approximation argument implies that there is a
pseudo-uniformizer ϖ ∈ R+ such that φ/Lϖ : P/Lϖ → Q/Lϖ is an isomorphism. By induction, this implies
that φ/Lϖn : P/Lϖn → Q/Lϖn is an isomorphism for any integer n ≥ 1. Then Lemma C.3.1 implies that φ
is an isomorphism as well. □

As another application of Lemma C.3.7, we show that we can lift certain presentations of perfectO-complexes
to presentations of O+/ϖ-complexes for a suitable choice of a pseudo-uniformizer ϖ.

Corollary C.3.9. Let X = Spa(R,R+) be an affinoid perfectoid space, let τ ∈ {an, ét,proét, v}, and let E be
an OXτ

-module which is a direct summand of a finite free OXτ
-module. Let ϖ ∈ R+ be a pseudo-uniformizer

as in Lemma C.3.4. Then there is an integer n ≥ 0 and an O+
Xτ
/ϖ1/pn-module E such that E is a direct

summand of a finite free O+
Xτ
/ϖ1/pn-module and E ⊗O+

Xτ
/ϖ1/pn OXτ

≃ E.

Proof. Let E be a direct summand of O⊕d
Xτ

and let π : O⊕d
Xτ
→ O⊕d

Xτ
be the projector corresponding to E , i.e.,

π2 = π and Im(π) = E . Then the H0-version of Lemma C.3.7 (i) implies that we can find an integer n ∈ N
and a morphism π : (O+

Xτ
/ϖ1/pn)⊕d → (O+

Xτ
/ϖ1/pn)⊕d such that π2 = π and π ⊗O+

Xτ
/ϖ1/pn OXτ = π. Then

E := Im(π) is a direct summand of (O+
Xτ
/ϖ1/pn)⊕d and E ⊗O+

Xτ
/ϖ1/pn OXτ

≃ E . This finishes the proof. □

Corollary C.3.10. Let X = Spa(R,R+) be an affinoid perfectoid space, let τ ∈ {an, ét,proét, v}, and let
P ∈ Perfτ (X;O+) such that P ≃ E• where E• is a complex of OXτ

-modules such that each E i is a direct
summand of a finite free OXτ

-module and E i ≃ 0 for i /∈ [−d, 0] for some integer d ≥ 0. Then there is a
pseudo-uniformizer ϖ ∈ R+ such that P/Lϖ is isomorphic to a finite complex of direct summands of finite
free O+

Xτ
/ϖ-modules E• such that E• ⊗O+

Xτ
/ϖ OXτ

≃ E• and E i ≃ 0 for i /∈ [−d, 0].

Proof. Choose a pseudo-uniformizer ϖ ∈ R+ as in Lemma C.3.4. Then Corollary C.3.9 and the H0-version
of Lemma C.3.7 (ii) implies that we can find an integer n ∈ N and a finite complex E of direct summands
of finite free O+

Xτ
/ϖ1/pn-modules such that E• ⊗O+

Xτ
/ϖ1/pn OXτ ≃ E

•
and E i ≃ 0 for i /∈ [−d, 0]. Then the

H0-version of Lemma C.3.7 (ii) and a standard approximation argument imply that there exists m ≥ n
such that E• ⊗O+

Xτ
/ϖ1/pn O+

Xτ
/ϖ1/pm ≃ P ⊗L

O+
Xτ

O+
Xτ
/ϖ1/pm . Now we redefine ϖ to be ϖ1/pm and E• to be

E• ⊗O+
Xτ
/ϖ1/pn O+

Xτ
/ϖ1/pm . This finishes the proof. □

Now we are ready to get the following crucial almost vanishing result:
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Corollary C.3.11. Let X = Spa(R,R+) be an affinoid perfectoid space, let τ ∈ {an, ét,proét, v}, and let
P ∈ Perfτ (X;O+

X) such that P ≃ E• for a finite complex of direct summands of finite free OXτ
-modules such

that E i ≃ 0 for i > 0. Then RΓτ (X,P) ∈ D≤0(R+)a.

Proof. We choose a pseudo-uniformizer ϖ ∈ R+ as in Corollary C.3.10. Then Lemma C.3.1, [SP26, Tag
0BLX], and [Zav25a, Lem. A.5] imply that it suffices to show that RΓτ (X,P/Lϖ) ∈ D≤0(R+)a. Using the
finite complex E• of direct summands of finite free O+

Xτ
/ϖ-modules constructed in Corollary C.3.10, we reduce

the question to showing that RΓτ (X,O+
Xτ
/ϖ) ∈ D≤0(R+)a. This follows directly from [Sch26a, Th. 3.24] for

τ = an, [Sch26a, Th. 6.3] for τ = ét, [Sch26a, Prop. 8.5] for τ = proét, and [Sch26a, Prop. 8.8] for τ = v. □

Our next goal is to prove a stronger version of Corollary C.3.9. For this, we will need the following
preliminary lemma.

Lemma C.3.12. Let R be a commutative ring, let x ∈ R be a nonzerodivisor that admits a compatible sequence
of p-power roots x1/p

n ∈ R, and let J := ∪x1/pnR. Let A be a (not necessarily commutative) R-algebra22

which is x-adically complete and let e ∈ A/JA be an idempotent element. Then there is an idempotent element
e ∈ A such that its image in A/JA is equal to e.

Proof. First, let N be the kernel of the morphism A/xA → A/JA. Then N is a locally nilpotent ideal
(i.e., for any n ∈ N there is an integer d such that nd = 0). Therefore, [Lam76, Prop. 3.6/1] implies that
there is an idempotent e1 ∈ A/xA such that its reduction in A/JA is equal to e. Similarly, we can apply
[Lam76, Prop. 3.6/1] to the reduction morphisms A/xnA → A/xn−1A to get a sequence of compatible
idempotent elements en ∈ A/xnA. Since A is x-adically complete, the sequence {en}n≥1 uniquely determines
an idempotent e ∈ A such that the image of e in A/xnA is equal to en. In particular, its image in A/JA is
equal to e. □

Now we are ready to prove a stronger version of Corollary C.3.9.

Corollary C.3.13. Let X = Spa(R,R+) be an affinoid perfectoid space, let τ ∈ {an, ét,proét, v}, and let E
be an OXτ

-module which is a direct summand of a finite free OXτ
-module. Then there is an O+

Xτ
-module E

such that E is a direct summand of a finite free O+
Xτ

-module and E ⊗O+
Xτ

OXτ ≃ E.

Proof. Let E be a direct summand of O⊕d
Xτ

and let π : O⊕d
Xτ
→ O⊕d

Xτ
be the projector corresponding to E , i.e.,

π2 = π and Im(π) = E . Choose a pseudo-uniformizer ϖ ∈ R+ as in Lemma C.3.4. It suffices to show that we
can lift π to a projector π : (O+

Xτ
)⊕d → (O+

Xτ
)⊕d. In this case, the O+

Xτ
-module E := Im(π) does the job.

In order to construct π, we set V := End
(
(O+

Xτ
)⊕d
)
, so we have V := V ⊗O+

Xτ

OXτ
≃ End

(
(OXτ

)⊕d
)
.

The projector π corresponds to an idempotent element eπ ∈ End
(
O⊕d
Xτ

)
= H0

τ (X,V ). Therefore, in order to
construct the desired projector π, it suffices to show that the idempotent eπ ∈ H0

τ (X,V ) can be lifted to an
idempotent e ∈ H0

τ (X,V ).
For this, we consider the short exact sequence 0 → V ⊗O+

Xτ

O◦◦
Xτ
→ V → V → 0 and J := ∪nϖ1/pnR+.

Then the combination of Corollary C.3.11 and Lemma C.3.4 (i), (ii) imply that

H0
τ (X,V ) ≃ H0

τ (X,V )/
(
J H0

τ (X,V )
)
.

Therefore, Lemma C.3.12 guarantees that, for the purpose of constructing the desired idempotent e ∈ H0
τ (X,V ),

it suffices to show that H0
τ (X,V ) is ϖ-adically complete. Now the observation that V is ϖ-torsionfree

and derived ϖ-adically complete (see Lemma C.3.1) implies that it is classically ϖ-adically complete, i.e.,
V ≃ limn V /ϖn. Since H0

τ (X,−) commutes with limits, we see that H0
τ (X,V ) ≃ limnH

0
τ (X,V /ϖn). Thus,

[SP26, Tag 0G1Q] ensures that H0
τ (X,V ) is a ϖ-adically complete R+-algebra. This finishes the proof. □

Corollary C.3.14. Let X = Spa(R,R+) be an affinoid perfectoid space, let τ ∈ {an, ét,proét, v}, let
P ∈ Perfτ (X;O+) such that P ≃ E• for a finite complex of direct summands of finite free OXτ

-modules

22By an R-algebra, we mean a ring A with a ring homomorphism R → A such that the image of R lies in the center of A.

https://stacks.math.columbia.edu/tag/0BLX
https://stacks.math.columbia.edu/tag/0BLX
https://stacks.math.columbia.edu/tag/0G1Q
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such that E i ≃ 0 for i > 0, let Q be a direct summand of a finite free O+
Xτ

-module, and let φ : Q → P be a
morphism in D(Xτ ;OXτ ). Then there is a morphism φ : Q → P lifting φ.

Proof. First, note that RH om(Q,P) ≃ P ⊗L
O+

Xτ

Q∨ and RH om(Q,P) ≃ P ⊗L
OXτ

Q∨ ≃ RH om(Q,P)⊗L
O+

Xτ

OXτ
. Therefore, it suffices to show that the natural morphism H0

τ (X,P ⊗L
O+

Xτ

Q∨)→ H0
τ (X,P ⊗L

OXτ

Q∨
) is

surjective. Using the fiber sequence

RΓτ (X,P ⊗L
O+

Xτ

Q∨ ⊗L
O+

Xτ

O◦◦
Xτ

)→ RΓτ (X,P ⊗L
O+

Xτ

Q∨)→ RΓτ (X,P ⊗L
OXτ
Q∨

),

we see that it suffices to show that RΓτ (X,P ⊗L
O+

Xτ

Q∨ ⊗L
O+

Xτ

O◦◦
Xτ

) ∈ D≤0(R+). Now we observe that the

complex P ⊗L
OXτ

Q∨
has a representative E• ⊗OXτ

Q∨
such that each E i ⊗OXτ

Q∨
is a direct summand of

a finite free OXτ
-module and E i ⊗OXτ

Q∨ ≃ 0 for i > 0. Therefore, the desired vanishing follows from the
combination of Corollary C.3.11 and Lemma C.3.4 (ii). □

Proposition C.3.15. Let X = Spa(R,R+) be an affinoid perfectoid space, let τ ∈ {proét, v}, and let
P ∈ Perfτ (X;O+) be a perfect complex such that P can be represented by a finite complex of direct summands of
finite free OXτ -modules. Then P lies in the essential image of the functor λ∗τ : Perf ét(X;O+)→ Perfτ (X;O+).

Proof. We choose a finite complex E• of direct summands of finite free OXτ
-modules such that E• ≃ P. We

show that P lies in the essential image of λ∗τ by induction on the length of E•.
The base case is E• of length 0, i.e., E• ≃ 0. In this case, Corollary C.3.8 implies that the natural map

0→ P is an isomorphism as well. In particular, P lies in the essential image of λ∗τ .
Now we perform the induction argument. We assume that we have proven the claim for any P with E• of

length less than n ≥ 1 and wish to prove it for P with E• of length n. Without loss of generality, we can
assume that E i ≃ 0 for i /∈ [−n+ 1, 0]. We use Corollary C.3.13 to find an O+

Xτ
-module E0 such that E0 is

a direct summand of a finite free O+
Xτ

-module and such that E0 ⊗O+
Xτ

OXτ ≃ E
0
. Let φ : E0 → E• be the

natural inclusion morphism, then Corollary C.3.14 implies that we can lift this morphism to a morphism
φ : E0 → P. We set Q := cone(φ). Then the Ext1-version of Proposition C.3.2 (ii) implies that it suffices to
show that E0 and Q lie in the essential image of λ∗τ .

First, we show that E0 lies in the essential image of λ∗τ . For this, we note that the facts that Perf ét(X;O+)
is idempotent-complete and λ∗τ : Perf ét(X;O+)→ Perfτ (X;O+) is fully faithful (see Proposition C.3.2 (iii))
imply that the essential image of λ∗τ is closed under retracts. Combining this with the observations that E0 is
a direct summand of a finite free O+

Xτ
-module and that O+

Xτ
lies in the essential image of λ∗τ , we conclude

that E0 lies in the essential image of λ∗τ .
Now we show that Q lies in the image of λ∗τ . By the construction, we know that Q ≃ σ<0E•, where σ<0 is

the naïve truncation. In particular, the length of E• representing Q is n− 1, so Q lies in the essential image
of λ∗τ by the induction hypothesis. This finishes the proof. □

Finally, we are ready to show that λ∗τ : Perf ét(X;O+
X) → Perfτ (X;O+

X) is essentially surjective for τ ∈
{proét, v}.

Theorem C.3.16. Let X be a perfectoid space, let τ ∈ {proét, v}, and let λτ : (Xτ ,O+)→ (Xét,O+) be the
natural morphism of ringed sites. Then the following hold:

(i) the functor Rλτ,∗ : D(Xτ ;O+)→ D(Xét;O+) restricts to a functor Rλτ,∗ : Perfτ (X;O+)→ Perf ét(X;O+);
(ii) the functor λ∗τ : Perf ét(X;O+)→ Perfτ (X;O+) is an equivalence with the inverse functor Rλτ,∗.

Proof. We start by proving Part (i). We fix a P ∈ Perfτ (X;O+) and need to show that Rλτ,∗P lies in
Perf ét(X;O+). The question is étale local on X, so we can assume that X = Spa(R,R+) is an affinoid
perfectoid. We choose a pseudo-uniformizer ϖ ∈ R+. Then Corollary C.2.5 (i) and Lemma C.2.10 ensure
that we can replace X with its étale covering to assume that P/Lϖ is strictly perfect, i.e., represented by a
finite complex of direct summands of a finite free O+

Xτ
/ϖ-modules. In particular, P is strictly perfect as well.
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Then Proposition C.3.15 ensures that P ≃ λ∗τP ′ for some P ′ ∈ Perf ét(X;O+). Therefore, Proposition C.3.2
guarantees that the natural map P ′ → Rλτ,∗P is an isomorphism. In particular, Rλτ,∗P indeed lies in
Perf ét(X;O+).

Now we show Part (ii). Proposition C.3.2 implies that it suffices to show that, for any P ∈ Perfτ (X;O+),
the natural map λ∗τRλτ,∗P → P is an isomorphism. The question is étale local on X, so we can assume that
X = Spa(R,R+) is an affinoid perfectoid space. We choose a pseudo-uniformizer ϖ ∈ R+ and note that
Part (i) and Lemma C.3.1 imply that it suffices to show that λ∗τRλτ,∗

(
P/Lϖ

)
→ P/Lϖ is an isomorphism.

This follows from Corollary C.2.5 (iii) and Lemma C.2.10. □

Corollary C.3.17. The functor Perf ét(−,O+) : Perfdaff,op → Cat∞ is a hypercomplete v-sheaf of ∞-
categories.

Proof. It follows immediately from Theorem C.3.16 (ii) and Lemma B.3.1. □

Corollary C.3.18. Let X = Spa(R,R+) be a strictly totally disconnected perfectoid space and let τ ∈
{ét,proét, v}. Then the functor (̃−) : Perf(R+)→ Perfτ (X;O+) is an equivalence. Its inverse is given by

RΓτ (X,−) : Perfτ (X;O+)→ Perf(R+).

Proof. The proof of this claim is identical to the proof of Corollary C.2.6 using Theorem C.3.16 in place of
Corollary C.2.5. □

For future reference, we also need to establish a version of Corollary C.3.17 for perfect complexes of bounded
tor-amplitude. For this, we will use the sheaf Perf [r,s]τ (−;O+) : Perfdaff,op → Cat∞ from Notation C.2.3.

Our goal is to show that the sheafification morphism Perf
[r,s]
ét (−;O+)→ Perf [r,s]v (−;O+) is an equivalence.

Remark C.3.19. The morphism Perf
[r,s]
ét (−;O+) → Perf [r,s]v (−;O+) is fully faithful for any r, s ∈ Z ∪

{−∞,∞}. Indeed, Lemma B.2.8 and Corollary C.3.17 imply that both Perf
[r,s]
ét (−;O+) and Perf [r,s]v (−;O+)

are full subfunctors of Perf ét(−;O+) ≃ Perfv(−;O+). Therefore, Perf [r,s]ét (−;O+)→ Perf [r,s]v (−;O+) is fully
faithful as well.

Lemma C.3.20. Let (R,R+)→ (S, S+) be a continuous map of complete uniform Tate–Huber pairs such
that the induced morphism Spa(S, S+)→ Spa(R,R+) is surjective. Then the morphism SpecS+ → SpecR+

is surjective on closed points.

Proof. Fix a pseudo-uniformizer ϖ ∈ R+. Since R+ and S+ are ϖ-adically complete, [SP26, Tag 05GI]
implies that ϖ ∈ rad(R+) and ϖ ∈ rad(S+). Therefore, it suffices to show that SpecS+/ϖ → SpecR+/ϖ is
surjective. Now we note that the specialization morphism sp: |Spa(R,R+)| → |SpecR+/ϖ| is surjective (see
[FK18, Prop. II.3.1.5]). Therefore, surjectivity of SpecS+/ϖ → SpecR+/ϖ follows from the surjectivity of
Spa(S, S+)→ Spa(R,R+) and the functoriality of the specialization morphism. □

Corollary C.3.21. Let f : X → Y be a v-covering in Perfdaff , let r, s ∈ Z ∪ {−∞,∞} with r ≤ s, and let
P ∈ Perf [r,s]v (Y ;O+) such that f∗vP ∈ Perf

[r,s]
ét (X;O+). Then P lies in Perf

[r,s]
ét (Y ;O+) (see Remark C.3.19).

Proof. Since Perf
[r,s]
ét (−;O+) is an étale sheaf, we can check that P lies in Perf

[r,s]
ét (Y ;O+) étale locally on Y

(see Corollary A.2.2). Proposition B.3.2 and Lemma B.2.8 imply that Perf [r,s]τ (−;O+)→ Perfτ (−;O+) is fully
faithful for τ ∈ {ét, v}, while Theorem C.3.16 (ii) implies that Perf ét(−;O+) ≃ Perfv(−;O+). Combining
these results with Lemma B.2.2 and Proposition B.3.2, we see that there is an étale covering Y ′ → Y such
that Y ′ = Spa(R,R+) is an affinoid perfectoid and P|Y ′ ≃ P̃ for some P ∈ Perf(O+

Y ′(Y ′)). We wish to show
that P lies in Perf [r,s](O+

Y ′(Y ′)).
Now we use Lemma B.2.2 once again to find a v-covering X ′ → X ×Y Y ′ such that P|X′ ≃ Q̃ for some

Q ∈ Perf [r,s]
(
O+
X′(X ′)

)
. Without loss of generality, we can assume that X ′ = Spa(S, S+) is strictly totally

disconnected. Then Corollary C.3.18 implies that P ⊗L
O+

Y ′ (Y
′)
O+
X′(X ′) ≃ Q ∈ Perf [r,s]

(
O+
X′(X ′)

)
. Therefore,

Lemma C.3.20 and [SP26, Tag 068V] imply that P ∈ Perf [r,s]
(
O+
Y ′(Y ′)

)
. This finishes the proof. □

https://stacks.math.columbia.edu/tag/05GI
https://stacks.math.columbia.edu/tag/068V
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Corollary C.3.22. The natural morphism Perf
[r,s]
ét (−;O+) → Perf [r,s]v (−;O+) is an equivalence for any

r, s ∈ Z ∪ {−∞,∞} with r ≤ s. In particular, Perf [r,s]ét (−;O+) is a hypercomplete v-sheaf.

Proof. Remark C.3.19 says that Perf
[r,s]
ét (−;O+) → Perf [r,s]v (−;O+) is fully faithful. Now Corollary C.3.21

and Lemma B.2.2 imply that this morphism is essentially surjective. Thus, it is an isomorphism. Finally,
we note that Perf [r,s]v (−;O+) is a hypercomplete sheaf by Lemma B.1.4 when r and s are finite. The case of
infinite r or s follows from Lemma B.2.12 by passing to a colimit. □

Remark C.3.23. For r = s = 0, Corollary C.3.22 recovers the fact that Vectét(−;O+) is a v-stack of
(ordinary) categories (see [Heu26, Th. 2.21] and [Zav25a, Th. 1.3.2]).

C.4. v-descent for perfect AI-complexes. In this subsection, we fix a closed interval I = [a, b] ⊂ (0,∞)
with rational endpoints. We refer to Definition 2.1.7 for the definition of AI(X) for an affinoid perfectoid X
over Spa(Qp,Zp), we also refer to Corollary 2.5.2 for the proof that AI is a v-sheaf on Perfdaff/Qp

. We denote
by AXét

the restriction of AI to the (affinoid) étale site of X. Let

Perf ét(−;AI) : Perfd
aff,op
/Qp

→ Cat∞

be the presheaf of ∞-categories that sends an affinoid perfectoid space X to the ∞-category of perfect
complexes of AI,Xét

-modules. The main goal of this subsection is to show that this is a hypercomplete sheaf
of ∞-categories.

We will closely follow the strategy taken in Section C.3. Since the arguments in this section are very similar
to those in Section C.3, we will sometimes not present the proofs in full detail and instead only discuss the
main changes one needs to do compared to the analogous proofs in Section C.3.

Lemma C.4.1. Let S = Spa(R,R+) be an affinoid perfectoid space over Spa(Qp,Zp) with a choice of p♭ ∈
R♭,+. Suppose that there are elements α, β ∈ R♭,+ well-adapted to p♭ and I. Let τ ∈ {an, ét,proét, v}. Then
RΓτ (S,AI) ≃a AI(S)[0], where we consider almost mathematics with respect to the ideal AI(S)

◦◦ ⊂ AI(S)
(see Corollary 2.2.18).

Proof. By definition, we have H0
τ (S,AI) = AI(S). The rest follows immediately from [SP26, Tag 03F9] and

Lemma 2.5.1. □

Lemma C.4.2. Let S be a perfectoid space over Spa(Qp,Zp), let τ ∈ {ét,proét, v}, and let P ∈ Perfτ (S;AI).
Then P is derived p-adically complete.

Proof. The claim is τ -local on S, so we can assume that S = Spa(R,R+) is an affinoid perfectoid space and
that P is a strictly perfect complex. Then a simple reduction reduces the claim to the case P = AI .

Then [Zav25a, Lem. A.8] implies that it suffices to show that RΓτ (X,AI) is derived p-complete for any
X ∈ Perfdaff/S . Furthermore, [BS15, Prop. 3.4.2 and 3.4.4] imply that it suffices to show that Hiτ (X,AI) is
p-adically complete for any X ∈ Perfdaff/S and i ≥ 0.

For this, we choose an element p♭ ∈ R+,♭ as in Notation 2.1.1. Then Remark 2.2.3 implies that we
can also assume that there are elements α, β ∈ R♭,+ well-adapted to p♭ and I. So Corollary 2.2.18 imply
that H0

τ (X,AI) = AI(X) is p-adically complete for any X ∈ Perfdaff/S . Now Lemma C.4.1 ensures that
Hiτ (X,AI) ≃a 0 for any X ∈ Perfdaff/S and i > 0. In particular, it is p-torsion, so it is p-adically complete.
This finishes the proof. □

Now we are ready to prove the main result of this subsection:

Theorem C.4.3. Let S be a perfectoid space over Spa(Qp,Zp), let τ ∈ {proét, v}, and let λτ : (Sτ ,AI)→
(Sét,AI) be the natural morphism of ringed sites. Then the following hold:

(i) the functor λ∗τ : Perf ét(S;AI)→ Perfτ (S;AI) is an equivalence with the inverse given by

Rλτ,∗ : Perfτ (S;AI)→ Perf ét(S;AI);

(ii) if S = Spa(R,R+) is strictly totally disconnected and τ ′ ∈ {ét,proét, v}, the functor (̃−) : Perf
(
AI(S)

)
→

Perfτ ′(S;AI) is an equivalence with inverse given by RΓτ ′(S,−) : Perfτ ′(S;AI)→ Perf
(
AI(S)

)
.

https://stacks.math.columbia.edu/tag/03F9
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Proof. First, we note that Part (ii) follows formally from Part (i) (see Corollary C.3.18 for a similar deduc-
tion). Furthermore, the fact that λ∗τ : Perf ét(S;AI) → Perfτ (S;AI) is fully faithful follows formally from
Corollary C.2.5, Lemma C.2.14, and Lemma C.4.2 (see Proposition C.3.2 for a similar deduction). Therefore,
we only need to show that λ∗τ is essentially surjective and its inverse is given by Rλτ,∗. These claims are étale
local on S, so we can assume that S = Spa(R,R+) is affinoid perfectoid with a choice p♭ ∈ R♭,+ and we can
also assume that there are elements α, β ∈ R♭,+ well-adapted to p♭ and I (see Remark 2.2.3). In this case, the
proof of Theorem C.3.16 adapts almost verbatim.

For the reader’s convenience, we sketch the main points of the proof. We first define the sheaf of
topologically nilpotent elements A◦◦

I : Perfdaff,op/S → ModZ which sends X to AI(X)◦◦ and the quotient

τ -sheaf AI := AI/A
◦◦
I : Perfdaff,op/S → ModZ. Then one proves analogues of Lemma C.3.4 and Lemma C.3.7

with ϖ ∈ R+ replaced with [p♭] ∈ AI(X). Then one formally deduces Corollary C.3.8, Corollary C.3.9,
Corollary C.3.1023, Corollary C.3.1124, Corollary C.3.13, and Corollary C.3.14. With these corollaries at
hand, one can deduce an analogue of Proposition C.3.15. Then one can repeat the proof of Theorem C.3.16
using Corollary C.2.5 applied to A = AI/p (see Lemma C.2.14) to ensure that, for any perfect complex
P ∈ Perfτ (X;AI), we can find an étale covering X ′ → X such that P|X′ is strictly perfect. □

Now we wish to get a version of Corollary C.3.22 for Perf ét(−;AI). For this, we will use the sheaf
Perf [r,s]τ (−;AI) : Perfd

aff,op
/Qp

→ Cat∞ from Notation C.2.3.

Lemma C.4.4. Let X → Y be a surjective morphism of affinoid perfectoid spaces over Spa(Qp,Zp). Then
the induced morphism SpecAI(X)→ SpecAI(Y ) is surjective on closed points.

Proof. First, Lemma 2.4.9 ensures that Spa(BI(X),AI(X))→ Spa(BI(Y ),AI(Y )) is surjective. Therefore,
Lemma C.3.20 implies that SpecAI(X)→ SpecAI(Y ) is surjective on closed points. □

Finally, we are ready to get the main result of this subsection.

Corollary C.4.5. The natural morphism Perf
[r,s]
ét (−;AI) → Perf [r,s]v (−;AI) is an equivalence for any

r, s ∈ Z ∪ {−∞,∞} with r ≤ s. In particular, Perf [r,s]ét (−;AI) is a hypercomplete v-sheaf.

Proof. When r = −∞ and s =∞, this follows immediately from Theorem C.4.3 (i) and Lemma B.3.1. For
other r and s, one can adapt the proof of Corollary C.3.22 using Lemma C.4.4 in place of Lemma C.3.20
(which is used in the proof of Corollary C.3.21). □

C.5. v-descent for perfect O-complexes. Let

Perf
(
O(−)

)
: Perfdaff,op → Cat∞

be the presheaf of ∞-categories that sends an affinoid perfectoid space X to the ∞-category of perfect
complexes Perf

(
OX(X)

)
. The main goal of this subsection is to show that this is a hypercomplete v-sheaf of

∞-categories.

Lemma C.5.1. The presheaves Perf [r,s]
(
O(−)

)
: Perfdaff,op → Cat∞ are étale sheaves of ∞-categories for

any r, s ∈ Z ∪ {−∞,∞} with r ≤ s. In particular, Perf
(
O(−)

)
is an étale sheaf.

Proof. Let F be any of the presheaves in the formulation of the lemma. Clearly, F (⊔ni=1(Xi)) ≃
∏n
i=1 F (Xi)

for any X1, . . . , Xn ∈ Perfdaff . Therefore, [Lur18, Prop. A.3.3.1] implies that it suffices to show that F satisfies
descent with respect to any étale covering X → Y . In other words, we have to show that any étale covering
f : X → Y is of universal F -descent in the sense of [LZ17, Def. 3.3.1]. Then [LZ17, Lem. 3.3.2] and [KL15,
Prop. 8.2.20] implies that it suffices to show that F satisfies analytic and finite étale descent. Analytic descent
follows from [And21, Th. 5.3]. Now let Spa(S, S+)→ Spa(R,R+) be a finite étale surjection, then [Sch26a,
Def. 6.2] and [Zav25a, Lem. C.1.2] imply that SpecS → SpecR is a finite étale surjection. Furthermore, the

23The correct conclusion should be that there exists an n such that P/L[p♭]1/p
n

is isomorphic to a finite complex of direct
summands of finite free AI,Xτ /[p

♭]1/p
n
-modules E• such that E• ⊗AI,Xτ

AI,Xτ ≃ E• and Ei = 0 for i /∈ [−d, 0].
24Instead of using that RΓτ (S,O+

Sτ
/ϖ) ∈ D≤0(R+)a, we need to use that RΓτ (S,AI/[p

♭]1/p
n
) ∈ D≤0(AI(S))

a. This follows
directly from Lemma C.4.1.
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combination of [Zav25a, Lem. C.1.1] and [Zav24, Lem. B.3.5] imply that S⊗̂n
R ≃ S⊗n

R . Therefore, the result
follows from the usual fppf descent for perfect complexes of fixed tor-amplitude by [Lur18, Cor. D.6.3.3 &
Prop. 2.8.4.2]. □

Now we wish to deduce that Perf
(
O(−)

)
is a (hypercomplete) v-sheaf. We do this by comparing this

functor to Perfv(−;O). We start with the following proposition:

Proposition C.5.2. Let X be a perfectoid space, let P,Q ∈ Perf ét(X;O), let τ ∈ {proét, v}, and let
λτ : (Xτ ,O)→ (Xét,O) be the natural morphism of ringed sites. Then the following statements hold:

(i) the natural morphism P → Rλτ,∗λ
∗
τP is an isomorphism;

(ii) the natural morphism RHom(P,Q)→ RHom(λ∗τP, λ∗τQ) is an isomorphism;
(iii) the functor λ∗τ : Perf ét(X;O)→ Perfτ (X;O) is fully faithful.

Proof. As in the proof of Proposition C.3.2, it suffices to prove Part (i). The other parts follow formally from
it.

Now the claim of (i) is clearly étale local on X, so we can assume that X = Spa(R,R+) is an affinoid
perfectoid space with a pseudo-uniformizer ϖ ∈ R+ and that P is a strictly perfect complex. Then a standard
reduction argument reduces us to the case P = OXét

. In this case, we need to show that the natural morphism
OXét

→ Rλτ,∗OXτ is an isomorphism. Since λ is a coherent morphism of coherent topoi, we conclude that
OXét

≃ O+
Xét

[ 1ϖ ] and Rλτ,∗OXτ
≃
(
Rλτ,∗O+

Xτ

)
[ 1ϖ ]. Then the result follows directly from Proposition C.3.2 (i)

applied to P = O+
Xét

. □

Now we wish to show that λ∗τ is also essentially surjective. We do this by studying the sheaf of lattices.
For this, we will use the sheaf Perf [r,s]τ (−;O) : Perfdaff,op → Cat∞ from Notation C.2.3.

First, we have the following series of easy remarks.

Remark C.5.3. (1) Lemma B.2.8 implies that the natural functor Perf [r,s]τ (−;O) → Perf [r
′,s′]

τ (−;O)
is fully faithful for τ ∈ {an, ét,proét, v} and r, r′, s, s′ ∈ Z ∪ {−∞,∞} with r′ ≤ r ≤ s ≤ s′.
Therefore, Lemma B.2.12 implies that colimN Perf [−n,n]τ (X;O)→ Perfτ (X;O) is an equivalence for
any X ∈ Perfdaff ;

(2) Proposition C.5.2 (iii) implies that Perf ét(−;O) → Perfτ (−;O) is fully faithful for τ ∈ {proét, v}.
Combining it with 1, we conclude that Perf

[r,s]
ét (−;O) → Perf [r,s]τ (−;O) is fully faithful for any

r, s ∈ Z ∪ {−∞,∞} and τ as above;
(3) Lemma C.5.1 implies that Perf [r,s]

(
O(−)

)
≃ Perf

[r,s]
ét (−;O) for any r, s ∈ Z ∪ {−∞,∞} with r ≤ s.

Now we fix an affinoid perfectoid space S and a perfect complex P ∈ Perf [r,s]τ (S;O) for τ ∈ {proét, v} and
r, s ∈ Z ∪ {−∞,∞} with r ≤ s. We wish to show that P lies in the essential image of λ∗τ , we do this by
studying the sheaf of lattices of P . To make this into a precise definition, we first note that a perfect complex
P ∈ Perf [r,s]τ (S;O) defines a morphism of sheaves

[P] : ∗ → Perf [r,s]τ (−;O) : Perfdaff,op/S → Cat∞.

Using this observation, we define the sheaf of lattices as follows:

Definition C.5.4. The τ -sheaf of lattices Latt
[r,s]
τ,P (−) : Perfdaff,op/S → Cat∞ is the fiber product

Latt
[r,s]
τ,P (−) := ∗ ×

Perf
[r,s]
τ (−;O)

Perf [r,s]τ (−;O+).

More informally, for every affinoid perfectoid S-space X, we have

Latt
[r,s]
τ,P (X) =

{
P+ ∈ Perf [r,s]τ (X;O+) and φ : P+ ⊗L

O+
Xτ

OXτ

∼−→ P
∣∣
X

}
.

Lemma C.5.5. Let S = Spa(A,A+) be an affinoid perfectoid and let P be an element of Perf [r,s]τ (S;O) for
some r, s ∈ Z ∪ {−∞,∞} with r ≤ s and τ ∈ {proét, v}. Then the τ -sheaf Latt[r,s]τ,P (−) : Perfdaff,op/S → Cat∞
is finitary.
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Proof. Since sheafification and filtered colimits in the presheaf category commute with finite limits (see
Corollary B.1.3 and Lemma A.1.3), Lemma B.2.12 and Remark C.5.3 1 imply that it suffices to consider
the case when r and s are (finite) integers. Furthermore, Lemma C.1.4 implies that we can check that
Latt

[r,s]
τ,P (−) is finitary τ -locally on S. Therefore, we can assume that P ≃ P̃ for some P ∈ Perf [r,s]

(
OS(S)

)
.

For brevity, we denote by [P ] : ∗ → Perf [r,s]
(
O(−)

)
and [P ] : ∗ → Perf [r,s]τ

(
−;O

)
the corresponding morphisms

in PShv(Perfdaff/S ,Cat(s−r+1,1)).
Since the morphism [P] factors through the fully faithful morphism Perf [r,s]

(
OS(S)

)
≃ Perf

[r,s]
ét (S;O) ↪→

Perf [r,s]τ (S;O) (see Remark C.5.3 2), Corollary C.3.22 implies that

Latt
[r,s]
τ,P (−) ≃ ∗ ×

Perf
[r,s]
τ (−;O)

Perf [r,s]τ (−;O+) ≃ ∗ ×
Perf

[r,s]
ét (−;O)

Perf
[r,s]
ét (−;O+).

Therefore, Corollary B.1.3 and Theorem C.1.7 imply that it suffices to show that the presheaf

∗ ×
Perf[r,s]

(
O(−)

) Perf [r,s](O+(−)
)
= fib[P ]

(
Perf [r,s]

(
O+(−)

)
→ Perf [r,s]

(
O(−)

))
is finitary. For this, we choose a pseudo-uniformizer ϖ ∈ O+

S (S) and fix Spa(R,R+) = limI Spa(Ri, R
+
i )

in Perfdaff/S . Then [Sch26a, Prop. 6.4] implies that R+ ≃ (colimIop R
+
i

)∧
(ϖ)

and R ≃ R+[ 1ϖ ]. We also put
R+

∞ := colimIop R
+
i and R∞ := R+

∞[ 1ϖ ]. In this situation, we have to show that

colim
Iop

fib[P⊗L
ARi]

(
Perf [r,s](R+

i )→ Perf [r,s](Ri)
)
→ fib[P⊗L

AR]

(
Perf [r,s](R+)→ Perf [r,s](R)

)
is an equivalence. To see this, we recall that the Beauville–Laszlo gluing (see [Bha16, Prop. 5.6(2)] or [Lur18,
Prop. 7.4.2.1]) implies that

fib[P⊗L
AR∞]

(
Perf [r,s](R+

∞)→ Perf [r,s](R∞)
)
≃ fib[P⊗L

AR]

(
Perf [r,s](R+)→ Perf [r,s](R)

)
.

Therefore, we reduce the question to showing that

colim
Iop

fib[P⊗L
ARi]

(
Perf [r,s](R+

i )→ Perf [r,s](Ri)
)
→ fib[P⊗L

AR∞]

(
Perf [r,s](R+

∞)→ Perf [r,s](R∞)
)

is an equivalence. This follows from Lemma C.2.1 and Lemma A.1.3. □

Now we are ready to show that any perfect complex of Ov-modules admits a lattice étale locally.

Lemma C.5.6. Let S = Spa(A,A+) be an affinoid perfectoid, let τ ∈ {proét, v}, and let P be an element
of Perf [r,s]τ (S;O) for some r, s ∈ Z ∪ {−∞,∞}. Then there is an étale covering S′ → S and an P+ ∈
Perf [r,s]τ (S′;O+) such that P+ ⊗L

O+

S′
τ

OS′
τ
≃ P|S′ .

Proof. It suffices to show that Latt
[r,s]
τ,P (S′) ̸= ∅ for some étale covering S′ → S. Now Lemma C.5.5 and

Lemma C.1.6 imply that it suffices to show that there is a τ -covering S′ → S such that Latt
[r,s]
P (S′) ̸= ∅. So

we can argue τ -locally on S. Therefore, we can assume that S is strictly totally disconnected and that we can
find an object P ∈ Perf [r,s](OS(S)) such that P ≃ P̃ . Now it suffices to show that, for every point x ∈ S,
there is an étale map fx : Sx → S such that x ∈ fx(Sx) and Latt

[r,s]
τ,P (Sx) ̸≃ ∅.

For this, we set Cx := k̂(x) and C+
x := k̂(x)+. Since S is strictly totally disconnected, we conclude that Cx

is an algebraically closed nonarchimedean field. Furthermore, Spa(Cx, C+
x ) ≃ limx∈U⊂S U , where the limit is

taken over (the opposite category of) rational subdomains of S containing x. Therefore, Lemma C.5.5 ensures
that it suffices to show that Latt

[r,s]
P,τ (Spa(Cx, C

+
x )) ̸≃ ∅. In other words, we reduce the question to the case

S = Spa(C,C+) and P = P̃ for some P ∈ Perf [r,s](OS(S)).
Since C = OS(S) is a field, we note that P has a representative K• such that K is a finite complex, Ki = 0

if i /∈ [r, s], and each Ki is a finite free C-module. Then we note that after multiplying each differential
by a large power of a pseudo-uniformizer, we can assume that there is a finite complex K+,• of finite free
C+ = O+

S (S)-modules such that K+,• ⊗L
C+ C ≃ K• and such that K+,i = 0 for i /∈ [r, s]. Then K̃+,• is the

desired lattice of P. □
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Theorem C.5.7. Let X be a perfectoid space, let τ ∈ {proét, v}, and let λτ : (Xτ ,O) → (Xét,O) be the
natural morphism of ringed sites. Then the following hold:

(i) the functor Rλτ,∗ : D(Xτ ;O)→ D(Xét;O) restricts to a functor Rλτ,∗ : Perfτ (X;O)→ Perf ét(X;O);
(ii) the functor λ∗τ : Perf ét(X;O)→ Perfτ (X;O) is an equivalence with the inverse functor Rλτ,∗.

Proof. We start by proving part (i). We fix a P ∈ Perfτ (X;O) and wish to show that Rλτ,∗P lies in
Perf ét(X;O). The question is étale local on X, so we can assume that X = Spa(R,R+) is an affinoid
perfectoid with a pseudo-uniformizer ϖ ∈ R+. Then Lemma C.5.6 ensures that we can replace X with
an étale covering to assume that P admits a O+

Xτ
-lattice P+ ∈ Perfτ (X;O+). Then Theorem C.3.16 (i)

implies that Rλτ,∗P+ ∈ Perf ét(X;O+). Since λτ is a coherent morphism of coherent topoi, we conclude that
Rλτ,∗P ≃

(
Rλτ,∗P+

)[
1
ϖ

]
∈ Perf ét(X;O).

Now we show Part (ii). Proposition C.5.2 and Part (i) imply that it suffices to show that, for any
P ∈ Perfτ (X;O), the natural map λ∗τRλτ,∗P → P is an isomorphism. Using that P admits a lattice étale
locally, we also reduce this claim to Theorem C.3.16 (ii). □

Remark C.5.8. If we combine Lemma C.5.1 with Theorem C.5.7, we conclude that the natural pullback
functor Perfan(X;O)→ Perfτ (X;O) is an equivalence for any perfectoid space X and any τ ∈ {ét,proét, v}.

Now we wish to get a version of Corollary C.3.22 for Perf
(
O(−)

)
. For this, we will need one preliminary

lemma.

Lemma C.5.9. Let f : (R,R+)→ (S, S+) be a continuous morphism of complete Huber pairs. Suppose that
the induced morphism Spa(S, S+)→ Spa(R,R+) is surjective. Then the induced morphism SpecS → SpecR
is surjective on closed points.

Proof. Using functoriality of the support map supp: |Spa(S, S+)| → |SpecS|, we see that it suffices to show
that, for each maximal ideal m ⊂ R, there is a valuation v ∈ Spa(R,R+) such that v−1({0}) = m. This
follows immediately from [Hub94, Lem. 1.4]. □

Theorem C.5.10. Let r, s ∈ Z ∪ {−∞,∞}. Then the presheaf Perf [r,s]
(
O(−)

)
: Perfdaff,op → Cat∞ is a

hypercomplete v-sheaf of ∞-categories. In particular, the presheaf Perf
(
O(−)

)
is a hypercomplete v-sheaf.

Proof. First, we treat the case r = −∞ and s =∞. In this case, Lemma C.5.1 implies that Perf
(
O(−)

)
is

an étale sheaf. Thus, Proposition B.3.2 ensures that Perf ét(−;O) ≃ Perf
(
O(−)

)
. Then Theorem C.5.7 and

Lemma B.3.1 ensure that
Perf

(
O(−)

)
≃ Perf ét(−;O) ≃ Perfv(−;O)

is a hypercomplete v-sheaf. In order to deduce the result for any r, s ∈ Z ∪ {−∞,∞}, one argues as in
the proof of Corollary C.3.22 using Lemma C.5.9 in place of Lemma C.3.20 (which is used in the proof of
Corollary C.3.21). □

Remark C.5.11. For r = s = 0, Theorem C.5.10 recovers the fact that Vect
(
O(−)

)
is a v-stack of (ordinary)

categories (see [KL19, Th. 3.5.8], [SW20, Lem. 17.1.8], [Heu26, Th. 2.20], and [Zav25a, Th. 1.3.3]). For
r = −∞ and s =∞, this provides a stronger version of [ALB25, Th. 2.1] which applies to all affinoid perfectoid
spaces and not only those that admit a map to a totally disconnected perfectoid space.

Corollary C.5.12. Let X = Spa(R,R+) be an affinoid perfectoid space and let τ ∈ {an, ét,proét, v}. Then the
functor (̃−) : Perf(R)→ Perfτ (X;O) is an equivalence with the inverse given by RΓτ (X,−) : Perfτ (X,O)→
Perf(R).

Proof. Remark C.5.8 implies that it suffices to prove the claim for τ = an. Theorem C.5.10 together with
Proposition B.3.2 imply that the natural functor (̃−) : Perf(R) → Perfan(X;O) is an equivalence for any
affinoid perfectoid X = Spa(R,R+). To finish the proof, we only need to show that the natural morphism

P → RΓan(X, P̃ )

is an isomorphism for any P ∈ Perf(R). An easy induction step reduces the question to the case when P
is a finite projective R-module in degree 0. Since any such P is a direct summand of a finite free module,
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we further reduce to showing that the natural morphism R→ RΓan(X,O) is an isomorphism. This follows
immediately from [Sch26a, Th. 3.24]. □

C.6. v-descent for perfect BI-complexes. For the rest of this subsection, we fix a closed interval
I = [a, b] ⊂ (0,∞) with rational endpoints. We refer to Definition 2.1.7 for the definition of BI(X) for an
affinoid perfectoid X over Spa(Qp,Zp), we also refer to Corollary 2.5.2 for the proof that BI is a v-sheaf on
Perfdaff/Qp

. Let

Perf
(
BI(−)

)
: Perfdaff,op/Qp

→ Cat∞

be the presheaf of ∞-categories that sends an affinoid perfectoid space X to the ∞-category of perfect
complexes of BI(X)-modules. The main goal of this subsection is to show that this is a hypercomplete v-sheaf
of ∞-categories.

We will closely follow the strategy taken in Section C.5. We will separately show étale descent and then
use the sheaf of lattices to reduce v-descent to the case of perfect AI -complexes.

Lemma C.6.1. The presheaves Perf [r,s]
(
BI(−)

)
: Perfdaff,op/Qp

→ Cat∞ are étale sheaves of ∞-categories for
any r, s ∈ Z ∪ {−∞,∞} with r ≤ s. In particular, Perf

(
BI(−)

)
is an étale sheaf.

Proof. Let F be any of the presheaves in the formulation of the lemma. Since the functor Y−,I commutes
with finite disjoint unions, F (⊔ni=1(Xi)) ≃

∏n
i=1 F (Xi) for any X1, . . . , Xn ∈ PerfdaffQp

. Therefore, [Lur18,
Prop. A.3.3.1] implies that it suffices to show that F satisfies descent with respect to any étale covering
X → Y . In other words, we have to show that any étale covering f : X → Y is of universal F -descent in
the sense of [LZ17, Def. 3.3.1]. Then [LZ17, Lem. 3.3.2] and [KL15, Prop. 8.2.20] implies that it suffices
to show that F satisfies analytic and finite étale descent. Analytic descent follows from [And21, Th. 5.3]
together with the fact that functor Y−,I preserves open covers (see Lemma 2.4.9). Now let X → Y be a
finite étale surjection in Perfdaff/Qp

, then Lemma 2.4.7, Corollary 2.4.8, and [Zav25a, Lem. C.1.2] imply that
SpecBI(X)→ SpecBI(Y ) is a finite étale surjection. Furthermore, the combination of [Zav25a, Lem. C.1.1]
and [Zav24, Lem. B.3.5] imply that BI(X)⊗̂

n
BI (Y ) ≃ BI(X)⊗

n
BI (Y ) . Therefore, the result follows from the usual

fppf descent for perfect complexes of fixed tor-amplitude by [Lur18, Cor. D.6.3.3 & Prop. 2.8.4.2]. □

Now we wish to deduce that Perf
(
BI(−)

)
is a (hypercomplete) v-sheaf. We do this by comparing this

functor to Perfv(−;BI). We start with the following proposition:

Proposition C.6.2. Let X be a perfectoid space over Spa(Qp,Zp), let P,Q ∈ Perf ét(X;BI), let τ ∈ {proét, v},
and let λτ : (Xτ ,BI)→ (Xét,BI) be the natural morphism of ringed sites. Then the following statements hold:

(i) the natural morphism P → Rλτ,∗λ
∗
τP is an isomorphism;

(ii) the natural morphism RHom(P,Q)→ RHom(λ∗τP, λ∗τQ) is an isomorphism;
(iii) the functor λ∗τ : Perf ét(X;BI)→ Perfτ (X;BI) is fully faithful.

Proof. The proof is identical to the proof of Proposition C.5.2. The only difference is that we need to use
Theorem C.4.3 in place of Proposition C.3.2. □

Now we wish to show that λ∗τ is also essentially surjective. We do this by studying the sheaf of lattices.
For this, we will use the sheaf Perf [r,s]τ (−;BI) : Perfd

aff,op
/Qp

→ Cat∞ from Notation C.2.3.
First, we have the following series of easy remarks.

Remark C.6.3. Similar to Remark C.5.3, the functors Perf [r,s]τ (−;BI) satisfy the following properties:

(1) The functor Perf [r,s]τ (−;BI)→ Perf [r
′,s′]

τ (−;BI) is fully faithful for τ ∈ {an, ét,proét, v} and r, r′, s, s′ ∈
Z ∪ {−∞,∞} with r′ ≤ r ≤ s ≤ s′. The natural functor colimN Perf [−n,n]τ (X;BI)→ Perfτ (X;BI) is
an equivalence for any X ∈ Perfdaff/Qp

;

(2) The functors Perf ét(−;BI)→ Perfτ (−;BI) and Perf
[r,s]
ét (−;BI)→ Perf [r,s]τ (−;BI) are fully faithful

for any r, s ∈ Z ∪ {−∞,∞} with r ≤ s and τ ∈ {proét, v};
(3) We have an equivalence Perf [r,s]

(
BI(−)

)
≃ Perf

[r,s]
ét (−;BI) for any r, s ∈ Z ∪ {−∞,∞} with r ≤ s.
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Fix an affinoid perfectoid space S over Spa(Qp,Zp). Then we recall that a perfect complex P ∈
Perf [r,s]τ (S;BI) defines a morphism of sheaves

[P] : ∗ → Perf [r,s]τ (−;BI) : Perfd
aff,op
/S → Cat∞.

Using this observation, we define the sheaf of lattices as follows:

Definition C.6.4. The τ -sheaf of lattices Latt
[r,s]
τ,P (−) : Perfdaff,op/S → Cat∞ is the fiber product

Latt
[r,s]
τ,P (−) := ∗ ×

Perf
[r,s]
τ (−;BI)

Perf [r,s]τ (−;AI).

More informally, for every affinoid perfectoid S-space X, we have

Latt
[r,s]
τ,P (X) =

{
P+ ∈ Perf [r,s]τ (X;AI) and φ : P+ ⊗L

AI
BI

∼−→ P
}
.

Below, we will need the following preliminary lemma.

Lemma C.6.5. Let S be an affinoid perfectoid space over Spa(Qp,Zp), let p♭ ∈ O♭,+S (S) be an element from
Notation 2.1.1, and let α, β ∈ O♭,+S (S) be element well-adapted to p♭ and I (in the sense of Definition 2.2.2).
Let X = limJ Xj be a cofiltered limit in Perfdaff/S. Then (colimJop AI(Xj)

)∧
(p)
→ AI(X) is an isomorphism.

Proof. Corollary 2.2.18 implies that (colimJop AI(Xj)
)∧
p
→ AI(X) is a homomorphism between p-adically

complete p-torsionfree rings. Therefore, it suffices to show that this morphism is an isomorphism modulo p.
Then Corollary 2.2.17 and the fact that colimits commute with direct sums imply that it suffices to show
that the natural map colimJop O♭,+Xj

(Xj)/α→ O♭,+X (X)/α is an isomorphism (and the similar statement for
modulo β). Now a simple inductive argument using Remark 2.2.5 and the fact that colimits commute with
cokernels ensures that it suffices to show that the natural map colimJop O♭,+Xj

(Xj)/p
♭ → O♭,+X (X)/p♭ is an

isomorphism. This is equivalent to showing that the natural morphism

colim
Jop
O+
Xj

(Xj)/p→ O+
X(X)/p

is an isomorphism. For this, we write X = Spa(R,R+) and Xj = Spa(Rj , R
+
j ). Then [Sch26a, Prop. 6.4]

implies that R+ ≃ (colimJop R+
j )

∧
(p). Therefore, the result follows from the fact that the natural morphism

(colimJop R+
j )/p→ (colimJop R+

j )
∧
(p)/p is an isomorphism (see [SP26, Tag 05GG]). □

Lemma C.6.6. Let S = Spa(A,A+) be an affinoid perfectoid over Spa(Qp,Zp) and let P be an ele-
ment of Perf [r,s]τ (S;BI) for some r, s ∈ Z ∪ {−∞,∞} with r ≤ s and τ ∈ {proét, v}. Then the τ -sheaf
Latt

[r,s]
τ,P (−) : Perfdaff,op/S → Cat∞ is finitary.

Proof. Arguing as in the proof of Lemma C.5.5, we first reduce to the case when r and s are (finite) integers.
Furthermore, Lemma C.1.4 implies that we can check that Latt

[r,s]
τ,P (−) is finitary τ -locally on S. Therefore,

we can assume that S is strictly totally disconnected and that P ≃ P̃ for some P ∈ Perf [r,s]
(
BI(S)

)
. For

brevity, we denote by [P ] : ∗ → Perf [r,s]
(
BI(−)

)
and [P] : ∗ → Perf [r,s]τ

(
−;BI

)
the corresponding morphisms

in PShv(Perfdaff/S ,Cat(s−r+1,1)).
Since the morphism [P] factors through the fully faithful morphism Perf [r,s]

(
BI(S)

)
≃ Perf

[r,s]
ét (S;BI) ↪→

Perf [r,s]τ (S;BI) (see Remark C.6.3 2), Corollary C.4.5 implies that

Latt
[r,s]
τ,P (−) ≃ ∗ ×

Perf
[r,s]
τ (−;BI)

Perf [r,s]τ (−;AI) ≃ ∗ ×Perf
[r,s]
ét (−;BI)

Perf
[r,s]
ét (−;AI).

Therefore, Corollary B.1.3 and Theorem C.1.7 imply that it suffices to show that the presheaf

∗ ×
Perf[r,s]

(
BI(−)

) Perf [r,s](AI(−)
)
= fib[P ]

(
Perf [r,s]

(
AI(−)

)
→ Perf [r,s]

(
BI(−)

))
is finitary. For this, we fix a cofiltered limit X = limJ Xj in Perfdaff/S . We need to show that

colim
Jop

fib[P⊗L
BI (S)

BI(Xj)]

(
Perf [r,s]

(
AI(Xj)

)
→ Perf [r,s]

(
BI(Xj)

))
→ fib[P⊗L

BI (S)
BI(X)]

(
Perf [r,s]

(
AI(X)

)
→ Perf [r,s]

(
BI(X)

))

https://stacks.math.columbia.edu/tag/05GG
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is an equivalence. To see this, we recall that the Beauville–Laszlo gluing (see [Bha16, Prop. 5.6(2)] or [Lur18,
Prop. 7.4.2.1]) together with Lemma C.6.5 and Remark 2.2.3 imply that

fib[P⊗L
BI (S)

colimJop BI(Xj)]

(
Perf [r,s]

(
colim
Jop

AI(Xj)
)
→ Perf [r,s]

(
colim
Jop

BI(Xj)
))
≃

fib[P⊗L
BI (S)

BI(X)]

(
Perf [r,s]

(
AI(X)

)
→ Perf [r,s]

(
BI(X)

))
.

Therefore, the desired result follows from Lemma C.2.1 and Lemma A.1.3. □

Now we are ready to show that any perfect complex of BI,v-modules admits a lattice étale locally.

Lemma C.6.7. Let S be an affinoid perfectoid over Spa(Qp,Zp), let τ ∈ {proét, v}, and let P be an
element of Perf [r,s]τ (S;BI) for some r, s ∈ Z ∪ {−∞,∞}. Then there is an étale covering S′ → S and an
P+ ∈ Perf [r,s]τ (S′;AI) such that P+ ⊗L

AI
BI ≃ P|S′ .

Proof. Arguing as in the proof of Lemma C.5.6 (and using Lemma C.6.6 in place of Lemma C.5.5), we can
reduce to the case when S = Spa(C,C+) for an algebraically closed nonarchimedean field C and an open
bounded valuation subring C+ ⊂ C and P ≃ P̃ for some P ∈ Perf [r,s](BI(S)).

In this case, Corollary 2.2.19 ensures that BI := BI(S) is a principal ideal domain. In particular, any finite
projective BI -module is free. Therefore, we conclude that P has a representative K• such that K is a finite
complex, Ki = 0 if i /∈ [r, s], and each Ki is a finite free BI -module. Since AI := AI(S) is p-torsionfree and
BI ≃ AI [ 1p ], we note that after multiplying each differential by a large power of p, we can assume that there
is a finite complex K+,• of finite free AI -modules such that K+,• ⊗L

AI
BI ≃ K• and such that K+,i = 0 for

i /∈ [r, s]. Then K̃+,• is the desired lattice of P. □

Theorem C.6.8. Let X be a perfectoid space over Spa(Qp,Zp), let τ ∈ {proét, v}, and let λτ : (Xτ ,BI)→
(Xét,BI) be the natural morphism of ringed sites. Then the following hold:

(i) the functor Rλτ,∗ : D(Xτ ;BI)→ D(Xét;BI) restricts to a functor Rλτ,∗ : Perfτ (X;BI)→ Perf ét(X;BI);
(ii) the functor λ∗τ : Perf ét(X;BI)→ Perfτ (X;BI) is an equivalence with the inverse functor Rλτ,∗.

Proof. The proof of Theorem C.5.7 applies verbatim. The only difference is that one needs to use Lemma C.6.7,
Proposition C.6.2, and Theorem C.4.3 in place of Lemma C.5.6, Proposition C.5.2, and Theorem C.3.16
respectively. □

Lemma C.6.9. Let X → Y be a surjective morphism of affinoid perfectoid spaces over Spa(Qp,Zp). Then
the natural morphism SpecBI(X)→ SpecBI(Y ) is surjective on closed points.

Proof. This follows from Lemma 2.4.9 and Lemma C.5.9. □

Theorem C.6.10. Let r, s ∈ Z ∪ {−∞,∞}. Then the presheaf Perf [r,s]
(
BI(−)

)
: Perfdaff,op/Qp

→ Cat∞ is a
hypercomplete v-sheaf of ∞-categories. In particular, the presheaf Perf

(
BI(−)

)
is a hypercomplete v-sheaf.

Proof. The proof of Theorem C.5.10 applies verbatim. The only difference is that one needs to use Theo-
rem C.6.8 and Lemma C.6.9 in place of Theorem C.5.7 and Lemma C.5.9 respectively. □

Remark C.6.11. For r = s = 0, Theorem C.6.10 recovers the fact that Vect
(
BI(−)

)
is a v-stack of (ordinary)

categories (see [FS26, Prop. II.2.1]). For r = −∞ and s =∞, this recovers [ALB25, Prop. 2.3] for standard
opens YS,I ⊂ YS .

Corollary C.6.12. Let X be an affinoid perfectoid space over Spa(Qp,Zp) and let τ ∈ {an, ét,proét, v}. Then
the functor (̃−) : Perf

(
BI(X)

)
→ Perfτ (X;BI) is an equivalence with inverse given by RΓτ (X,−) : Perfτ (X,BI)→

Perf
(
BI(X)

)
.

Proof. The proof of Corollary C.5.12 applies almost verbatim. The first difference is that one needs to
use Theorem C.6.10 in place of Theorem C.5.10. Second, one needs to justify that the natural morphism
BI(X)→ RΓτ (X,BI) is an isomorphism. This follows from the proof of [FS26, Prop. II.2.1]. □
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C.7. v-descent for perfect Zℓ and Q
ℓ
-complexes. Throughout this section, we fix a prime number ℓ. We

will primarily be interested in the case ℓ = p, however we do not make this assumption in this subsection.
Recall that the sheaves Zℓ,Qℓ

: Perfdaff,op → Ab are defined via the rule Zℓ(X) = Mapcont(|X|,Zℓ) and
Q
ℓ
(X) = Mapcont(|X|,Qℓ), where Zℓ and Qℓ are endowed with their standard topologies. Alternatively, we

have Zℓ ≃ limn Z/ℓ
n and Q

ℓ
≃ Zℓ[

1
ℓ ], where each Z/ℓn is the standard constant sheaf.

The main goal of this section is to show that perfect Zℓ and Q
ℓ
-complexes coincide in the pro-étale and

v-topologies. Since many of these arguments are essentially identical to the arguments used in previous
subsections, we sometimes only sketch the proofs.

We begin the subsection by collecting certain facts about the sheaves Zℓ and Q
ℓ
.

Lemma C.7.1. Let X be a topological space. Then the Zℓ-module Mapcont(X,Zℓ) is ℓ-adically complete and
Mapcont(X,Zℓ)/ℓ

n ≃ Mapcont(X,Z/ℓ
n).

Proof. Clearly, we have Mapcont(X,Zℓ) ≃ limnMapcont(X,Z/ℓ
n). So we only need to show that the natural

map αn : Mapcont(X,Zℓ)/ℓ
n → Mapcont(X,Z/ℓ

n) is an isomorphism. Using the (strict) short exact sequence
0→ Zℓ

·ℓn−−→ Zℓ → Z/ℓn → 0 of topological groups, we see that αn is injective. It is also surjective because
Zℓ → Z/ℓn admits a continuous set-theoretic section. □

Corollary C.7.2. Let X be a perfectoid space, let τ ∈ {proét, v}. Then the natural morphisms Zℓ → limn Z/ℓ
n

and Zℓ → R limn Z/ℓ
n are isomorphisms in D(Xτ ;Z). Furthermore, the Zℓ-module Zℓ(X) is ℓ-adically

complete and Zℓ(X)/ℓn ≃ Z/ℓn(X).

Proof. It follows from the definition that Zℓ → limn Z/ℓ
n is an isomorphism. Thus, in order to see that

Zℓ → R limn Z/ℓ
n is an isomorphism, it suffices to show that limn Z/ℓ

n → R limn Z/ℓ
n is an isomorphism.

This follows from Lemma 3.3.10 and [BS15, Prop. 3.1.10]. The facts that Zℓ(X) is ℓ-adically complete and
that Zℓ(X)/ℓn ≃ Z/ℓn(X) follows immediately from Lemma C.7.1. □

Lemma C.7.3. Let X = limI Xi be a cofiltered limit of spectral spaces with spectral transition maps. Then
the natural map (colimIop Mapcont(Xi,Zℓ)

)∧
(ℓ)
→ Mapcont(X,Zℓ) is an isomorphism.

Proof. Lemma C.7.1 implies that (colimIop Mapcont(Xi,Zℓ)
)∧
(ℓ)
→ Mapcont(X,Zℓ) is a homomorphism between

ℓ-adically complete ℓ-torsionfree rings. Therefore, it suffices to show that this map is an isomorphism
modulo ℓ. Furthermore, Lemma C.7.1 also implies that the mod-ℓ reduction of this map is equal to
colimIop Mapcont(Xi,Fℓ) → Mapcont(X,Fℓ). The fact that this map is a bijection follows from [SP26, Tag
0A30]. □

Corollary C.7.4. Let X = limI Xi be a cofiltered limit in Perfdaff . Then (colimIop Zℓ(Xi)
)∧
(ℓ)
→ Zℓ(X) is

an isomorphism.

Proof. This follows immediately from Lemma C.7.3 and the observation that |X| → limI |Xi| is a homeomor-
phism (see [Zav25a, Cor. C.3.12]). □

Lemma C.7.5. Let X be a quasi-compact topological space. Then the natural morphism Mapcont(X,Zℓ)[
1
ℓ ]→

Mapcont(X,Qℓ) is an isomorphism.

Proof. First, we note that Mapcont(X,Zℓ)[
1
ℓ ] ≃ colimN Mapcont(X,

1
ℓnZℓ). In order to check that the natural

morphism colimN Mapcont(X,
1
ℓnZℓ) → Mapcont(X,Qℓ) is an isomorphism, it suffices to show that any

continuous morphism X → Qℓ factors through 1
ℓnZℓ for some integer n. This follows from the observations

that X is quasi-compact and each 1
ℓnZℓ ↪→ Qℓ are open immersions. □

Corollary C.7.6. Let X be a spectral topological space and let n ≥ 1 be an integer. Then the nat-
ural morphisms Mapcont(π0(X),Z/ℓn) → Mapcont(X,Z/ℓ

n), Mapcont(π0(X),Zℓ) → Mapcont(X,Zℓ), and
Mapcont(π0(X),Qℓ)→ Mapcont(X,Qℓ) are isomorphisms.

https://stacks.math.columbia.edu/tag/0A30
https://stacks.math.columbia.edu/tag/0A30
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Proof. Since Z/ℓn is a finite discrete set, we see that the natural morphism Mapcont(π0(X),Z/ℓn) →
Mapcont(X,Z/ℓ

n) is an isomorphism by the universal property of π0. Thus, Lemma C.7.1 implies that
the natural Mapcont(π0(X),Zℓ)→ Mapcont(X,Zℓ) is an isomorphism as well. Then Lemma C.7.5 and [SP26,
Tag 0906] imply that Mapcont(π0(X),Qℓ)→ Mapcont(X,Qℓ) is an isomorphism as well. □

For a quasi-compact topological space X, we topologize Mapcont(X,Zℓ) via the ℓ-adic topology and
Mapcont(X,Qℓ) ≃ Mapcont(X,Zℓ)[

1
ℓ ] via the unique topology that makes Mapcont(X,Zℓ) ⊂ Mapcont(X,Qℓ)

into an open bounded subset. Since Zℓ ⊂ Qℓ is integrally closed, it follows that
(
Mapcont(X,Qℓ),Mapcont(X,Zℓ)

)
is a complete uniform Tate–Huber pair.

Lemma C.7.7. Let T → S be a surjective map of profinite sets. Then the morphism

Spa
(
Mapcont(T,Qℓ),Mapcont(T,Zℓ)

)
→ Spa

(
Mapcont(S,Qℓ),Mapcont(S,Zℓ)

)
is surjective.

Proof. By [Sch26b, Lecture III, proof of Th. 3.2, p. 20], the surjection T ↠ S can be written as a cofiltered
inverse limit of surjections Tj ↠ Sj of finite discrete sets; see also [NSW08, Chap. I, §1, Ex. 1, p. 11]. Therefore,
Lemma C.7.3 and [Zav25a, Cor. C.3.12] imply that it suffices to prove the result under the additional assumption
that T and S are finite. In this case, we have Mapcont(T,Zℓ) ≃

∏
t∈T Zℓ, Mapcont(T,Qℓ) ≃

∏
t∈T Qℓ, and the

same for S. Therefore, the map Spa
(
Mapcont(T,Qℓ),Mapcont(T,Zℓ)

)
→ Spa

(
Mapcont(S,Qℓ),Mapcont(S,Zℓ)

)
is simply equal to the map T → S, so it is surjective by the very assumption. □

Corollary C.7.8. Let f : X → Y be a surjective morphism of qcqs adic spaces. Then the following statements
hold:

(i) the morphism Spa
(
Mapcont(|X|,Qℓ),Mapcont(|X|,Zℓ)

)
→ Spa

(
Mapcont(|Y |,Qℓ),Mapcont(|Y |,Zℓ)

)
is

surjective;
(ii) the morphisms

Spec
(
Mapcont(|X|,Qℓ)

)
→ Spec

(
Mapcont(|Y |,Qℓ)

)
and Spec

(
Mapcont(|X|,Zℓ)

)
→ Spec

(
Mapcont(|Y |,Zℓ)

)
are surjective on closed points.

Proof. The first part follows immediately from Corollary C.7.6, Lemma C.7.7, and [SP26, Tag 0906]. The
second part follows from the first part, Lemma C.5.9, and Lemma C.3.20. □

Now we begin the proof of v-descent for Perfproét(X;Zℓ).

Corollary C.7.9. Let X be a perfectoid space, let τ ∈ {proét, v}, and let P ∈ Perfτ (X;Zℓ). Then P is
derived ℓ-adically complete.

Proof. The question is τ -local on X, we can assume that P is a strictly perfect complex. Then a simple
inductive argument reduces the question to the case when P is a direct summand Z⊕d

ℓ . This case can be
further reduced to P = Zℓ. In this case, the result follows from Corollary C.7.2. □

Corollary C.7.10. Let X be a perfectoid space, let τ ∈ {proét, v}, and let P ∈ D(Xτ ;Zℓ) be derived ℓ-adic
complete object such that P/Lℓ ∈ Perfτ (X;Fℓ).

(i) Then P lies in Perfτ (X;Zℓ).
(ii) If X is strictly totally disconnected, then RΓτ (X,P) ∈ Perf(Zℓ(X)) and the natural map ˜RΓτ (X,P)→ P

is an isomorphism.

Proof. Part (i) is τ -local on X, so we can assume that X is a strictly totally disconnected perfectoid space.
In this case, it suffices to prove Part (ii). Now [SP26, Tag 0A0G] implies that RΓτ (X,P) is derived ℓ-
adically complete, while Corollary C.2.5 and Lemma C.2.8 guarantee that RΓτ (X,P)/Lℓ ≃ RΓτ (X,P/Lℓ) ∈
Perf(Fℓ(X)). Furthermore, Corollary C.7.2 ensures that Zℓ(X) is ℓ-adically complete. Therefore, [SP26,
Tag 09AW] implies that RΓτ (X,P) ∈ Perf

(
Zℓ(X)

)
. To finish the proof, it suffices to show that the natural

morphism
˜RΓτ (X,P)→ P

https://stacks.math.columbia.edu/tag/0906
https://stacks.math.columbia.edu/tag/0906
https://stacks.math.columbia.edu/tag/0A0G
https://stacks.math.columbia.edu/tag/09AW
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is an equivalence. Now Corollary C.7.9 implies that ˜RΓτ (X,P) is derived ℓ-adically complete, so an easy
inductive argument guarantees that it suffices to show that

˜RΓτ (X,P)/Lℓ ≃ ˜RΓτ (X,P/Lℓ)→ P/Lℓ

is an isomorphism. This follows from Corollary C.2.6 and Lemma C.2.8. □

Finally, we arrive at the first major result of this subsection.

Corollary C.7.11. Let X be a perfectoid space and let µ : (Xv,Zℓ)→ (Xproét,Zℓ) be the natural morphism
of ringed sites. Then the following statements hold:

(i) the functor Rµ∗ : D(Xv;Zℓ)→ D(Xproét;Zℓ) restricts to a functor Rµ∗ : Perfv(X;Zℓ)→ Perfproét(X;Zℓ);
(ii) the functor µ∗ : Perfproét(X;Zℓ) → Perfv(X;Zℓ) is an equivalence of ∞-categories with the inverse

functor Rµ∗.

Proof. First, we show that Rµ∗ preserves perfect complexes. Observe that [SP26, Tag 0A0G] and Corol-
lary C.7.10 imply that it suffices to show that (Rµ∗P)/Lℓ ≃ Rµ∗(P/Lℓ) ∈ Perfproét(X;Fℓ) for any P ∈
Perfv(X;Zℓ). This follows immediately from Corollary C.2.5 and Lemma C.2.8. Now it suffices to show that,
for any P ∈ Perfv(X;Zℓ) and Q ∈ Perfproét(X;Zℓ), the natural morphisms

µ∗Rµ∗P → P and Q → Rµ∗µ
∗Q

are isomorphisms. Since all complexes involved are perfect, they are derived ℓ-adically complete due to
Corollary C.7.9. Therefore, it suffices that both morphisms are isomorphisms modulo ℓn for all n ≥ 1. This
follows from Corollary C.2.5 and Lemma C.2.8. □

Unlike for O+-perfect complexes (see Section C.3), it is not true that Perf ét(X;Zℓ) ≃ Perfproét(X;Zℓ).

Corollary C.7.12. Let X be a strictly totally disconnected perfectoid space and let τ ∈ {proét, v}. Then the
functor (̃−) : Perf(Zℓ(X))→ Perfτ (X;Zℓ) is an equivalence. Its inverse is given by

RΓτ (X,−) : Perfτ (X;Zℓ)→ Perf
(
Zℓ(X)

)
.

Proof. Corollary C.7.10 (ii) implies that RΓτ (X,−) indeed restricts to a functor RΓτ (X,−) : Perfτ (X;Zℓ)→
Perf

(
Zℓ(X)

)
. Thus, it suffices to show, for P ∈ Perfτ (X;Zℓ) and Q ∈ Perf

(
Zℓ(X)

)
, the natural morphisms

˜RΓτ (X,P)→ P and Q→ RΓτ (X, Q̃)

are isomorphisms. As all involved (complexes of) sheaves and modules are derived ℓ-adically complete, we can
check that these morphisms are isomorphisms modulo ℓ. In which case, the results follow immediately from
Corollary C.2.6 and Lemma C.2.8. □

Corollary C.7.13. The functor Perfproét(−;Zℓ) : Perfd
aff,op → Cat∞ is a hypercomplete v-sheaf of ∞-

categories.

Proof. It follows immediately from Corollary C.7.11 (ii) and Lemma B.3.1. □

For future reference, we also need to establish a version of Corollary C.7.13 for perfect complexes of bounded
tor-amplitude. For the rest of this section, we work with the τ -sheaves

Perf [r,s]τ (−;Zℓ) : Perfd
aff,op → Cat∞

for some prime number ℓ, elements r, s ∈ Z ∪ {±∞}, and τ ∈ {proét, v} (see Notation B.3.3).

Corollary C.7.14. Let X be a strictly totally disconnected perfectoid space, let τ ∈ {proét, v}, and let
r, s ∈ Z ∪ {−∞,∞}. Then the equivalence (̃−) : Perf(Zℓ(X))

∼−→ Perfτ (X;Zℓ) induces an equivalence
(̃−) : Perf [r,s](Zℓ(X))

∼−→ Perf [r,s]τ (X;Zℓ)

https://stacks.math.columbia.edu/tag/0A0G


POINCARÉ DUALITY FOR PRO-ÉTALE QP -LOCAL SYSTEMS 143

Proof. Let P ∈ Perf
(
Zℓ(X)

)
. It suffices to show that P has tor-amplitude in [r, s] if and only if P̃ lies in

Perf [r,s]τ (X;Zℓ). The forward direction follows immediately from [SP26, Tag 0658], so we only need to deal
with the reverse direction.

Assume that P̃ lies in Perf [r,s]τ (X;Zℓ). Then Lemma B.2.2 implies that there is a τ -covering f : X ′ → X

such that f∗τ P̃ ≃ Q̃, where Q ∈ Perf [r,s]
(
Zℓ(X

′)
)
. Without loss of generality, we can assume that X ′ is

strictly totally disconnected as well. Then Corollary C.7.12 ensures that P ⊗L
Zℓ(X) Zℓ(X

′) ≃ Q. Therefore,

Corollary C.7.8 and [SP26, Tag 068V] ensure that P ∈ Perf [r,s](Zℓ(X)) finishing the proof. □

Lemma C.7.15. Let f : X → Y be a v-covering in Perfdaff , let r, s ∈ Z∪{−∞,∞}, and let P ∈ Perf [r,s]v (Y ;Zℓ)

such that f∗vP ∈ Perf
[r,s]
proét(X;Zℓ). Then P lies in Perf

[r,s]
proét(Y ;Zℓ) (see Remark C.3.19).

Proof. The proof is essentially identical to that of Corollary C.3.21. We only need to use Corollary C.7.11 (ii)
in place of Theorem C.3.16 (ii) and Corollary C.7.8 in place of Lemma C.3.20. □

Corollary C.7.16. The natural morphism Perf
[r,s]
proét(−;Zℓ) → Perf [r,s]v (−;Zℓ) is an equivalence for any

r, s ∈ Z ∪ {−∞,∞}. In particular, Perf [r,s]proét(−;Zℓ) is a hypercomplete v-sheaf.

Proof. This is a formal consequence of Corollary C.7.13 and Lemma C.7.15; see Corollary C.3.22 for an
identical argument. □

Fix an affinoid perfectoid space S. Then a perfect complex P ∈ Perf [r,s]τ (S;Q
ℓ
) defines a morphism of

sheaves
[P] : ∗ → Perf [r,s]τ (−;Q

ℓ
) : Perfdaff,op/S → Cat∞.

Using this, we define the sheaf of lattices as follows:

Definition C.7.17. The τ -sheaf of lattices Latt
[r,s]
τ,P (−) : Perfdaff,op/S → Cat∞ is the fiber product

Latt
[r,s]
τ,P (−) := ∗ ×

Perf
[r,s]
τ (−;Q

ℓ
)
Perf [r,s]τ (−;Zℓ).

Similar to subsections Section C.5 and Section C.6, we get the following results:

Lemma C.7.18. Let S be an affinoid perfectoid and let P be an element of Perf [r,s]τ (S;Q
ℓ
) for some

r, s ∈ Z ∪ {−∞,∞} with r ≤ s and τ ∈ {proét, v}. Then the τ -sheaf Latt
[r,s]
τ,P (−) : Perfdaff,op/S → Cat∞ is

finitary.

Proof. The proof is completely analogous to the proofs of Lemma C.5.5 and Lemma C.6.6. One only needs to
use Lemma C.7.3 in place of [Sch26a, Prop. 6.4] or Lemma C.6.5. □

Lemma C.7.19. Let S be an affinoid perfectoid, let τ ∈ {proét, v}, and let P be an element of Perf [r,s]τ (S;Q
ℓ
)

for some r, s ∈ Z∪ {−∞,∞}. Then there is an étale covering S′ → S and an P+ ∈ Perf [r,s]τ (S′;Zℓ) such that
P+ ⊗L

Zℓ
Q
ℓ
≃ P|S′ .

Proof. The proof is identical to the proofs of Lemma C.5.6 and of Lemma C.6.7. We sketch the main steps.
First, arguing as in the proof of Lemma C.5.6 (and using Lemma C.7.18 in place of Lemma C.5.5), we
can reduce to the case when S = Spa(C,C+) for an algebraically closed nonarchimedean field C and an
open bounded valuation subring C+ ⊂ C and P ≃ P̃ for some P ∈ Perf [r,s](Q

ℓ
(S)). In this case, the result

follows because Zℓ(S) = Zℓ and Q
ℓ
(S) = Qℓ, so the natural functor Perf [r,s](Zℓ)→ Perf [r,s](Qℓ) is essentially

surjective. □

Theorem C.7.20. Let X be a perfectoid space and let µ : (Xv,Qℓ
)→ (Xproét,Qℓ

) be the natural morphism
of ringed sites. Then the following hold:

(i) the functor Rµ∗ : D(Xv;Qℓ
)→ D(Xproét;Qℓ

) restricts to a functor Rµ∗ : Perfv(X;Q
ℓ
)→ Perfproét(X;Q

ℓ
);

(ii) the functor µ∗ : Perfproét(X;Q
ℓ
)→ Perfv(X;Q

ℓ
) is an equivalence with inverse functor Rµ∗;

https://stacks.math.columbia.edu/tag/0658
https://stacks.math.columbia.edu/tag/068V
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(iii) if X is strictly totally disconnected and τ ∈ {proét, v}, the functor (̃−) : Perf
(
Q
ℓ
(X)

)
→ Perfτ (X;Q

ℓ
)

is an equivalence with inverse given by RΓτ (X,−) : Perfτ (X;Q
ℓ
)→ Perf

(
Q
ℓ
(X)

)
.

Proof. The argument is basically identical to those of Theorem C.5.7 and Corollary C.5.12. We explain the
main steps.

Part (i) is pro-étale local on X. Therefore, Lemma C.7.19 ensures that we can assume that P admits a
Zℓ-lattice. In this case, the result follows from Corollary C.7.11 (i) and the observation that µ is a coherent
morphism of coherent topoi (so Rµ∗ commutes with filtered colimits of universally bounded below complexes).

Now we address Part (ii). We first show that µ∗ is fully faithful. This is equivalent to showing that the
natural map P → Rµ∗µ

∗P is an isomorphism for any P ∈ Perfproét(X;Q
ℓ
). This question is pro-étale local

on X, so we can reduce to the case when P is strictly perfect and then to the case when P = Q
ℓ
. In this case,

the result follows from the fact that Zℓ → Rµ∗µ
∗Zℓ is an isomorphism (see Corollary C.7.11 (ii)). To show

essential surjectivity, Part (i) implies that it suffices to show that the natural morphism µ∗Rµ∗P → P is an
isomorphism for any P ∈ Perfv(X;Q

ℓ
). The claim is pro-étale local on X, so Lemma C.7.19 ensures that we

can assume that P admits a Zℓ-lattice. In this case, the result follows from Corollary C.7.11 (ii).
For Part (iii), we argue as in the proof of Corollary C.5.12 to reduce the general claim to showing

that P → RΓproét(X, P̃ ) is an isomorphism for any P ∈ Perf(Q
ℓ
(X)). Then we reduce this to the case

when P = Q
ℓ
(X). In this case, the question boils down to showing that Q

ℓ
(X) → RΓproét(X,Qℓ

) is an
isomorphism. Since Xproét is a coherent site, we can further reduce this question to showing that the map
Zℓ(X)→ RΓproét(X,Zℓ) is an isomorphism. This follows from Corollary C.7.12. □

Corollary C.7.21. Let X be a strictly totally disconnected perfectoid space, let τ ∈ {proét, v}, and let
r, s ∈ Z ∪ {−∞,∞}. Then the equivalence (̃−) : Perf(Q

ℓ
(X))

∼−→ Perfτ (X;Q
ℓ
) induces an equivalence

(̃−) : Perf [r,s](Q
ℓ
(X))

∼−→ Perf [r,s]τ (X;Q
ℓ
)

Proof. The proof is completely analogous to that of Corollary C.7.14. □

Theorem C.7.22. Let r, s ∈ Z ∪ {−∞,∞}. Then the presheaf Perf [r,s]proét

(
−;Q

ℓ

)
: Perfdaff,op → Cat∞ is a

hypercomplete v-sheaf of ∞-categories. In particular, the presheaf Perfproét
(
−;Q

ℓ

)
is a hypercomplete v-sheaf.

Proof. First, Theorem C.7.20 and Lemma B.3.1 ensure that Perfproét(−;Qℓ
) ≃ Perfv(−;Qℓ

) is a hyper-
complete v-sheaf. In order to deduce the result for any r, s ∈ Z ∪ {−∞,∞}, one argues as in the proof
of Corollary C.3.22 using Corollary C.7.8 (ii) in place of Lemma C.3.20 (which is used in the proof of
Corollary C.3.21). □
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